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&

Holder Regularity in Non Autonomous Degenerate
Abstract Parabolic Equations.

ANNA BuTTU (*)

ABSTRACT - We prove optimal Holder regularity results for a class of non-autono-
mous degenerate parabolic equations, in general Banach space.

0. Introduction.

We consider a parabolic evolution equation in general Banach
space X:

0.1) {Wt) = o)A u®) +ft), 0<t<T,

u(0) = uq .-

Here «parabolic» means that for every te[0,T], the operator A(f):
D(A(t)) c X —> X generates an analytic semigroup in X. The domains
D(A(t)) may possibly be not constant and not dense in X. We assume
that the family {A(t): 0 <t <T} satisfies some conditions guaran-
teeing that there exists an evolution operator for problem

{v’(t)=A(t)'v(t), 0<t<T,

0.2
©02) 2(0) = .

The function ¢:[0,7]—> R is continuous and nonnegative, and it is
allowed to vanish at ¢ = 0 and at ¢ = T. Therefore (0.1) is an abstract
degenerate parabolic initial value problem. We assume that

o) =0(t*?) ast—0,

(*) Indirizzo dell’A.: Dipartimento di Matematica, Via Ospedale 72, 09124
Cagliari, Italy.
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and
o) =O(T -ty as t—T, with 8,8, =0.

Then we can state precise regularity results (mainly, Holder regularity
results) for the solution of (0.1). The solution is a strong, classical, or
strict one (see Def. 2.1, 3.1, 3.6) according to the regularity of the data.
We get a representation formula for the solution by setting

t
T=¢(t) = j o(do  and u(t) = w(g(®) in (0.1),
0

so that (0.1) becomes
{’w'(f) =A@ 1 @) w(r) + L7 (D)) /p(¢7 (), 0<z<T),

w(0) = u,.

Now, w is given by the variation of constants formula

T

w(z) = G(r, 0) ug + j Gz, )f$~1(2)/9p(3 1 (a)) do,

0

so that
t
03)  wlt) = G, Ouo + [ G, $e) f9)ds, 0<t<T.
0

Here G(r,0) is the evolution operator associated to the family
{A(¢7(2), ), T €[0, $(T)]}. Our results are shown by a careful study of
formula (0.3).

The literature on the subject is not very rich. In a previous
paper ([6]) we studied the case where A(f) = A is independent of
time, and ¢(t) >0 for ¢t > 0. Weak solutions to (0.1) are considered
in [9] and [12], in the case where X is a Hilbert space, and D(A(t)) = D
is constant and dense in X. A certain class of degenerate equations
could be studied also by means of the «sum of operators» method
of [6]. However, such a method seems to be more fruitful in singular
equations than in degenerate ones (see also[7],[8]). The paper is
structured as follows. Section 1 is devoted to notation and preliminary
estimates on the evolution operator relevant to problem (0.2). Section
2 deals with classical solvability of (0.1) and regularity properties
of the classical solutions, whereas strict and strong solutions are
studied in Section 3. Finally, in Section 4 we apply some of the
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abstract results to a class of initial boundary value problems for
second order degenerate parabolic equations.

1. Notation and preliminaries.

Let T > 0 and let X be any Banach space whith norm |:||. We shall
use in the sequel the following functional spaces B([0, T1; X) (the
space of all bounded functions £ [0, '] —» X endowed with the sup norm
[ lw), Lip ([0, T)]; X) (the space of all Lipschitz continuous f [0, T]—
- X), C([0, T]; X), C*([0, T']; X), C(J0, T]; X) with the usual meanings
and norms. We consider a continuous function ¢:[0, 7] - R such that
o(t) > 0 for t €]0, T'[. We shall see that the behaviour of the solution of
(0.1) depends heavily on the behaviour of ¢ as t —0 and as { > T.

Therefore we assume:

peC(0, T,
1.1) kt? < o(t) < Kt#, 0st<T/2
T —tH <o) <KT-tf, T/2<t<T,

with 820, 5,20 and 0 <k < K.
It is convenient to introduce the notation

t
12 U, s) =J o(r)dr,

() =¢t, 0, O0ss<ts<T.

Due to assumption (1.1), we get:

(_k  ,p+1 K 541
Tt s¢(t)sﬁ+lt :
a5 ﬁf1tﬂ(t—s)s¢(t,s)sKtﬁ(t—s), 0sssts<T/2,
: ]
; ]:_I(T—s)”l(t—s)sgb(t, ) < K(T — st — 5),
1
T/2<s<t<T.

Let
t# if 0ssst<T/2,

’

14 =
(1.4) 9(, s) {(T_S)a,’ if T/2<s<t<T.
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Then from (1.1) and (1.4) it follows:

kg, t) < o(t) < Kg(t,t) for 0<t<T,

g(z, 8) < g(t, s),

9@, 7) < 9@, 9),

both for 0<s<t<t¢t<T/2 and for T/2<s<7ts<t<T;

(1.6)

and from (1.2), (1.3) and (1.4) it follows:

kitPr i< ¢t) < KitP*!  for 0<t<T/2,
k9@, )t — ) < Y(t, s) < Kg(¢, 8)(¢t — 9)
(1.6) both for 0<s<t<T/2 and for T/2<s<t<T,
WU, 7) S Y@, 9)
both for 0<s<t<t<T/2 and for T/2<s<t<ts<T,

with k;, = min{k/@B + 1), k/(3; + 1)}, K; = K/(B + 1).

Throughout the paper we shall assume that for each te|[0,],
A(t): D(A(t)) c X — X generates an analytic semigroup e*®, s = 0 in X.
The domains D(A(t)) may change with ¢, however the resolvent sets
o(A(t)) are assumed to contain a common sector

S, ={2eC: |argz| <8} U{0} Vtel0,T],

with 9 €lr/2, =l.
Moreover we shall assume, as in [2],[3]:

There exist C >0, he N, o, ..., a,, &, ..., &, Wwith
0<¢<a; <2, such that
1.7 h
D law Ro, Adyan - A®) Dl <€ 2 =) |2]57
t,Jj=

VieS, - {0}, VOss<t<T.

D(A(?)) is endowed with the graph norm and its closure in X is denoted
by D(A(t)). We refer to [13] and [3] for all properties of ¢*4® and of the
interpolation spaces Dy (8, ®), Dap (9 + 1, ®©), Dy (8) and Dygy (8 +
+ 1), 0<d9<1. We set DA(t)(Oa °°) =X and DA(t)(l’ w) = D(A(t)) Vte
€ [0, T']. Set

(1.8) B(r) =A@ 1(x)), 0<z<¢T).
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Then the family {B(r)} satisfies assumption (1.7). More precisely, we
have (due to (1.1) and (1.3)):

[ There exist C >0, he N, a, ..., a3, 3, ...d, With
0= 81: <o SZ, such that V)\ES@O_ {0}

JIB@) RG, B@B@) ™ = B@) e <
E’(T—a)“‘{w+l)|l‘ai_l if 0<So<t<§T/2),
Clz — o)=/E+D |35~ if §(T/2) <o< < §T).

1.9

<

=

We assume
(1.10) ¢=min{a;/B+1)—&: 1<i<h}el01l,

with 8 = max{8, 5, }.
By [2],[3] there exists an evolution operator G(r,s) relevant to the
family {B(7) = A(¢$7!(7)): 0 < 7 < §(T)). It can be represented as
L11)  G(r, o) = 9B 4 JTZ(T, Ddr, 0so<rt<yT)

(see[2]). Here Z(r,0) e LX) for 0 <7<r<¢T), and for 0 <s <7<
<t < §T) we have:

1.12)  ||Z@, oppy e, =)0 S @E—8)°+"1,  ge(0,1];

|z, s) — Z(x, O')HL(DB(,,(a, o0 S €& Nt — D (x—s)f o1

(1.13)
with 8e€[0, 1[, nemax{s+¢—1, 0}, 4;

114) 2@, s) - Z(z, rose,n S OE— 17,  1el0, f;

where ¢ is defined in (1.10) (see[2], Lemma 2.2).
Moreover we have (recall that A(-) = B(¢(+)):

if ¢,9€[0,1], 0st<T, 0<&sT),
"eaA(t) ”L(DA(,) ® 0,0 S My(S);
"A(t)mefA(t) "L(DA“,(.Q, ), Dy (s ) < M (o, 8, m)&E™ (m+a—9)

with m = 1;

(1.15)
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if 0<ss<t<yT), 0<Es<HT), meN,

(1.16) & 3 ;
“B(t)meEB(t) - B(s)meEB(s) ”L(X) < M, (m) '21 Ut, s)* /@+1D) gm+ 3)

(see [3, Lemmas 1.8 and 1.10] and our assumptions (1.9), (1.10)).
Let 0<s<7<{<¢(T), and let ¢ be defined in (1.10). We have:

w1m f0sd<sas<l,
17 —
G, Ly s, ©), Dy, ) < Ca (@, O(E — 8)° ~%;
if 9€[0,1], «€[0,d],
(1.18) d—a-1
”B(t) G(t, s)”L(DB(,)(J, ), Dy (a, =) < c5(a, 9 — s) H

(1.19) [|G®, 9) = G(1, 9lupy s, =), 0 S C6&E ~)°,  $€l0, 1];

(see [10, Lemmas 4.1 and 4.2]).

If 90,4, 0<s<ts< D),
I B®) G, $)l|0y5 + 1, ©, Day, =» S €13

(1.20) {

(see[3, Thm. 6.1]).
The following lemma will be useful in the sequel.

t
LEMMA 1.1. Let y e X. Then j G(t, o)y do e D(B®)) Vt > 0, and
0

t
1.21) “B(t) j G, Dydo| <clyll Vtel0, (D)];
g : - 7"
(1.22) B(t)J G(t, o)y do — B(f)aj GG, )y do| < e@) — o

for each a<t<t<¢T), 0<a<l1.

Proor. It is an easy consequence of Propositions 2.1(iv) and
2.6 (iii) (@) of [3] (with u = 0), together with the representation formula
(1.22) of [3].

Let us state other estimates which will be used throughout the
paper.
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LEMMA 1.2. Let ¢ be defined in (1.10). Then, both for 0 < s <7<
<t<T/2 and for T/2 <s<t<t<T we have:

(1.23) || B(¢(®)) G($(®), $NLDy5, #), Daytar =» S
< Cy(a, 9)9(t, sy et -1, 3€e[0,1], «€]l0, ¢];

t —_ v
(124)  ||G(g@), $(8)) — G(¢(7), ¢ < C; (v)ﬂ vel0, 1];

(r—9)’
(1.25) | B(()) G(g(2), $(s)) — B($(0)) G($(7), $()||eipe s, =), 0 <

1 1 1
) g(r—S)““l o )[(T—S)"" (t—S)“"]

t-7" }

(T_s)l+)7—19—o‘

+C5(3, 9, p) g, 7)"g(z, sy~ "

$€el0, 1, ne[max{s +¢ -1, 0}, ¢];
(126) || B(¢(t)) G(¢(2), $(8)) — B(¢(7)) G(¢(x), $Nzoaey, » <

t-7
(r—9)y

127) | B(¢(t)) G($(2), $(s)) — B($(x)) G($(7), $(N|ipyps+1, =), 10 S

< Cy(v)

+ G5, o, "¢ —7)", velo, 1], nelo, d;

< Ce(@gt — 8)’(t — ) + Cr(n) gk, 0"t —7)", I€l0,1], nel0, .

ProoF. (1.23) is a simple consequence of (1.18), (1.2), (1.4) and
(1.6). To show (1.24), ..., (1.27), we consider either 0 < s <7<t < T/2
or T/2<s<t<t<T. (1.24), for v=0, holds with C; = 2¢, thanks to
(1.17). For v > 0, thanks to (1.23), (1.4) and (1.5), we have

[G($@), ¢(s)) — G(¢(z), gLy =

g(r, r)dr

t
s KCOI glr, s)r—s)

T

t
= [ 9 BG™) G4, 4(s)) dr

L(X)

1 (_dr _KG t-o

< , 0O<vs=l.
(z=9)' ) (r=s9)y v (t—s9) ’

< KC,
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Concerning (1.25) and (1.26), thanks to [2, (2.10)] for 4€[0,1] we
have:

[ B(¢(®) G($(2), $(8)) — B($() G($(2), $(SN LDy (s, =1, 10 S
< || B(g(s))[e 46 VBE@ — ¥ OBED |, 1y oy x0 +
+[12(8@), $()) — Z($(z), $ENL 0, =, 0 -

By (1.15), (1.4), (1.5) and (1.6) we have:

" B(¢(S))[6 Ut, 8)BE6) _ oW 8) B(¢(s)) ]" LD 6, =), 0 =

<
L(D g (8, @), X)

t
j QD(”') B( ¢(S))2 e U, 8), B(¢(s)) dr

<M, ()

‘edr _ KM(9) f dr
Jur 9?0 T K2 g(r, )0 r—sPt

Now if d€[0,1][

f dr—=1[1__ 1_]
Jo-92 1-3|@-9"* @¢-9'""*
and from (1.13), (1.4), (1.6) it follows:
1Z(¢(@), $(®) — Z($(); $ENeips, =1, 10 <
< ¢ (8, DYlt, )Yz, 8’2777 pe[max{s+é-1,0} 4
<8, K4 1gt, v)g(r, 8’ PP — (e — )P AL
Hence (1.25) holds. If 4 =1 and ve]0,1] we get:

far G-
JrTs  vr—g)
and from (1.14), (1.4), (1.6) it follows, for n e [0,4[:
[12(6(t), $(8)) — Z((2), $N|Lweacn, » <
< g (M ¢(t, 1) < cs () K7g(, 7)"(t — 7)7;

hence (1.26) holds. Finally from [2, (2.10)], (1.15), (1.14), (1.4), (1.5)
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and (1.6) it follows:
1 B(¢(2)) G(¢(t), $(8)) — B($(r)) G($(), ¢ lpppes+ 1, =), 0 <

t, B@E) _ g¥ts 9B :
< "84‘( D BE) 6«1 9 BEE) "L(DA(,)(&, @), X)

- sup | B(@S))l|Li,g e + 1, ©), Dy, =» T

0<s<T

+112(3@), $(8)) — Z(¢(7), $(Nl|eweawy, 0 S

< const + c3 () ¢(t, 7)" <

L(D g5 (3, ®), X)

t
j ?(T) B(gb(s)) ez,b(r, 8) B(¢(s)) dr

t
(r)dr
< const M, (a)! h_—ﬂ + Keg () g(t, 07 (t — 7)" <
KM, (9) _y ,
< const P 111_ 9@, s)*’J (—r:;l_‘_'; + Kes(n) g(t, 7)" (¢ — 7)"

and (1.27) holds. =

We are now in position to state the main properties of the
function

(1.28)

wd) = G$@®), 0z, O0<ts<T, vzeX.

To simplify some statements, we introduce the following notation:

(1.29)

B([a, b]; Dy (8, »)) =

= {u: [a,b] > X: u(t) € Dy (8, @) Vtela,bl; sup [[u@®)lp,e e, « <+

’
ast<bd

for a<b, 0<8<2, 9=1.

PROPOSITION 1.3. Let ¢ be defined in (1.10). For each z e X, we

have:

(1.30)
(131)
(1.32)

we B(0, T]; X);
we B(e, T; Dy, (6 +1, ®)), Veelo, T[;

AweC'([,T]; X), Veelo,T[, n<¢;
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(1.33) weC'(0, T]; X),
and

(1.34)  w'(@) = p) AR)w(t) = o(t) B(¢@)) G(¢(t), 0)x, Vte]0, T];
(1.35) 2 e D(A0) < we C(0, T]; X) and w(0) = x;

(if 3> 0, then:
€ eDyg(1/@+1)=w'eC(0, T]; X) and w'(0) =0,
if =0, then: x € D(A(0)) and A(0)x € D(A(0)) <

< w'eC(0, T]; X) and w’'(0) = ¢(0)A0)x.

(1.36) <

(if 3>0, 0<d<min{8/@B+ 1), 3},
xeDyp(3+1/B+1), ®)=>w"eB([0, TT; Dy, (3, =))
if =0, 0<d<3,

~aceDA(0)(z9 +1, ®)=>w'e B([0, T]; Dy, (S, »)).

(1.37)

Proor. (1.30), (1.34) and (1.35) follow from [2, Thm. 2.3(i) and (v)
and Thm. 4.1(i))]. By (1.23) and (1.4) for 0 <t < T/2 we have:

[Ed]

"B(¢(t)) G(¢(t)’ 0) x|IDA<t)(3v =) S CO ©) $@E+DE+D .

In particular, setting

7 = w(T/2) = G(T/2), 0)x,

we have:

(1.38) T e Dagyy @+ 1, ®).
Therefore by (1.38) and (1.20) we have, for T/2<t<T:
IB($(2)) G(¢®), 0)x]lp, 5 =) =

= [|B((®)) G($(t), $(T/2)%Ip, 00, =) < Colllpgm 1, =)

and (1.31) holds. By (1.25) Awe C"([¢, T/2]; X); if T/2<t<t<T, by
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(1.38), (1.27) and (1.4) we have:
[A®) w(t) — A() w(z)| =

= |B((®) G($(8), $(T/2)T — B($(2)) G(¢(2), $(T/2)) || <

S {COXT/2" t — 7 + Cr T~ )P (t = )" Tl pes+ 1, 00 7 <&
Hence (1.32) holds. If 5; = 0, (1.33) follows from [2, Thm. 2.3 (v)], (1.34)
and (1.1). If 8, > 0, we C1(10, T[; X) and by (1.34), (1.38), (1.23) and
(1.1) we get:

lim_[|o(®) B(®) G((®), 0) x| =
= lim_[lo(®) B(®) G(¢®), $(T/2)% = ColZlpacrzy lim #(8) = 0.

Therefore w e C1(10, T'1; X). Let us show (1.36). The second equivalen-
ce follows from [3, thm. 6.1] and (1.33). Concerning the first equivalen-
ce, if 8> 0, thanks to (1.23) we have:

x & D(A) = lim [|¢(t)' ~ ¢+ D B(3(1)) G(3(t), 0zl = 0

and thanks to [2, thm. 4.1(iv)] we have:

v € Day (1/(6 + D) =3 lim [|¢®)' =4 P B(®) G(3(1), 0 =y,

and for each te10,7T]
[4@®) = V€ + D B((2)) G(4(2), 0) || < const|xp,, a/@+ 1, = -

Since D(A(0)) is dense in Dy (1/(3 + 1)), y = 0.

Hence fixed ¢ >0, 3t < T/2: Vt <t
IB(¢®) G(4(), 0) x| < /gty D,
so that
llo’ @Il = |6 B(3(2)) G($®), 0) || < Kt*e/g(ty¢* P < Ke/k{/®* P
and th_rg w'(t) =0. By (1.33) we C'([0, T]; X). Conversely
w'e G0, T/2]; X)=3 limw'(t) = lim o(t) B#(t) G($(2), 0)xx = .
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Let us show that y = 0. Fix A € S, ; then we have:
[x - BO)I ™'y = lim [x - B@E)] ™ () BG®) G((®), 0@ =
= lim 2[2 = B($(E)] " (1) G($(1), 0)x — lim 5(t) G(4(t), 0) = 0.

Therefore y=0. Fixed ¢>0, for ¢ close to 0, we have:
lo(®) B(¢(t)) G(¢(¢), 0)x|| < ¢, and consequently

t
B(¢(r) G(¢(r), 0) x d
IGG®, 0z - 64, 0| _ I #(1) B($(1) G§(r), O)wdr

[6(t) — ¢(‘L’)]1/(ﬂ +1) = kll/(ﬂ +DgYE+D (g _ /E+D

t
< [Ied’r

Hence, thanks to [2, Thm. 4.2 (iv)], 2 € D (1/(8 + 1)).
Concerning (1.37), if 2 e Dyg(8+1/(8+ 1), »), then by (1.23),
(1.1) and (14), for >0 and 0 <t < T/2 we have:

[[6() B($(8)) G($(2), 0) x|lp, s, =) < KCo N l|p,e s+ 1/ + 1), =)

so that w’ is bounded in D4y (3, ©), thanks to (1.31). If 8 = 0, then w' is
bounded in Dy (3, »), thanks to [3, Thm. 6.1] and (1.31). =

/[kll/(‘“l)(t — )] =¢/k{/E+D,

In the case where ¢ is Holder continuous, we can show other regula-
rity properties of w'.

ProposITION 14. Let e C7([0, T]), 0<y <1, y<BifB>0,y<
< B, if B > 0 (see (1.1)), and let ¢ be defined in (1.10). Then

(139) zeX=>w'eC'(, T} X), 0<e<T, n<vy, n<4
ifp>0, A+8—-p)/B+1)<8<1

(1.40) € Dy (3, ®)=w'eC"([0, T]; X)
with nSy— @+ D1 —-9), n<8

if =0, 0<d<1
(1.41) xeDA(o)(& + 1, w):w’e C']([O, T]; X)
with » <min{y, 8}, » <é.
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ProoF. From (1.25) we obtain that B(¢(t)) w(t) = B(¢(t)) G(¢(?), 0) x
is n-Holder continuos in [¢, T'] for 0 < ¢ < T, n < ¢; then (1.36) is a con-
sequence of the Hélder continuity of ¢. Let us show that (1.40) holds.
In the case 4 < 1, thanks to (1.23), (1.25), (1.1) and (14) for 0 <7<t <
< T/2 we have:

lw' @) — w’ @I < o) = ¢()] | B($®)) G($@), 0) x| +

+ o(2)|| B(¢(t)) G(¢(7), 0) & — B($(r)) G($(x), 0) x| <

1 _ 1
=86+ $1-96+1D

t_ Y
< {Co@)lpler t( )

fera-s T EGE ’

Pt (t — )
L@+ D -d-9+1 "x"Df«m(*“’ ) S

+ Cg (é\, 29, ‘I))

< {Co@ple:@t — o)t "E+ D=9 4 KCy ([t E+D -1 — e+ D17 4
+ KC3 (8, 'ﬂ, Y))(t - ‘L')77 t,@v) T(‘B tDE+a-m-1 }"w”DA(o)(,,, ®) .

In the case 4 = 1, thanks to (1.23), (1.26), (1.1) and (14),for 0 St <t <
< T/2 we have:

lw' @) —w'(=)|| <
< {Colpler (t — ©)7 + KCy () ¥ ~ " (t — 7)" + KC5 (8, n) t* ¢ (¢ — ©)" H|2|Ipacoy

and w'e C"([0, T/2]; X), since n <7y. For T/2 <7 <t <T, from (1.38),
(1.23), (1.27), (1.1) and (1.4) we get:

lw' @) —w' @ < |e@) — o(x)| | B(pt) Gg(t), §(T/2) % +
+ (|| B((t)) G(¢(z), §(T/2) T — B($(r)) G(¢(z), §(T/2)) 7| <
< Co@pler (t — O 1 Zllpacyey + KT — o

{Cs@NT/2)*1(t — 7)" + CrXT — P = ) HIZ lIpgys + 1, )
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and (1.40) holds. In the same way, (1.41) follows from (1.23), (1.27),
1.1), and (14). =

In the sequel we shall need also the following lemmas.

LEMMA 1.5, Let u20,0<a<l,v>0andlet T/2<a<bs<t<T.
Then it holds:

b-ay*

pr=rat if u<a;

b
(1.42) j (T - 8) " (t — s)*~ds <

b
(1.43) j(T —8)k(t—s)" " lds <

+
< (T -ty * I(1+y)""y“‘1dy, if u>a;
0

b
(1.44) j(T —8) = (t—s)* " lds <

+ o

@RI -0~ [A+y ey ldy.
0

b
PrOOF. Let I(T —8)“t—s)*"'da=:1. In the case u<a we
get: a
b—a)y*
= u

b

b .
I< I(t—s)“‘f“lds=

and (1.42) holds.
In the case ¢ > «, (1.43) follows setting (¢t —s) = (T —t)y in I.
In the case u = «, for each v > 0, from (1.43) it follows:

b
1< (T/Z)"I(T_s)—(a+v)(t _ s)z_lds <

+ o©

< (T/2)(T - t)™ I(l +y) @Iy lgy
0

and (1.44) holds. =
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LEMMA 1.6. Let ¢ € C([0, T']) and let ¢ be defined in (1.10). Then it
holds:

(if yeX and 0<a <t<T, then

t
(145) ”B(qS(t)) f o(8) G($(t), $(8)) y ds — [e#tDBED)y — y]'
=0((t — a));

(if pe C7([0,T]), 0<y<1, y<Bifp>0, y<p if 3>0,
(see (1.1)), then

L) S

b
HB(qs(t)) j G($(t), ¢(s)) ds

( Gy, a)[(b—a)r

o(t) t¢
for 0sa<bsts<T/2;

Cs(y, 8, T), for T/2<a<b<t<T, B=0;
CoBys v, 6 v, T) 1
() [(T—t)ﬂ"”“

for T/2<a<bs<t<T, p>0;
with v=0if g, >y, v>0if g =17;
C@B, B1s 7, 8 v, T)/1g, 1) o)),
| both for 0sa<b<t<T/2, and for T/2<a<b<t<T.

+t#(b —a) + 1},

(146)

A\

+(T -t 0b-ay+ 1],

Proor. From [2, (2.10)] it follows, for 0 < s<t<T:
(147 B®) G($(2), $(9)) = [B(g(s))e#" VB — B(g(t)) e #b B ]
+Z($(t), $(8)) + B(g(t) et 9B = [ + I, + I,
By (1.16), (1.12) and (1.10) we have:

h _
148) [ llzco + 12 llioo < Me ,Zl[sb(t, /D [y(t, 8)' T H] +
i=

+oe dt — s¥ 1< (hMy + ¢y ) t, s 1.
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Hence by (1.48), (1.5) and (1.6) we get both for 0 < @ <t < T/2 and for
T/2<as<ts<sT:

t
(1.49) j eI + I | Lop ds <

g(s, s)ds

= 0((t - a)’).
g(t, s 2@t -8’ (¢~ ar)

t
< (hMy + ¢, YKk %) f
Moreover from [13, (1.4)], for y € X it follows:
t
(1.50) J o(s) Iy ds = e¥69BEO y _ o

Therefore by (1.49) and (1.50), (1.45) holds. Let us show (1.46).
From [2, (2.10)] for 0 < s <t < T it follows:

(151)  B($()) G(3(2), $(5)) = [B(g(s))e 4 IBH — B(g(t)) e # 9EEN] +

+Z(4(2), ¢(s)) + ;(15 [o(s) B((t)) ¢ 4 9BE®)

+(p(t) — 9(s)) B(¢(1)) et PBED | = [, + I, + ;%[so(t) I, +1,].
Let 0<a<b<t<T. From (1.48) it follows:
b b
(1.52) H I(I1 + Iz)ds” < (hM, + cl)f¢(t, s)’~lds;
'a L(X) a

from (1.15) it follows:

b
(1.53) f o(s) I3ds “LX) = ||le¥t DBE®) _ ¢t DBCO) ||, < 2M,,
(
a

and

b b
(1.54) “ Il4d8 “L(X) < M1 [?]CY j(t - S)Y‘P(t’ S)_l ds'
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Therefore by (1.51), ..., (1.54) we get:

(1.55)

b
B(4(t) j G(4(), $()) ds ” <

L(X)

b

J(t — )T UL, s)' ~ds.

a

1
o(t)

b 2M,
< (hM2+c1)I¢(t, s " lds+ —— + M [pler
. o)
From (1.6) and (1.4) it follows:

b b
(1.56) j Ut, sy~ Vds < [1/(kE gt 1)) j t - sy~ ds =
(b — a)y [k tF1 9] if0<sa<bsts<T/2,
0 - ) ik AT -tp1-0] i T2<a<bs<t<T;
By (1.6) we have, both for 0 Sa<bs<t<7T/2and for T/2<a<bs<
<t<T:

b b
1.57) J(t — $)TY(t, s)"1ds < kit jg(t, 8§)"1(t — 8)" ~lds =: J.

a a

Moreover by (1.4) we have:

b
(b -ay
158) J=ki'tF|¢t—-s) 'ds=
(158) Ce -9 T

a

if0sa<bsts<T/2;

b
(1.59) J=k1-lj(T—s)ﬂ1(t—s)r—1ds if T/2<asb<t<T.

a

Hence if 0 <a < b <t < T/2 by (1.55), .., (1.58) we have:

<

=

’L(X)

b
“B(sé(t)) j G($(t), $(s)) ds

_ KMy + )0 - 't®  Milplo G —ay | 2M,
h sk~ o(t) Yk, o(8) t? ot)

and the first inequality of (1.46) follows with
Cq (v, &) = max{K(hMj + ¢,)/[8ki ~°1, Milplcr/lvk:1], 2M,}.
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If T/2<a<b<t<T and 5 =0, by (1.65), (1.56), (1.57), (1.59) and
(1.42) we have:

<

b
”B(¢(t)) j G, g ds|

< [Cr(y, /@G — @) + (b — aF + 11 < [Cr(y, O/KNT T+ T°+ 1],

and the second inequality of (1.46) follows.
Finally, if T/2<a<b<t<T and 3 >0, by (1.55), (1.56), (1.57),
(1.59), (1.43) and (1.44) we have:

K(th + cl )(b - a)E(T - t)ﬂ°‘1 +
1- o‘q)(t)

=

b
”B(¢(t)) j G(3(2), $()) ds o S

(T_t))’—ﬂ)—v 2M0
o(t) o)’

L Milele (T/2)
ky

J(1+ )/91 Yyro ld

with v =0 in the case 8, > y and v > 0 in the case 3, =
Hence the third inequality of (1.46) follows with
C9(ﬂ1v Y 6‘9 V, T) =

KMy +c¢,) M [p)e(T/2)
3]6 1-¢ ’ kl

j(1+y) AryTldy, 2M, .

The last inequality is a trivial consequence of the previous inequalities
and of (1.4). We introduced it to simplify some statements in the
sequel. ®

2. The classical solution.

DEFINITION 2.1. Let fe C(0,T1;X). A function e C([0,T]; X)

is said to be a classical solution of (0.1) in the interval [0, T] if u e
e C1(10, T[; X), t » A(t) u(t) belongs to C(J0, T'[; X) and (0.1) holds.

n

Argiung exactly as in [3, Prop. 3.7 (ii)] we get that x € D(A(0)) is a
necessary condition in order that problem (0.1) has a classical solution %
such that ||A(t)u(t)|| < constt *, we[0, 1+ 4.
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In Section 1 we showed (see (1.33), (1.34) and (1.35)) that if x e
€ D(A(0)) then the function w defined in (1.28) is a classical solution of
(0.1) for f= 0. In the general case, arguing exactly as in [2, Thm. 5.2],
we get that if problem (0.1) has a classical solution %, then u is given by
the representation formula (0.3). Consequently, the classical solution of
(0.1) is unique. We shall show that if f is either Holder continuous with
values in X, or bounded with values in some interpolation space, then
the function % given by (0.3) is in fact a classical solution of (0.1). We
begin by studying the function

t
e |M® =J G(3(), $(5)) f(s)ds,

with either a =0 and 0<¢<T/2, or a=T/2 and T/2<t<T.

We recall that, by (0.3) we have:
t
ut) = G(p(t), 0)z + f G(), ) As)ds  if 0<t<T/2,
0

and

t
w(t) = G(¢@t), ¢(T/2))x + I G(g(®), $(9) f(9)ds if T/2<t<T

T/2
with 7 = w(T/2).

ProposITION 2.2. For every continuous f:[0,7]—X, v enjoys
the following properties: for 0 < « < 1 we have:

2.2) ve C*([0, T]; X);
23) veB(le, T — ¢l; Day(a, ®)) e€l0, T/2[;

if >0, ve B([0, T/2); Dy, (1/(B + 1)), =),
24)Jif =0, ve B([0, T/2]; Dy (a, ®)),

if 0<a<1/@ +1), veB(T/2 T1; Da(a ©)).
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ProOOF. (2.2) is a simple consequence of estimates (1.17) and (1.24).
By (1.17), (1.6) and (1.5) we get, for 0 <t < T:

<

”v(t)”DA(g)(a, ) =
D (@, @)

t
j G(4(8), $()) f(s) ds

t
<@ [9t 97 ds|fll <
AC) ca()(t —a)~®

t
ds
T kigt, t" J t—s) 171 < (1 —a) kg, 1) 171,

so that (2.3) holds. Concerning (2.4), by (1.17), (1.6) and (1.4) we have
for 0st<T/2:

¢4 (a)
A -a)kf

for T/2<t< T, if a<1/(B +1):

"v(t)“DAm(a, ©) S glo=@+D "f"w )

i
[0, ) < [es@/k7] [ (T = )7 = 9)*ds|| ]l <
T/2

< [eg(@)/Tki (1 — a8y + D) — T/2)' ~ =@+ V| £,
thanks to (1.42). Hence v is bounded with values in D4y (z, «) as stated

in (24). =

Now we state two existence and uniqueness results for the classical
solution of (0.1). The first one details with the case where f has values
in same interpolation space.

THEOREM 23. Let fe C([0, T1; X) N B([0, T1; Dyyy(a, ©)), 0<
< a < 1andlet x € D(A(0)). Then the function « defined in (0.3) is the uni-
que classical solution of (0.1). Moreover for ¢ € 10, 7/2[, 3= 0 and y < «,
n < é, we have:

@5)AuecC'(, T — ¢l X) if B, >0, AueC?(e, TL X) if g =0;
©26) u',AueB(e, T —cl; Day (8, ©)), & =min{a, 3}, ¢el0, T/2[.

ProoOF. Since u = w + v, with w given by (1.28), it is sufficient to
show that v is the classical solution of (0.1) with « = 0. From (2.2) and
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(2.1) it follows that v e C([0, T']; X) and v(0) = 0. From (1.23) and (1.5)
we get:

t
en  |A® vl = ”B@(t» j G(4(t), $(8)) f(8)ds || <

Co() «—
< L j(t 9 tds sup |flbye = <

Co(a)
S — a)* su S %, ®
ag(t, t)““( e, | A

and v(t) e D(A(?)) for each 0 < ¢t < T. By (2.1), (1.23) and (1. 25), both for
0<a<t<t<T/2and for T/2<a<rt<t<T we have:

28) [A® () — A@ ()| <

t
j B(4(£) G(6(t), $(s)) f(s)ds | +

+ || [ [B(¢®) G(g(), $(8)) — B($(2) G($(),

< Co@ [ ds + Ce () I 1 _ 1 ds +
gt =) t—-9' " gt -9t -9 7"

C3 (a, 8, 77) g(t’ T)'i g(,r’ a)é‘ -7 T ds ]
+ — .

t | —
g(T,T)l_a ( ) J(T_s)l+n—a—8

a

[ Co()(t — 7)* 202 () — 7)* +

- su (s) =) S
p "f “DA(:)(“v ) ag(t, t)l—a ocg(r, 7)1 *

0<s<T

Cs(a, &, 0 g, )" g(x, a7
(@+é—mglr, "

(e — Q)i — m] LG

0<s<T
and taking into account (1.4) we get, for € ]0, T/2[:
©294veC"([, T —¢); X) if B >0, AveC'(s, T); X) if B =0.

Hence (2.5) follows from (1.32).
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Let us show that v is differentiable for 0 <t < T. For 0 <e<1
set:

te
2.10) v, (t) = j G((t), $(5)) f(s) ds.

As ¢ goes to 1, v, converges uniformly to v on each compact subset of
10, T[; moreover v, is differentiable in ]0, T'[ with

te
v, () = eG($(1), $(te)) f(te) + o(t) B($(1)) I G(3(@), ¢(s)) f(s)ds.

Therefore, since fe C([0, T];D(A®))), v.—o(-)AC)v()+f() as
e— 1.

Hence v is differentiable in ]0, 7'[ with v'(¢) = o) A®) v(t) + f(?).
Since ¢ € C([0, T']), by (2.5) it follows v’ e C(J0, T[; X). Summing up, we
find that » = w + v is a classical solution of (0.1). Concerning (2.6), by
(1.31) w e B([e, T1; Dy, (@ + 1, ®)). Moreover setting, for 0 <s<t<T
and 0 < o <7< §T), ¢(s) = and ¢() = = in (2.1), we have:

A7) do =
o(¢7 1)

@11)  A®)ud) = A () f G(z, o)
¢(a)

= B(7) j G(z, o) F(o)do = B(x)5(x).
¢(a)

By (1.1) and (1.3) for 0 <t < T/2 and 0 < o < ¢(T/2) it follows:
o(671(0) = k(g1 (@) = (/kf/E+ D) G+ D,

hence

(2.12) o— PV f(o) e B((0, $(T/2)]; X) N B(0, 4(T/2)]; Dy (e, ®)).

Plugging (2.12) in (2.11) and applying Prop. 3.1(vi) of [3] with x =0,
w=p8/B+1) <1, we get, if = min{a,d}:

(2.13) T — 2 A+ B(2)%(x) € B([0, T/2]; Dy, (8, ®)),

so that by (2.11), Av e B([¢, T/2]; Dy (8, ®)), 0 < e < T/2.
If T/2<t<T and ¢(T/2)<o<¢(T), by (1.1) and (1.3) it follows:

¢(¢_1(°')) = k[T — ¢_1(G)}B‘ = (k/kflﬂﬂl*’l))[qs(T) _ O']‘@'/(ﬂ1+ 1);
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hence
@14) o [T) — P/ Vf(e) e
e B([$(T/2), ¢(T)); X) N B(¢(T/2), $(T)]; Dy (a, ®)).
So that, plugging (2.14) in (2.11), we obtain that
Ave B([T/2, T — ¢]; Dy, (8, ©)), 0<e<T/2.
Since % = w + v, then (2.6) holds. =

Now we consider the case where both f and ¢ are Hélder continuous
functions.

THEOREM 24. Let oeC7([0,T]),0<y<1,y<piff>0,y<pif

B > 0 (see (1.1)), and let fe C*([0, T]; X), 0 < « < 1, x € D(A(0)). Then
the function # defined in (0.3) is the unique classical solution of (0.1)
and

t

@15)  u'(®) =w'®) + o) A®) j G(3(2), $(s)(f(s) — fit)) ds +

0
t
+ () A(t) I G(3(D), ¢(s)) f(D) ds + f(1) = o) A®) u(®) + f).
0

Moreover for each ¢ e 10, T/2[, » < min{«, y} and » < & we have:
216) u'eC'([e, T—¢]; X) if 5, >0, wu'eC'([¢,T]; X) if 8, =0;
@.17) u'eB((e, T — &l; Dyey(n, ).

ProOOF. As before, it is sufficient to show that v is the classical sol-
ution of (0.1) with = 0. From (2.2) and (2.1) it follows v € C([0, T']; X)

and v(0) = 0. Let us estimate A(t) v(f). By (1.23) and (1.46), for 0 <t <
< T we have (with either a =0 and 0<¢t<7T/2, or a a =T/2 and
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T/2<t<T):

+

t
lA®) v(t)|| = “B(qsa» [ G($(2), p(&)(f(s) — f(t)) ds

+ <

t
B(0) [ G((t), () ft) ds

<Glfle (_ds  CEBLYOWT)
T o9t J ¢ -sy-e 9(t, 1) o(t)

171l

and v(t) e D(A(t)) for 0 <t <T. To show (2.16) we set, for 0 <t <
<T:

(A@®)v(t) = by (t) + hy (t)/o(8),

t
J hy () = A(t) j G((), $()(f(s) — fB) ds,
2.18) ;

t
ke (t) = o A®) [ G40, $(6) £ ds.
Both for 0sa<t<¢<T/2 and for T/2<a <t <t<T we have:

219 [|B®) - b )| < +

t
B(3(2) j G($(@), $&)(f(s) — fB) ds

+

+ f [B(¢(®) G($(2), $(8)) — B($(x)) G($(v), $(NI(f(s) — f(t)) ds

+ |[B($(®)) f G(3(®), $(&)(f(z) — fi (t))db'” =L +1L+1;.

By (1.23) we get:

t-7r

1 S om[f]c«;
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by (1.25) for » < ¢ we get:

t—z [ 1 a1
(T,T)J(t 8)~"1(c — 8)*~ds +

I, < {C
2 [29

9@, )"g(r, @)’ "
9(t, 7)

+Cy(, 1) (t—f)vj(f—s)a”—v-lds [flo- <

9(1, 7)

t-o
<{C, J(1+y)‘1y““dy+
0

9, 1)7g(z, a)’ "

M IR s S

(= ‘r)”(‘r*a)“”"”IJ[f]ca;

by (1.46) we have:

< C(ﬂy .31 ’ Yv a, Yy T)
3 I
9@, t) ()

¢ = %[ fle=;

and taking into account (1.4) and (1.1), for 0 < ¢ < T/2, we get:
220) meC'([e,T—¢l; X) if3,>0, heC'(Tl X if g, = 0.

On the other hand we have:

@21)  |ha(t) = ke (0| < +

t
B(3(t)) j (o(t) — 9(3)) G(8(®), $(5)) f(B) ds

+

+ [ BG®) [ (6®) - 90) G(3), 4(5)) ft) ds

+

+ f (p(2) — p(B($() G($(t), $(5)) f(t) — B($(2)) G($(x), $(s)) f()] ds

t T
+ f o(8) B(¢(t)) G((2), $(s)) f(t) ds — j 2(8) B($(1))G(¢(7), $(s)) f(7) ds N =

:Il+Iz+I3+I4.
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By (1.23) we have:

t -

ol

I, =Gy

by (1.46) we have:

C(ﬂ’ .Bly Y; 8’ \J) T)
g, t) o)

I, < @t — 7| f®lleler 5

by (1.25) and (1.23) for n < ¢ we have:

g Cot — 1) g(t, D" g(z, sy " (t — )"
Iy= ‘f = S’Y[ e s T S L R g ]ds

@I+ [ = 97 [BG®) GO, ¢ —f(r))llds] [elor <

+ oo

¢ - ~1,7-1
< l[CZ g(z, 7) 0.[ A+y)~y7" dy +

g, D7g(z, )’ " (r — @)’ +8-7n
(r+é=mg, 7

C3(8 ) -2\

t— )
9@, 7)

— é— — +d—7n
[[C(Y)Cz ¢= 662 g(x, af " (x — @)Y (t_r),,]_

@I+ o~ g I 5 sV“ds[flcu][qo]m <

9(t, ) (y+é—ngr, )
-1 (—a)y

Yg(t’ T) [f]Ca ] [¢]CY )

'"f(f)" + Gy
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Concerning I,, set ¢(s) = o. Then we obtain:

¢@ #(7)

L= I|B(¢(t)) [ 66w, 91t ds ~ B((=) [ 66, 010 de

#(a) ¢(a)

$(@)
= l’B(¢(t>) j G(¢(t), D(fX) - f(D) do
$(a)
() ¢(z)
B(3(®) j G(4(2), o) f(z) do — B(2) f G($(7), 0) f(2) do

$(a) #(a)

+

+

Thanks to (1.21), (1.22), (1.2), (1.6) and (1.4) we get:

[¢®) - ¢

m”f(ﬂ” <

Iy<clt —1)*[fle= + cle)

t, x(t — a
o =) oyl <

S ot = Uf o+ Clao Ky bo) oo

s|c+Ce, K, Ky, B, By T)'T;T(;l:";; @ = 0l flle- -

Hence by (1.1) and (1.4), for 0 < ¢ < T/2, we get:

222) AveC'([e,T—-¢c};X) if3, >0, AveC'(,T];X) if 5 =0.
Let us show that v is differentiable for 0 <t < T. For 0 < ¢ < 1. let v, be
defined by (2.10): then v, is differentiable in ]0, T'[ with

te
V! (t) = G($(2), §(te)) fte) + o(t) B((D)) j G(3(2), $)(f(s) — f1)) ds +
te
+B(4(t)) j (p(8) — 9(s)) G($(t), $(s)) f(t) ds +

t t
+BEO) [ 9(6) G0, 45 f1) ds — BE®) [ 99 G, 4() f©) ds.
a te
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By (1.45) we get:

t
li_{nl “ —B(¢®)) I o(8) G(¢(t), $()) f(t)ds + e#b LIBED £(1) — £(t) “ =0.
7

€

By (1.11), (1.12), (1.15) and (1.16), thanks to continuity of f, we
have:

lim [|cG((), ¢(te) fte) — e*PED fip)]| =

$()
¢ Wt OB of (1) + j Z(r, $(to)) efte) dr —
¢(te)

= lim

e—1

_ egb(t, te) B(¢(te) f(t) — eglo(t, te) B(¢(1)) f(t) + e¢(t, te) B(¢(te)) f(t)

= lim " e¢(t, te) B(¢(te)) ( €f(t E) - f(t)) + [ e It te) B(¢(te)) __ e&l;(t, te) B(¢(t)) ] f(t)" <
e—1

< lim hMp ddt, te)’|| )] = 0.

Hence as ¢ — 1, v/ (f) converges uniformly to the function

t
2(t) = o(t) B($(2)) j G($(t), $)(f(s) — f®) ds +

t
+4(t) B(3(1)) j G(4(t), ) fD)ds +fH), 0<t<T,

on each compact subset of ]0, T'[. Therefore v is differentiable in 0, T'[
with v'(f) = 2(t) for 0 <t < T and (2.15) follows. Since ¢ € C7([0, T'])
and u'(t) =w' (@) + o) A@®)v(t) + f(t), (2.16) follows from (1.39) and
(2.22). Summing up, we find that » = w + v is a classical solution of
(0.1). Finally from (1.32), (2.22) and (2.16) it follows that

ueC"([e, T—¢l; X) and t—o>AQult)eC(e, T —cl; X),

so that (2.17) follows by interpolation (it is sufficient to argue as in [11,
Lemma 1.1], with obvious modifications). ®
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3. The strict solution.

DeriNITION 3.1. If f:[0,T] > X is continuous, any function u e
e C1([0, T]; X) is said to be a strict solution of (0.1) in [0, T], if t —
— A(t) u(t) belongs to C(J0, T[; X) and (0.1) holds. =

Since any strict solution is also a classical one, then the strict sol-
ution of (0.1) is unique, and it is given by the representation formula
(0.3). If u is the strict solution of (0.1) then ¢(-) A(-)u(-) belongs to
C([0.T']; X). We showed in Section 1 that in the case f= 0, the function
w defined in (1.28) is the strict solution of (0.1) if and only if either x e
€ Dy (1/(8 + 1)) (in the case 8 > 0), or x € D(A(0)), A(0) x € D(A(0)) (in
the case 8 =0) (see (1.32) and (1.36)).

Let us give some sufficient conditions for the existence and unique-
ness of the strict solution to problem (0.1). As for the classical solution,
we begin with the case where f has values in an interpolation
space.

ProposITION 3.2. Let fe C([0, T]; X) N B([0, T']; Dyyy(a, @), 0<
< a <1 and assume x € Dy (1/(3 + 1)) (in the case 3 > 0), x € D(A(0)),
A(0) x € D(A(0)) (in the case g = 0). Then the function « defined in (0.3)
is the unique strict solution of (0.1) in [0, T'].

Proor. By Theorem 2.3 u is the classical solution of (0.1). Moreo-
ver from (1.36) w belongs to C*([0, T']; X). Therefore it is sufficient to
show that £t — v'(f) is continuous at =0 and t = T.

Since v'(t) = ) A®)v(t) + ft), 0 <t < T; by (2.1), (2.7) and (1.4)
we get tlir&v'(t) = f(0) and, in the case 5, > 0, tl_igl_v’(t) = f(T).

In the case 8, = 0, t — () is continuous at ¢t = T' thanks to (2.9), so
that the statement follows. ®

Now we consider the case where both f and ¢ are Holder conti-
nuous.

THEOREM 33. Let oeC7([0, T]),0<y<1,y<Bifp>0,y<pif
B >0 (see (1.1)), max{B8 — v, 8; — v} <1 and let fe C*([0, T]; X) with
max{0, 8 — v, f; — v} < « < 1. Let moreover:
a) x€ Dyoy(1/(B+ 1)), f(0) e Dyy($, ©), >@—y)/B+1) if
B>0;
b) = e D(A(0)), (0)A(0)x + f(0) e D(A0)) if B=0; AAT)=0 if
B> 0.
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Then the function » given by (0.3) is the unique strict solution
of (0.1) in [0, T'].

PRrROOF. From Theorem 2.4 we know that w is the classical solution
of (0.1). Therefore we have only to show thatt —»«'(t) = w'(t) + v'(t) is
continuous at { =0 and ¢t = T. First we consider the behaviour near
t=T. By (1.36) w' e C([0, T']; X). Moreover in the case 8, =0, t —> u'(t)
is continuous at ¢ = T thanks to (2.16). We consider now the case 5; > 0.
By (2.15) using notation (2.18) for T/2 <t < T we have:

u'@) =w'®) + o) hy (&) + he () + f(T).

From (2.18), (1.23), (1.4) and (1.1) it follows:

t
o) by @) < KCo (T — t) j (T —s)™"(t — 8)* " 'ds[flc- .
T/2

Hence from (1.42), (1.43) and (1.44) it follows:
[tim_ o R @] = 0.

Moreover by (2.18) and (1.46) it follows:
i <
im0
<Cy(B1,7,6,v,T) tlir;l- [1/(T -t~ "+ (T -ty»@t—T/2y + 1]
(T =t)*[fle-=0 (choosing 0 <v<a-—p +7).

Concerning the behaviour of »' as t — 0, we set for 0 <t < T/2:

t
Tia () = o(t) A(t) j G($), $()(f@B) — £(0))ds,
3.1) 0 t
hs () = o(t) A(t) j G((t), $(s)) £(0) ds.
0

By (2.15), using notation (2.18) and (3.1) for 0 <t < T/2 we have:

uw' @) =w'@) + o) by () + hy(t) + hg(t) + £(t).
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From (2.18), (1.23), (1.4) and (1.1) it follows, for 8 = 0:
t
Jim [lp(t) s (8)] < KCy lim [t~ s)* " dslfc- = 0.
- — 0
From (3.1) and (1.46) it follows, for 8 = 0:
lim ||, @)|| < C;(y, o) ]irf)l [£7 2+ t€+D 4+ 11¢*[fle-= 0.
t—0* t—0"

By (3.1) we get:

t
(32) k() = [ 9(8) BRUNG((E), ) f(O)ds +
0

t
+B($(2)) j (3(t) — 9(9)) G(p(®), $(s)) fO)ds =: I, + I,
0

and by (1.45) we get:
3.3) (I, — e#@BED £0) + £O)|| = O¢t?).

We distinguish now two cases: 3> 0 and g8 =0.
In the case >0, from [2, Thm. 4.1(ii)], (1.23) and (1.4) we
get:

B4) || < +

t
B(¢(®)) f (p() — 9(3)) G($(1), ¢(NN1 - G(¢(s), 0] f(0) ds
0

<

i
+ ‘B(¢(t)) f (2(8) = 9()) G(¢(®), $(5)) G($(s), 0) f(0) ds
0

[

N

t t
C(a)t*f’j(t — 8 " 1g(s)°ds + Cy(9) ¢t €+ I><1—">j(1t - s)rds]-
0 0

¢
'[?’]Cvuf(o)”mw,w,m) <|CK, 9t ‘/’Is‘l’“)" t—-s)lds+ C(y, &)tr—ﬂ+@+1)&}.
0

[olor [ F Ol s, =) S CK, v, 972+ EXD2 (0], || FOlp,er 5, ) -

Therefore by (3.2), (8.3) and (8.4), if 3> 0, lim kg () = 0, since f(0) €
t—0*
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e D(A(0)) so that e#®B¢® £(0) — £(0) as ¢t — 0. In the case 8 = 0 by (1.23)
and (1.4) we have:

t
@5 lim L] < lim G [¢ - 97 dslpler ]l = 0.
- - 0

Then, from (3.2), (3.3), (3.5), (1.34), [2, (2.10)], (1.12) and (1.16) it
follows:

lin(r)l [w'@®) + ks (@) + O] = tlin(r)l [w' (t) + e*OB¢D £(0) - £(0) + f(£)] =
o0t 0t
= tlin‘r)l+{(q>(t) - 2(0)) B($(1)) G(¢(1), 0) 2 + p(0)[B(0) e * 5V xs + Z(¢(t), 0) w] +

+le #OBE(E) _ o ¢)BO)] f0) + e ¥ BO) f(O)} =

= lim [9(0) BO)¢*™0z + e#07Of(0)] =
t—0*
= tli% e#40[6(0) A(0) x + f(0)] = p(0) A(0) = + (0),

since ¢(0) A(0)x + f(0) € D(A(0)). Therefore both for 3 > 0 and for 8 = 0

there exist lim u’'(¢).
t—>0*

Summarizing, under the previous assumptions %' is continuous up
tot=0and t= T, with «'(0) = f(0) if 3 > 0, ' (0) = ¢(0) A(0) x + f(0) if
B=0,and ' (T)=01if 3, >0, u' (T) = o(TYAT)U(T) + f(T) if B, =
=0. =

In Theorem 3.3 we assumed 83—y <1 and B; — y <1 for simplic-
ity.

In fact, we could study the existence of a strict solution to (0.1) for
any value of 8 — y and 3; — y; obviously, we should made much more re-
gularity assumptions on f.

Now we show some further regularity properties of the strict sol-
ution of problem (0.1): roughly speaking, the regularity of % up to ¢t =0
increases as the regularity of the initial value « increases.

PrOPOSITION 34. Let fe C([0, T]; X) N B([0, T1; Dygy(a, =), 0<
<a< 3, and let « EDA(O)(a + 1, °°) ifﬂ = 0, xr EDA(O)(d + 1/(ﬂ + 1), °°),
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0<a<pB/B+1) if >0. Let u be the strict solution of (0.1).
Then

ifg=p=0 u' e B([0, TT; Dy (@, @),
3.6) 1.
if =0, g, >0, 0<e<T/2 u'eB(0, T~ cl; Dyy(x, ®));

37 if >0 and g, =0 t*¢*Vu’e B([0, T1; Dag(, ®)),
if >0, 4;>0, 0<e<T/2 t***Vu’'e B0, T - ¢l; Dagy (a ®));

3.8) u'€ B([0, T]; Dyy(a, ©)) for every d€]0, of.

PRroOOF. Since u'(t)=w'(t)+v'(t), 0<t<T, and by (137) w'e
€ B[0, T]; Dy (a, ®), it is sufficient to show that v’ () = p(£) A®) v(t) +
+ f(t) satisfies (3.6), (3.7) and (3.8). Arguing as in Theorem 2.3, in the ca-
se 8 =0, thanks to (2.11), (2.12) and (2.14), (3.6) follows from Prop.
3.1(iii) of [3]. In the case 8 > 0, by (1.3) we get:

T=¢t) =k tPt, 0<t<T/2
3.9 and
T;z+ﬂ/(ﬂ+1) > kfz+ﬂ/(ﬂ+l)tﬂ+a(ﬂ+l).

Therefore from (2.11), (2.13) and (3.9) it follows that t*¢*Vo’(¢) is
bounded with values in Dy (2, ©) for 0 <t < T/2, so that (3.7) holds
thanks to (3.6). Moreover for each 8 and 8, by (1.23) for 0 < d <, 0 <
<t < T we have:

sONA®) VBl 0, =) <

t
< KCy(a, 9)g(t, t)*~* j (t—s¢* *"'ds sup T|| FO by = <

0<s<

KCy(8, =) - -
—()_—__———g(tr t)a J(t - a’)‘z ¢ sup ”f(s)"DA(s)(a? @) < + .

4 0<ss<T

<

=

Hence v'(t) belongs to B([0, T'l; D, (8, ®)) and (3.8) holds. =

PropoSITION 3.5. Let o C7([0, T]), 0<y<1l,y<pBifg>0, y<
<p, if >0, and let feC(0, T]; X) N B([0, T1; Dy, ),
max{0,(8 = y)/@+ 1), B1/B1 + D} <a <1,xe€ Dy (a + 1/@B + 1), ).
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Let u be the strict solution of (0.1). Then
(3.10) eAu e C"([0, T]; X)
with » < ¢, n<min{a, y, a8+ 1) — 3 — 1)}

Proor. By Prop. 3.2, o(t) A@)u(t) = w'(®) + (@) A)v(t), 0 <t <T.
By (1.40) and (1.41) w'e C"([0, T]; X). Moreover from (2.1), (1.23),
(14), (2.7) and (2.8) it follows for 0 <t <t < T/2:

o) A®) v(t) — p(7) A(7) v(7) <

< o) — o@D |[|A®) v@)|| + (D A@) V() — A(x) v(7)|| <

KC, C
< {_Q‘l;ﬁ‘i).ta(ﬂ+l)—ﬁ(t — ) [pler + o(a) £t — ) + 2Ka2(a)1“5-
KC t 67 A
-1+ 3 ( n) g e+ =@+ 1) — T)n} sup ”f(s)”DA(,)(a o)}
atd—ny 0<s<T

and for T/2<7t<t<T:
lo®) A®) v(t) — 9(2) AR) v(2) <
< o) — o) | [A@) v(D)]| + 2@ AG) v(8) — A(D)u()|| <

< Cy(a)t — o7 j (T — 8@+ D (c — sy~ 1ds[pler +
T/2
K
Kco(a) ECo@ o sy — oy 1 2 32(“)-
KCs(a, 6, 1)

(T — B (+ —
T - —- 1)+ -

(T - 7)(“ - B,

@ =T/ =T/ 7= | w9l -

s<
Hence (3.7) follows, thanks to (1.42). =
DEFINITION 3.6. Let
feC(0,T;X), xelX.

A function u e C([0, T']; X) is said to be a strong solution of (0.1) in the in-
terval [0, T if there is a sequence u, e C!([0,T]; X) with p(VACQ U, (e
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e C([0, T']; X) such that
#, —> % uniformly in [0, T'] as n— o,
Uy, — p(VAC) Uy () >u  uniformly in [0, T]as n—> . ®

ProprosiTION 3.7. Let fe C(0,T];X), xe D(A(0)). Moreover, in

the case g > 0, we assume also f(0) € D(A(0)). Then the function » defi-
ned in (0.3) is the unique strong solution of (0.1).

Proor. Let us consider first the case 8 > 0. Let ¢, € C7([0, T']; X),
y > 0, be such that ¢, — ¢ in C([0, T']) as » — o, and ¢, () > 0 for every
t. Let f, e C*([0, T']; X), 0 < & < 1, be such that f,, —» fin C([0, T']; X) as
n — o, and £, (0) = f(0). Let finally x, € D(A2(0)) be such that x, —«
in X. We can apply Theorem 3.3 to problem

{u; ®) = e A u, (@) + £, (), 0<t<T,

8.11) u,(0) =2x,.

By Theorem 3.3b), the function

t
3.12) U (8) = G(3, (D), 0)z,, + [ G4, (), () f, (s)dis,
0

i
where ¢, () = f ©, (8)ds, is the unique strict solution to (3.11). Recal-

0
ling that x € D(A(0)) and letting n —  in (3.12), we obtain that u, — u
uniformly in [0, T'], where % is defined in (0.3). Let us consider now the
case 8= 0. Let ¢,, f, be as before, and choose A € o(A(0)).
Let z, € D(A2(0)) be such that

Jim 2, =z — (A — A(0)) 7' f(0)/9(0)
and set
Ty = 2 + (A = A0) 7 £(0)/9(0).
Then x, belongs to D(A(0)) and Jlim_x, = x; moreover
A0) p(0) @, + £, (0) = A(0) 9(0) 2,, + A% — A(0)) ™' f(0) & D(A(0)).

By Theorem 3.3b), the function u,, defined in (3.12) is the strict solution
of (3.11) and the conclusion is the same as in the case 3 >0. =
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4. An application.

We apply here some results of the previous sections to a degenerate
parabolic initial boundary value problem:

u (%) = 9(t) 2 0t ¥) Uy, t, @) + [, ), 0<t<T, xeQ,
=1
4.1) {0, ) = uy(x), reQ,

n
Zl b; (¢, x) u,, (, x) + ¢, x)ult, x) =0, 0<t<T, xedQ,

where Q is a bounded open set in R” with regular boundary 9Q:
(a;€C([0, T1XQ), 4j=1,..,n and
Rei,élaij(t’ x) &&= v|E|?,

v>0, VE=(&, ..., 5)e R, Vte[0, T], VxeQ,

4.2) < ‘il b;@v;(x) %0, Ve e d2, vit) = (v, (), ..., v,(x)) = unit

exterior normal vector to oQ at x,
t—bt, ), ct,)eC (0, T} C'(3Q2), m>1/2,
t—a;(t, ) e C*([0, T]; C@), O<um<l1,
| ¢ =min{x — ¢ p — 1/2}, e>0.

Setting u(t,-) = u(t), ft,") = At) we can write problem (4.1) as an ab-
stract Cauchy problem of the type (0.1) choosing:

(X =C@Q),

D(A®) =\g€ p01 W2P(Q): At)g e CQ), Clt)g =

4.3) < ”
= 3 bilt, 2)g., + olt, ©) a0 = OI,

Alt)g = i 2; % t, )90 V9 € DIA®)).

\

Then D(A(t)) = X and A(f) generates, for t e [0,T], an analytic semi-
group in X thanks to [14].
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The interpolation spaces D,y (9, ©) are given by (see[1],[4]):

(Dyy (8, @) = {ge C*(Q): Clt)glse =0} if §>1/2,
Dy (8, @) =C¥@) if 9<1/2,

Dyyy(1/2, ©) = {g e C’(@): 3K e R such that:

x+y —

+
Y ) e,

g(x)+g(y)—29(—az—é——) <K|x-y|, Ve, yeQ with

Ll g(x — ob(x)) — g(x)| < Ko VxredQ, Vo> 0 with & — ob(x) e Q}.

If in addition a; (¢, -) € C* (@), b; (¢, ), c(t, -) € C* *1(302), then D gy (8 +
+ 1, ©) is given by

Dypy@3+1, @)= {ge C¥*2(Q): Ct)g|s = C)A®R)g|a0 = 0}
if 9>1/2,
Dpp(@+1, ©)={geC¥*2(@Q): Clt)g|sn=0} if 9<1/2.

We state now two existence theorems for the classical and strict sol-
ution to (4.1) in the case where f is Holder continuous either with re-
spect to & or with respect to time.

PROPOSITION 4.1. Let ¢ satisfy (1.1), let uge C@) and let fe
e C([0, T] X Q) be such that

(44) ft,)eC*@Q) Vtelo, T, supT” 1, Ne=@ < + =

0<ts

with 0 < 2a < 1. Then there is a unique function e C([0, T'] X Q) such
that there exist u,, A(-)u € C(J0, T[ XQ) and u satisfies (4.1).
Moreover, let ¢ be defined by (4.2). The following statements hold

true:

1) if either >0 and wuge Dyp(1/B+1), or =0 and wuye
e D(A(0)), then

(4.5) u, AQ)ue C(0, T1x Q);

2) if either 8> 0 and uy € Dygy(a +1/(B+ 1), ©), 0<a <B/B+
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+1), a <4, or B=0 and uge Dygy(x + 1, ®), then, for 0 < I < 2a,

u,(t, ), o) At)ult, ) e C*(@Q) and
“8 { sup luet, s <+, sup_lo®A® U, Mo <+
0<st<T 0<t<T
8) if =4, =0, then
4.7) w(t, ), AR U, ) e C*Q),
and u;, pAu enjoy the same regularity properties of f.

ProoF. Under our assumptions, t—f{t,”) belongs to
C(0, T1; X) N B([0, T]; Dy¢y(a, ), and uy € D(A(0)). Then Theorem
2.3 is applicable and yields the first part of the statement. (4.5) and
(4.6) follow from Propositions 3.2 and 3.4 respectively; (4.7) follows
from Proposition 3.4. =

PROPOSITION 4.2. Let o C7([0, T], 0<y<1(y<spiff>0,y<
< By if B; > 0), satisfy (1.1); let uy € C(Q2) and let fe C([0, T'] X Q) be such
that

48) f(,2)eC*([0, T Voe@;  sup [ fC, Dlle-qo, ) < + .

ref

Then there is a unique function u e C([0, T'] X Q) such that there exist
uy, AC)u € C(J0, T[ XQ) and u satisfies (4.1).
Moreover for each ¢ e 10, /2,

4.9 uy (-, ), A()u(, x) belong to C"([e, T — <)),
uniformly with respect to x € Q,

(4.10)  w,(t,)eC*(Q) Vte[e,T—<c] and  sup |u,(&, lce@ < + o,

es<t<T-—e¢

with » < min{a, v}, n < e
In addition if max{8~1vy,8 — v} <1, max{0, 8-y, 5 — v} <a<1
and

up € Dy (1/(B+1)), f(0)eDyg($,®), 9>@—y)/@B+1) if >0,

Uy € D(A(O)) if ‘3 =0,
AT) =0 if 8, >0,
then

(4.11) w, ACQ)ueC(0,T]xQ).
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PrROOF. Assumption (4.8) implies that ¢ —fl{,-) belongs to
C*([0, T1; X). The first part of the statement, (4.9) and (4.10) follow ap-
plying Theorem 2.4. Finally (4.11) follows from Theorem 3.3. ®
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