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A Property Equivalent to Commutativity
for Infinite Groups.

FEDERICO MENEGAZZO (*)

According to a well-known result of B. H. Neumann, the class of
groups with centre of finite index can be characterized as the class of

groups all whose infinite subsets contain a pair of permutable ele-
ments [2].

Similar, possibly more general classes have been introduced by J.
C. Lennox, A. M. Hassanabadi and J. Wiegold in [1]. If G is a group
and n is a positive integer, they define an n-set in G to be a subset of G
of cardinality n. The class Pn is then defined by

G E Pi if and only if every infinite set of n-sets in G contains a pair X,
Y of different members such that XY = YX.

In this terminology, Pn is the class of centre-by-fmite groups. In [1]
it is shown that infinite groups in Pn are abelian if n = 2 or n = 3. How-
ever, this result holds in general; in fact, we will prove the follow-
ing

THEOREM. Suppose G is an infinite non-abelian group. For every
integer n &#x3E; 1 there is an infinite set of pairwise non-permutable n-sets
in G.

1. - We will look first at a special case.

PROPOSITION. If n &#x3E; 1 and G E Pn has an element with finite cen-
tralizer, then G is finite.

PROOF. Assume, by contradiction, that G E Pn is an infinite group,
a E G, and CG (a) is finite. For g E G, we denote S(a, g) the set f x E

(*) Indirizzo dell’A.: Dipartimento di Matematica Pura ed Applicata, Uni-
versita di Padova, Via Belzoni 7, 1-35131 Padova.
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E = gl: S(a, g) is either empty or a right coset of CG (a), and in any
case it is finite. Let F be a fixed subset of G of cardinality n - 1 and
such that a E F; the set B = a -1 FF U ( U S(a, b) is finite. We now de-bEF /
fine by induction a sequence of elements of G, beginning with an ele-
ment yi g F: if yl , ..., have already been defined, we choose ym in

the complement of the finite set B U U  a -1 Fyk U1  k  m

U ( I U  S(a, yk ) . Finally, for every integer m we set Xm = F 
All these Xm’a are n-sets in G, and if s # t. Fix now 1  s  t;
certainly ayt E X~ Xt . On the other hand, ayt g = FF U Fys U

since

ayt E FF implies yt E a -1 FF,
ayt E Fys implies yt E a -1 Fys with s  t ,
ayt E yt F implies yt E S(a, b) for some b E F,
ayt = yt ys implies yt E S(a, Ys) with s  t ,

and all of the above possibilities contradict our choice of the ym’s.

2. - We come now to the proof of our theorem. Let G be any infinite
non-abelian group, and n an integer, n &#x3E; 1. By the Proposition, we
may assume that G satisfies the following condition: for every infinite
subgroup H of G and every h E H, CH (h) is infinite. It is immediate to
check that this condition implies that every element of G belongs to an
infinite abelian subgroup of G. At this point, one can apply Theorem C
of [1] and conclude. To get a self-contained proof, one can proceed as
follows. Suppose x, y E G and yx, and let A be an infinite abelian

subgroup of G containing y; of Choose al , ..., an - 1 E A
such that al = y and al , ... , are different elements of G. Now
define a sequence of elements of G by induction: take cl = 1 and, if

CI, ...Cm - 1 have already been defined, choose cm in the complement in
A of the finite set U 

 
... , 

1  k  m

For every m, set Ym = la, ..., an -1, cm x}; then n for every
m, and Yj Now for i  j we have Yi Yj but

in fact: Oi cj x E la, , ..., 1 1’ imphes x e A; a, cj x E cj xlal ..., 

implies af = ar for some r, 1  r - n - 1; ..., im-

plies ..., with i  j; and finally = cj xci x im-
plies x E A; and all these contradict some earlier assumption.
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