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On p-Groups with Abelian Automorphism Group.

MARTA MORIGI (*)

Introduction.

In this paper we give an answer to the following question: «Which is
the smallest order of a non cyclic p-group whose automorphism group is
abelian? » (here p is a prime number). For p = 2 the answer is already
well known; namely in 1913 G. Miller explicitly constructed a group
of order 26 with the property stated above [5]. For p # 2 the problem
was investigated mainly by B. Earnley who proved that no non-cyclic
p-groups of order less or equal to p 5 have abelian automorphism groups
([1], p.30). In a previous paper Jonah and Konvisser had stated that
there exist some groups of whose automorphism
groups are abelian of order p 

16 [4] and afterwards B. Earnley general-
ized this result by constructing a family of groups of order p2 + 3n with
the given property, for each natural number n a 2 [1].

After these achievements, the unsolved problem was actually
whether there existed a non-cyclic group G whose automorphism group
is abelian and such that ~ro s ~ ~ G ~ ~ ~ 7 . In this paper the answer is ob-
tained in two steps:

- in the first section we prove that there exist no groups of or-

der p6 whose automorphism groups are abelian,
- in the second section we give the example of a group of order

p 7 whose automorphism group is abelian. This group is special, is gen-
erated by 4 elements and is the smallest of an infinite family of groups
of order pn2 + 3n + 3, where is a natural number.

(*) Indirizzo dell’A.: Dipartimento di Matematica Pura e Applicata, Univer-
sita di Padova, via Belzoni 7, 35131 Padova.
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Notation and preliminary results.

The notation used is standard. In the whole paper if G is a group
Z = Z(G) will denote its center, if no ambiguity can arise.

Aut G = {x E induces the identity on G/Z(G)} is the group
of central automorphisms of G.

CG (,S) is the centralizer of ,S in G, if ,S is a subset of G.
~ 1 ( G ) _ ~ y e = 1), if G is a p-group.
A PN group is a group with no non-trivial abelian direct fac-

tors.

Z/pZ is the field with p elements and if r E Z/pZ, r ~ 0 then will
denote its inverse.

In the whole paper, we shall often represent the automorphisms of
an elementary abelian p-group by matrices. Infact such a group is a
vector space over the field Z/pZ so that, once we have fixed a basis
(rj i = 1, ... , n }, we can associate to each ex E Aut G the matrix A =

= (aij = 1, ..., n with entries in Z/pZ satisfying
We collect in the following lemmas some known results which will

be used in the sequel.

LEMMA 0.1. Let G be a group of class 2. For all x, y, W E G, m E Z
and n E N we have:

PROOF. See [3], p. 253.

LEMMA. 0.2. If G is a PN group

where p’‘ is the exponent of G/G’ and ri factors of order ~i occur in the
decomposition of G/G’ as direct product of cyclic groups.

PROOF. See [6].

LEMMA 0.3. Let G be a ,finite non-abelian PN group such that
G’ = Z(G). Then Autc G is abelian. Moreover if 1J e Aut G the function f
given by: g f = g -1 g 1J is a homomorphism of G in Z and we have
gpk = g(gf)k. 
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PROOF. See [ 1 ], 7-8.

LEMMA 0.4. The group of central automorphisms of a p-group,
when p is is a p-group if and only if G is a PN group.

PROOF. See [6].

LEMMA 0.5. Consider the extension: 1 ~ Z ~ G - G/Z -~ 1 where
G is a p-group and G/Z is a direct product of n ~ 2 cyclic groups all of
the same order p t . Let T: G/Z --~ Z/Zp be the homomor~phism given by:
x T = xpt zpt, where xZ = x, and let Q, D: G/Z x G/Z --~ Z be defined by:
Qx, Y-1 = [x, y], where xZ = x and yZ = y (note that neither map depend
on the choice of representatives in G). Now let (a, (3) E Aut G/Z x Aut Z.
Then there exists an automorphism of G which induces a on G/Z and {3
on Z if and only if the following two diagrams commute:

where 

PROOF. See [ 1 ], p. 19.

1. - We show that there exists no non-abelian group of order p~
whose automorphism group is abelian. (Here, and in the whole paper, p
is an odd prime.) The outline of the proof is the following: we first ana-
lyze the structure which such a group should have and then we come to
a contradiction. We start with the following

OBSERVATION 1.0. If G is a group such that Aut G is abelian then
every automorphism of G is central; so in order to prove that the auto-
mor~phism group of a given group G is not abelian it suffices to show
that there exists a non-central automorphism.

The proof follows immediately from the fact that the group of cen-
tral automorphisms is the centralizer of Inn G in Aut G.

We also need the following result, proved by B. Earnley.

LEMMA 1.1. If G is a non-cyclic p-group such that Aut G is
abelian then:
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(i) Z(G) and the Frattini subgroup W (G) of G cannot have cyclic
intersection.

(ii) If then G/Z is elementary abelian of rank 4.

PROOF. See [2], pp. 16 and 48.

PROPOSITION 1.2. Let G be a non-abelian p-group such
that Aut G is abelian. Then Z and G/Z are eLementary abelian of rank
2 and 4 respectivety and Z = ~ (G). Furthermore, a maximal abelian
subgroup of G has order p 4. ..

PROOF. By the Lemma above G/Z is elementary abelian of rank 4
and Z is not cyclic, so it must be elementary abelian of rank 2. Then we
have: W(G) % Z, as G/Z is elementary abelian, and it cannot be a proper
inclusion because otherwise O(G) f1 Z would be cyclic, contradicting
the Lemma above. Let A be a maximal abelian subgroup of G; Z is con-
tained in A and the inclusion is proper because (g, Z) is abelian for all
g E GBZ; hence Assume A ~ I = p 3 and take a E ABZ, so that
A = (a, Z). Since G’ ~ Z, we have [a, G: and
there exists x E GBA such that [x, a] = 1. Then (a, x, Z) is abelian and
A is properly contained in it, contrary to the assumptions. Thus 
~ ~ 4. Assume A ~ I = p 5 . Hence G = A(y) for some y E GBA and as we
have G : it follows that I An p 3 and there exists
an element x E Anyway A is abelian and if x E A cen-
tralizes y it centralizes every element of G, hence x E Z, contrary to the
assumption. Since G is not abelian we have hence 
as we wanted to prove.

PROPOSITION 1.3. Let G be a group of such that Z and

G/Z are elementary abelian of rank 2 and 4 respectively and assume
Z = O ( G ). If there exists an elementary abelian subgroup A of G of or-
der p 4, then Aut G is not abelian.

PROOF. By Proposition 1.2 G cannot have abelian subgroups of or-
der p~, thus Z ~ A. As we have [A, g ] ~ ~ ~ 2 for all g E G;
moreover [A, g] ~ 1 for all g E GBA because A is maximal abelian. There
are two cases:

(i) There exists bl E GBA such that [A, [ = p.

Hence [A: I = p and there is a1 E ABZ such that bl ] = 1.
Put A = a2 , Z) and G = ~al , a2 , bl , b2 ~.
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Let a be the automorphism of G/Z associated to the matrix

referring to the 61 Z, and let /3 be the identity of
Z. Then by Lemma 0.5 G has an automorphism y which induces a on
G/Z and /3 on Z; y is not central and by the observation 1.0 Aut G is not
abelian.

(ii) For all b E GBA we have [A, b ] = Z.

Consider b1 E GBA; hence CG ( bl ) n A = Z and G : CG (b1) I = p2.
Put CG (b1) = (b1, b2 , Z); thus G = (A, bl , b2 ~ and [A, b1 ] =

- [A, b2 ] = Z. Consider al E ABZ; as [A, 61 ] = Z, there exists a2 E A such
that [ct2, bl ] = [aI, b2 ].

We now prove that a2 qt Z).
Deny this statement and assume a2 = a1 z, with z E Z; by Lemma 0.1

we have hence [a1, b1 ]Cal , b2 ] 1 = 1,
that is [ ai , = 1.

It follows that [A, b1 b2 1 ] ~ I ~ p, contrary to the assumptions.
Hence G = (a1, a2 , b1, b2 ~.
Let a be the automorphism of G/Z associated to the matrix

referring to the b1 Z, and let (3 be the identity of
Z. By the same argument as before the result follows.

PROPOSITION 1.4. Let G be a group of such that Z and

G/Z are etementary abelian of rank 2 and 4 respectively and assume
Z = ~ ( G ). If G has no eLementary abelian subgroups of order p 4 then
Aut G is non-abelian.

PROOF. GP is contained in Z, so it has order at most p2 and we have
I % p 4. From the assumptions it also follows that for all

x, y E D1 (G)BZ such that yZ we have [x, y] ~ 1. If A = (x, y, Z)
we have A = E x ~ z ), where z E Z and E = ( al , a2 , u ~ C al , a2 ] _

= 1).
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There are two cases:

(i) There exists b1 E GBA such that [A, bl ] = 1.

Put G = (A, b1, b2 ~; then there are rl , S2 E Z/pZ such that
= and = 

If 0 we may assume that S2 = 0 (take k E Z/pZ such that 
and replace a1, a2 , u with ai = ai , = and u’ _ [ai , a2 ]).

Let a the automorphism of G/Z associated to the matrix

referring to he bl Z, and let {3 be the identity of
Z. Then by Lemma 0.5 there is a non-central automorphism y of G
which induces a on G/Z and A on Z and the result follows from the ob-
servation 1.0.

If s, = 0 we come to the same conclusions by replacing the preceding
matrix with

(ii) For all b E GBA we have [A, b] ~ 1, that is CG (A) = Z.

We shall now show that in this case D1 (G) = A. A is contained in
D1 ( G ) by definition of A and assume that the inclusion is proper. Hence
there is b and by the same argument as in the preceding
case there is a E ABZ such that E Z/pZ. Take c E A such that
[a, c] and put b’ = bc -1; we have [a, b’ ] = 1, b’ E GBA and (b’ ~’ _
= = b P = 1 (Lemma 0.7), but this contradicts the fact that G has
no elementary abelian subgroups of order p~. Hence A = and A
is characteristic in G.

Put G = (A, bl , b2 ~ and assume bi = b2 . By Lemma 0.1 we have
(b1 b2-r)p = 1 and so b1 bir E (GBA) which contradicts the fact
that A = D 1 (G). 
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We claim that it is possible to choose the generators of G in order to
have:

Up to now the situation is the following:

Take b E B; b induces an automorphism of the elementary abelian group
A/A ’ which in turn determines a matrix of the type:

referring to the zA’ ~. In this way we produce a
homomorphism

We have a11 = oJl = a2 u r2 ; af2 = alur3; oJ2 = with

ri E Z/pZ for i = 1, ... , 4. Multiplying b1 and b2 for suitable elements of
A we can arrange things in order to have [ai , b1] = [lL2, b2 ] = z and
[ai’ = 1 if i ~ j . Hence [A, B] _ ~ z ~. Since Z = (u) x ~ z ~ = BP there
are C1’ c2 e B such that cf = u; c2 = z and B = (ci, C2)’
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Consider and be
the homomorphism which associates to each a e A the inner automor-
phism induced by a on B. Ker ~ = CA (B ) = Z, hence [A/Z [ =
_ ~2.

There is also a bijection which associates to each
« E R the homomorphism f defined by xf = 

Thus I Hom(B,(z»1 [ = p 2 and § is surjective, that is the auto-
morphisms of B which induce the identity on B/(z) are the restrictions
to B of the inner automorphisms induced by the elements of A.

It is easy to check that the functions defined by: 
= -1, C2, cf2 = C1, c2a2 = c2z-1 extend by linearity to automor-
phisms of B which belong to R; hence there are a2’ e A such that
ci = ct2 = c2 z -1; = cj if i ~ j ; i, j = 1, 2. Moreover A =

= (c~i, Z). Putting u ’ - [ ai , we obtain c~ = (U’)k with
and if

= 1, 2. This establishes our claim.
Consider the matrices

and let « and /3 be the automorphisms of G/Z and Z respectively associ-
ated to M and N, referring to the % Z, bl Z, and

~ u, v 1. (We remind that Y) and k are defined by the relations written
before.)

By Lemma 0.5 there is a non-central automorphism y of G which in-
duces « on G/Z and {3 on Z and we can conclude that Aut G is not
abelian.

PROPOSITION 1.4. There is no G whose automor-

phism group is an abelian p-group.

PROOF. Deny the statement and assume that there is a group G
with the given properties. Then by Lemma 0.4 G is a PN group and the
result follows from Propositions 1.2, 1.3 and 1.4.

From the proofs of Propositions 1.3 and 1.4 and from [3] we can also
obtain the following

PROPOSITION 1.5. Every non abelian group of order p6 has a non
central automorphism.
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2. - In this section we describe a family of p-groups whose automor-
phism groups are abelian. Among them, the one with smallest order
has p 7 elements and it is the smallest non abelian p-group with the

property stated above.

PROPOSITION 2.1. F’or each natural number n there exists a group
G(n) of order p n2 whose automor~phism group is an elementary
abelian. p-group of order p ~n2 + n + 1)(2n + 2)

PROOF. Let n be a natural number and let G = G(n) be the group of
class two generated by the a2 , b1, ... , and satysfying the
following further relations:

6~ is the product of the elements of the set

By a standard construction we can see that G is a group of order
~ n + 3n + 3; G’ is elementary abelian of rank n 2 + n + 1 and basis X, and
O1(G) = a1 ,a2 ,G’&#x3E;.

We now determine where a is any element 

Yi, wi E Z ;
i=1,2; j=1, ...,n; we have:

If x, = 0 (mod p), we have [a, g] = 1 if and only if w2~ + 1 = 0 (mod p) for
all j = 0, ... , n - 1 and yl = 0 (mod p).

If x2 = 0 (mod p), we have [a, g] = 1 if and only if W2j + 2 = 0 (mod p)
for all j = 0, ..., n - 1 and y2 = 0 (mod p).
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If (mod p) we have [c~, g] = 1 if and only if
= ~+2 = 0 (mod p) for = 1, ... , n and y, = kxl , Y2 = kx2

(mod p) with k E Z.
Thus:

is elementary abelian of rank n + 1, for i = 1, 2, and
is cyclic of order p for all 

This also shows that Z(G) = G ’ .
Let q E Aut G; hence CG (ai)1J = CG (a~ ) and we have a ",E G’) or

ai E ~a,2 , G’ &#x3E;. 
1 1

1 
We shall say that q is of type 1 if it fixes CG ( a1 ) and CG ( a2 ), of type 2

if it interchanges them.
Assume that p is of type 1 and consider ... , n - 1}.

R’1 M M T

Consider the permutation o E Sn such that
We have b2i + 2 E  b2a (i) + 2, G ’ ) and furthermore:

with 0 ~ i ~ j ~ n - 1; r, 0. Hence we can see that 7 per-
mutes the cyclic groups generated by the elements of the set X.
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We must have

hence (( b2 + 1 )~) and as in the representation of b2 + 1 there are
exactly n 2 + n - 1 - 2 i elements of X with non-zero exponent we must
have n2 + n - 1 -2i = 
ty. In the same way, if rp E Aut G is of type 2, we have

+ 2, G’ &#x3E; and + 1, G ’), with r e and the con-
dition (*) leads to a contradiction.

Hence every rp e Aut G is of type 1 and induces on G/G’ an automor-
phism associated to a diagonal matrix M with entries in Z/pZ of the
type

where the basis of
have:

with 
From the conditions = and = we obtain:

and it follows that M is the identity.
Hence we have proved that every automorphism of G is central and

by Lemma 0.2 we have Aut G I = Aut c G I = p ~n2 + n + 1)(2n + 2). From
the fact that Z has exponent p it follows that = 1 for all

f E Hom (G, Z(G)) and for all g E G, thus pp = 1 for all p E Aut G. More-
over Z( G ) = G ’ , so by Lemma 0.3 AutG is an elementary abelian
p-group, as we wanted to prove.
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OBSERVATION. For n = 1 we obtain that G = G( 1 ) has order p 7, it
is generated by 4 elements {ai, a2 , bl , has class 2, it satisfies the
relations

and its automorphism group is elementary abelian of order p12.
From this facts and Proposition 1.5 we obtain the following

PROPOSITION 2.2. Let p be an odd prime. The smallest order of a
p-group whose automorphism group is abelian is p’.
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