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REND. SEM. MaT. UNIv. PADOVA, Vol. 87 (1992) /

Direct and Inverse Problems in the Theory
of Materials with Memory.

A. LORENZI - E. PAPARONI (*)

SUMMARY - We prove some existence, uniqueness and stability results for a di-
rect and an inverse problem related to the linear integrodifferential equa-
tions arising in the theory of materials with memory having a non-smooth
memory function.

0. Introduction.

In this paper we deal with two different, but related, problems aris-
ing in the theory of materials with memory. The former is a direct
problem, while the latter is an identification problem. Both are charac-
terized by the fact that the function & describing the history of the ma-
terial is assumed to be non smooth.

Our direct problem is the following: determine a function u e
e WH*oP((0, T); X) N W=P((0, T); Y) such that

t
(0.1) u'(t) — Au(t) — j k(t — $)[Bu(s) + b(s)]ds = f(t),
0

for ae. te (0, T),
0.2) %4(0) = uy.
We assume that X is a Banach space, b, fe W>?((0, T); X) 1 <p <

< 4+ ®),ke L0, T)forsomeqe(l, + ], upe XandA: Dy =YcX—
— X, B: Dgc X — X are two linear closed operators such that:

(*) Indirizzo degli AA.: Dipartimento di Matematica, Universita degli Studi
di Milano, Via C. Saldini 50, Milano.
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(0.3) there exist two positive constants M and ¢ e (z/2, n) such that
) z—A) e LX) VzeX,;
ii) [|2(z —A) ey S M Yz eZ,, where I, ={ze C: |argz|<g};

(0.4) DiscDgcD,=X.

We recall that £(X) denotes the Banach space of all bounded linear op-
erators from X into itself endowed with the Sup-norm. Moreover D,
and Dg are equipped with the graph-norm.

Under assumption (0.3) A defines an analytic semigroup e of
bounded linear operators satisfying the following estimates for some
positive constant M, and M,:

l]l) “e I‘f(X) MO’ VtG(O, +w)’

(0.5)
iv) |Ae | ey < Myt™1,  Vie (0, + ).

We assume also that A admits an inverse A ~! e £(X). This is not a re-
striction: in fact, it suffices to replace our unknown (u, k) and datum
(b,f) by the pairs (%, k), and (b,f) respectively, where u(t) = e ~*u(t),
k(t) = e “*k(t), b(t) = e " b(t), ft) = e "*f(t) and A is any (fixed) posi-
tive constant. By such a procedure we get the equation (4, B) =
=(A - A B).

According to the closed graph theorem we can assume that BA "' e
€ £X). Hence there exists a positive constant M, such that

(0.6) IBA =0 < M.

REMARK 0.1. The presence of a known function b inside the inte-
gral allows a unified treatment of our direct and inverse problems.

Assume now that k is unknown too. We consider the following in-
verse problem: determine a pair of functions (u,k)e
e [W2*2P((0, T); X) N Wr+=P((0, T); Y)] W>P(0, T) solution to prob-
lem (0.1), (0.2) and satisfying the additional information

0.7 Pu@® =9@® tel0, T,

@ and ¢ being, respectively, a prescribed functional in X* (the dual to
X) and a function in W2+*P(0, T). As far as b, f and u, are concerned,
we assume that b, fe W *>?((0, T); X) and uge D,.

Also in this case we can assume that A admits an inverse A 'e
e £X). It suffices, in fact, to perform the same transformation as before
and to set g(t) = e X g(t).
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Several authors studied direct linear problems similar to ours. They
proved existence, uniqueness and regularity theorems. However, we
limit ourselves to mentioning only papers[1] and [3], since they deal
with non-smooth memory operators.

We note that in [3] the author studies a more general equation, but
under more restrictive assumptions than ours. In fact, in our case she
should require that ke L?'(0, T) (1/p + 1/p’' = 1), while it suffices to
require ke L9(0, T) for some q e (1, + ©] (cfr. Section 1).

As far as our inverse problem is concerned, we recall that similar
problems (with b=0) were studied in [4],[5] and solved in the class X, ,
of functions k such that t'~*ke C#([0, T]), where «€(0,1) and B¢
€ (0,min (a, 1 — «)). In the quoted papers results of existence, unique-
ness and continuous dependence with respect to data were obtained in
the class of smooth data fe C'1*#([0, T]; X) and ¢g"€ Key -

On the contrary, in this paper we consider the case of admissible
data with nonsmooth derivatives. This means that we are allowed to
deal with data fe W'*=?((0, T); X) and ge W2+>P(0, T), possibly
with ¢ and p near 0 and 1 respectively. This choice of spaces allows the
function ¢" to have (weak) singularities spread over points of the inter-
val [0, T'] other than ¢=0.

Moreover we observe that the fractional Sobolev space W=7 (0, T')
contains class X, ; iff e (1/p’, 1) and o e (0, min(ax — 1/p’, 1 — a)).

We conclude this section by noting that an application of our ab-
stract result to a concrete case is given in Section 5.

1. Equivalent problems and main results.

In this section we prove that our direct and inverse problems are
equivalent to two integral equations, both being particular cases of a
more general integral one.

We begin by considering first the direct problem (0.1), (0.2). To this
purpose we introduce the intermediate spaces D4 (3, p) between D, and
X defined by (see e.g.[1, Section 1]):

+ o 1/p
Do, p) ={aeX: |aly,=| [ 19777 4eHalrdt| <+,
0

Be(,1), pe(, +x»)
and

D,@B, p)={xeDy:A"xeDsB—m,p)} Benn+1), pe(l, + ).
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Moreover D, (3, p) is a Banach space, when endowed with the
norm

||x||ﬁ,p=j§0||Afx||+ |A%|s-n, ifBe®mn+1), neN.

Under the previous assumptions on data k, b, f and the membership
of ugin Dy(c + 1/p’, p), we can show (reasoning as in [2]) that problem
(0.1, (0.2) is equivalent to determining a solution wue
e WitaP((0, T); X) N W=P((0, T); Y) to the following operator integral
equation:

t
(L) ult) = efu + Je“'”“f(s)ds +
0
t

¢
+ Je(t— YU J k(o — s)[Bu(s) + b(s)lds, for ae. te(0, T).
0 0

Introduce then the auxiliary function
1.2 w(t) = Aut) te,T)

and apply operator A to both members in (1.1). Using again the argu-
ments in [2] it easy to check that equation (1.1) is equivalent to deter-
mining a solution we W*?((0, T); X) to the following integral equa-
tion, where * denotes convolution:

t
(1.3)  w(t) = Ae“uy + JAe(t‘sm[f(s) —f®lds + (e - Dft) +
0

t
+ jAe“-”A[k*(BA-lw + b)) + k+ (BA~w + b)®)]ds +
0
+ (e — Dk+(BA 'w + b)(®):= Ny (o)) + N (f)(@) +
+ Np[k*(BA 'w + b)lt), for ae. te(,T).
To derive (1.3) we have used the following formula (see e.g.[1, Sec-
tion 7, Lemma 2]):

t

t

(14) A j e~ 94 £(s)ds = j Ae® =4[ f(s) — ft)]ds + (e — D) f(t),
0 0

for ae. te(0,T).
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Now we can state our existence uniqueness and continuous depen-
dence theorems for the direct problem, whose proofs we postpone to
Section 2.

THEOREM 1.1. Let A: Y=D,cX— X and B: Dgc X — X satisfy
properties  (0.3), (0.4) and let (b, f,uy) e WP((0, T); X) X
X WP ((0, T); X) X Dy(a + 1/p’, p) (e € (0, 1)\ {1/p}) be a triplet such
that

i) Aug + f(0) e Dy (s — 1/p, p) when ce (1/p,1).
Assume further that:
i) ke L0, T) for some qe (1, + ©] when s (0,1/p);
i) ke L?((0, T); tP*~?dt) when o€ (1/p,1).
Then problem (0.1), (0.2) admits a unique solution

ue W*2P((0, T); X) NW=P((0, T); V).

REMARK 1.1. The singular case c=1/p is not covered by the
methods developed in this paper.

REMARK 1.2. If k satisfies property iii), then ke L4(0, T) for any
gell,p0+ 1A -ap)~']

Now we can state our  stability result, where
C(o, p, My, M,, M;, T) denotes (here and throughout the paper) a posi-
tive constant depending continuously and increasingly on M,, M,
M,.

THEOREM 12. Let A: Y=D,cX—> X and B: Dgc X — X satisfy
properties (0.3), (0.4). Assume further that (k;, b;, f;, o ;)€
e WP (0, T)X WP ((0, T); X) Xx W=P((0, T); X) X X are two quadru-
plets fulfilling assumptions listed in the statement of Theorem 1.1 and
the following bounds:

(1.5)  max, % llze0, 7y < Ms, if ¢€(0, 1/p),

(1.6) R '~ kjllr0, 1) < Ms, if ce/p, 1),

1.7 I8, (o, il + 1757, » + 165 llwr (0, 73 20 + I fillwer (0, 73 0) < M,
if o€ (0, l/p),

8)  max ([Auo ;] +Auo; + O - 15,5 +

+115lw=r 0, 3 10 + I fillw=r 0, 1 0) < My, if ce 1/p, 1).
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Then the solution u; (j=1,2) to problems (0.1), (0.2) corresponding to
data (k;, b;, f;, w,;) (J=1,2) satisfy the estimate

(1.9)  |lug — w1 lwr+=r(0, 1 0 nwor (o, 0 1) < C1 (o, P, Mo, My, My, M3, T)-

@+ MOy = kel + 162 = billwer o, 0,0 +

+fo = fillworo, 0,0 + 1%0,2 — %0, 1o+ 17p),  VE€(0, T], o€ (0, 1/p),

(1.10) [lug = g w200, 1 10 n wor o, 05 1 < Ca (@, D, Mo, My, My, M3, T)-
(1 + M|t e = Ellzoo, o + 102 = b1 llwer (0,00 +

+ o = fillwer o, 0, 30 + I|1Aug, 2 — Ao 1 + 2(0) = fi O, - 1/p, p +
+ ||Au0,2 — Aug ”), Vte (0, T], ce(1/p, 1).

Assume now that kernek k is itself unknown. Then our identifica-
tion problem is the following: determine a pair of functions (u, k) e
e[W2+oP((0, T); X) N Wi*=P((0, T); Y)] x W=P(0, T) such that

(1.11) u'(t) — Au(t) — fk(t — 8)[Bu(s) + b(9)]ds = f(D),
0 for ae. te(0,T),
(112) w(0) = uo,
(1.13) o[u®] = g, telo, T).
We assume that b, fe W'*52((0, T); X), uge Dy, Aug + f(0) € Dy (o +

+1/p’, p), ge W2*>?(0, T) and & e X*.
Introduce the function

(1.14) vit) =u'(®), tel0, T].
It is easy to realize that the pair (v, k) belongs to [W!*=?((0, T); X) N
NW=?P(0, T); Y)] x W*P(0, T) and solves the problem
t
1.15) v'(@t) — Av@®) — Ik(t — s)[Bv(s) + b'(s)]lds =
0

=f'(t) + k®)[Buy + b(0)], for ae. te(0, T),
(1.16) v(0) = Auy + £(0),
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t
117) g"(t) — & Av®) + j k(t — )[Bv(s) + b'(s)lds} =
0

= @[ f'(t)] + k(t) O[Buy + b(0)], for ae. te (0, T).
Introduce then the auxiliary function w defined by
(1.18) w(t) = Av(t), for ae. te(0, T).

Consequently we derive the following equations for » and k:

t
(1.19)  o(t) = e [Au, + £(0)] + Je“‘ 941 £'(s) + k(s)[Buy + b(0)1}ds +

0

t
+ J’e(t-s)Ak*(BA—lw +b')s)ds, for ae. te (0, T).
0

(1.20) k() = x{g"(@®) — OLf' ]} — xPlw() + k+(BA *w + b")(®)],
for ae. te (0, T),
where we have assumed that
(1.21) %! == ®[Bugy + b(0)] = 0.
Finally apply the linear operator A to both members of equation (1.19).

You obtain the equivalent inverse problem for the pair (w,k):

t
(1.22)  w(t) = AeA[Au, + f(0)] + JAe C-941f"(s) = f'®))ds +
0
t

+U—Df'(t) - j Ae®~ 94 (s)[Buy + b(0)]ds +

0
t
+ jAe“-m[k*(BA-lw +b')8) — k+«(BA~'w + b")(®)]ds +
0
+(e" — Dkx(BA " w + b')(t):= Ny [Aug + fO)I®) + No(f')(E) +
+ N, [k(Bug + bO)IE) + Nylk+(BA " w + b"))(t), for ae. te(©,T),

(1.23) k() = x{g"@®) — OLf' ®)]} — x®lw(t) + k+ (BA'w + b")(®)],
for ae. te (0, T).
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REMARK 13. We observe that equations (1.3) and (1.22) are spe-
cial cases of the following integral equation

(124) w = Ny[k*(BA ‘w + b)] + Ny (ily) + Ny (f) + AN; (kx),

where #geDy(c+1/p',p), b, feW>P((0,T); X), 2eR and ze
€ D4 (6, p) for a suitable 6 € (0,1) (see e.g. Lemma 4.1).

We note also that integral equations (1.24) corresponding to differ-
ent values of A differ only in their free members.

REMARK 14. From equations (1.11)«(1.13) it is easy to deduce the
following consistency conditions:

(1.25) D(ug) = 9(0),
(1.26) D[ Auy + f(0)] = ¢'(0).

Recall now the embedding W>?((0, T); X)C(0, T]; X) when
ce(1/p,1) and use the membership Auy + f(0) € D,. Then from equa-
tion (1.17) we derive the further consistency condition

(127) g7 (0) = 2[A(Auy + £(0)) + f'(0)] + k(0) D[Buy, + b(0)],

if ce(1/p, 1).
Owing to (1.20) we get
(1.28) k(0) = x{g"(0) — o[A(Au, + f(0)) + f' (O]}, if ce(l/p, D).

Now we can state our existence, uniqueness and continuous depen-
dence results related to inverse problem (1.11)-(1.13).

THEOREM 13. "Let A: Y=DyscX— X and B: Dgc X — X satisfy
properties  (03), (04). Assume further that (b, f, uy)e
e WP ((0, Ty); X) X WH*22((0, To); X) x W2**P((0, Ty); X) X Dy
(ce (0, D\{1/p}) is a quadruplet enjoying the following proper-
lies:

i) Aug +f(0) e Dy(c +1/p’, p) when o< (0,1)\ {1/p};

ii) Buy + b(0) € D, (6, p) for some 6 € (0,1) when o€ (0,1/p);

iii) Buy + b(0) € D4(c — 1/p, p) when oce(1/p,1);

iv) A[Auy + £(0)] + f'(0) + x{g"(0) — ®[A(Au, + £(0)) + ' (0)]} -

‘[Bug+b(0)]:= E(b, f, 9, ug) €Dy (c—1/p, p) when se(1/p, 1);

Then, if conditions (1.21) and (1.25)-(1.28) are fulfilled, problem
(1.11)-(1.18) admits a unique solution (u,k)e[W2*>P((0, T); X) N
NW*er(0, T); YINW>?(0, T) for some T € (0, T, ].
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THEOREM 14. Let A: Y=DyscX—>X and B: Dgc X — X satisfy
properties (0.3), (0.4). Assume further that (b;, f;, gj, uo,;) €
e W*oP((0, Ty); X) x WHH2P((0, Ty); X) X W2+2P(0, Tg) X Dy are
two quadruplets enjoying properties i)-iv) listed in the statement of

Theorem 1.3 and fulfilling conditions (1.21), (1.25)-(1.28) and the fol-
lowing estimates for some positive constants My and 6 e (0, 1):

(1.29)  ||bllw: r o, 703 0 + Iflwr+er (o, 203 0 + g llwe =20, 70 +

+[|Aug + fOl, + 175, p + |Bug + 0Oy, , < M5,  if o€ (0, 1/p),

(1.30)  [|bllwr+erio, 7 0 + | fllwr+wrco, 703 0 + llglwe 0, 7,y + [ Auo| +
+ “BuO + b(o)”a— 1/p, p + “E(b! j; 9, uO)”v— 1/p,, p < M5v if o€ (1/p7 1)’
Then the solutions (u;, k;) (j=1,2) to problems (1.11)-(1.13) corre-

sponding to data (b;, f;, gjue, ;) (j=1,2) satisfy the following estimates
for some T e (0, Ty ], where ;' = @[Buy ; + b;(0)] (j=1,2):

(1.31) ”uz — U ”W“"P((O, X NWtr(Q, 0, ) T ”kz -k ”W’-P(O, H S

s 03((9'7 b, M09 Mlv M27M59lrsnja§2 IX7|9 ”Q'IX" T)

[lbz = by llwr+=ro, ;30 + 1o = fillwr+=r o, 050 + 192 = 91 w2220, 0 +
+ [ ug, 2 — o, 1|l + yp,pt [Aug, 2 — Aug, 1 + £(0) = 1O, + yp,p T

+ ”BuO,Z - BuO,l + b2 (0) - bl (O)”f),ply Vie (O; T]y gE (07 I/P),

(1.32)  lug = wy llwz oo, 0 0 n w200, 5 1 F 12 = K lwero, <

s C4(°') b, MO) Ml; M2v M"”lglﬂ(z IXIlv ”¢”X‘7 T)

[lbg = by lw+=r0, 1530 + 1o = Fillwi+=ro, 250 + 192 = 91 llwe+ =0, +
+[|Aug, o — Aug 1 || + | Eb2, fo) 925 %0,2) — E®1, fis 915 %o, )Mo — 1/, p +

+ ”BuO, 2 BuO, 1t b2 0) - bl (0)”0— l/p,p]’ Vie (Ov T]7 ?:f gE (l/p, D).
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2. Proof of Theorem 1.1.

First we state some preliminary lemmas.
LEMMA 2.1. Let fe WoP((0, T); X), o€ (0, )\ {1/p}. Then the
Sfunction F defined by

t
@2.1) F(t) = J’Ae“‘s"‘ [f(s) — f®1ds, forae. te(0,T),

0
belongs to W=?((0, T); X) and satisfies the estimates

22)  |F|r 10 < €1(a p, Mo, M) | flwero, 0,10 Vte (0, T1,
23)  |Flwar 010 < €20, 0, Mo, M) | flwer(0, 0 305 Vte (0, T1,

where My, and M, are the positive constants appearing in (0.5) and

1/p

T T
| flw=r0, 0,0 = Jdtz I(tz =) || fE) — f@)|Pdty

0 0

PROOF. See the proof of Lemma 2 and Theorem 24 in[1, Section 7]
and recall estimates

24) It~ Flleeco, 7y 0 < €3(ay D) Flwaro, 1y 305
Vfe W=P((0, T); X), Voe(0,1/p),
(2.5) [t=7Lf = FONer o, 7 0 < €a(a, )| f lwro, 73 30 »

Vfe WoP((0, T); X), Voe(l/p, 1),

We note that the embedding constants ¢; (j=3,4) are independent
of T. In fact, (2.4), (2.5) hold with T=1 (see e.g. Lemmas 7 and 8 in[1,
appendix]). To derive the general case, associate with any fe
e WoP((0, T); X) the function f;(t) =f(tT) (te(0, 1)) belonging to
W=?((0, 1); X). Apply then the previous result to f;. =

LEMMA 22. Let fe WoP((0, T); X) (c€ (0, )\ {1/p}) and let x €
€Dy(c+ 1/p', p). Then the following estimates hold:

(2.6) ”Aemx”W"”((O, ;% S Cs (o, p, My, M, )"w“a +1/p',p>s
@D e fllw-rco, 0 < 66 (3, B, Mo, M| fllw=2 o, 1 10 if @ € (0, 1/p),
@28) e Lf = fOlw-r(o, ;0 < €a(a, P, Mo, My)|| fllw=r (o0, 7 10>

if oe(1/p, 1).
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Proor. Estimates (2.6) (with o€ (0,1/p)) follows from Theorem 4
and 10 in[1]. On the contrary estimate (2.6) with o e (1/p,1) is implied
by Theorem 8 in[1] and equation Ae*x = e4 Az, since Axe Dy(c —

~1/p, p).
Finally, estimates (2.7), (2.8) can be proved reasoning as in Lemma

2 and Theorem 24 in[1] and using estimates (2.4), (25). =
LEMMA 23. Let ce(0,1) and t' ~°k e L?(0, T). Then the function

t
k) = j k(s)ds belongs to WP ((0, T); X) and satisfies the estimate
0
(29) Ilzlwv,p(((), t); X) < 21/” [p(]. - O')]_l/pO'_l ”Tl _Uk”Lp(o, ) Vt € (0, T].

ProoF. For any triplet (t, ¢, t;) such that 0 <t, <t <t, < T con-
sider the identity

1
Rty t):=k(t,) — B(t)) = (ty — tl)jk[t1 + sty — t,)]ds.
0

From it (performing simple computations) we get the following chain of
inequalities which proves the assertion:

1/p

t t
@10) | [dt [ |t =t P o, )Pty | =
0 0

1/p

t t
=27 [dt, [t~ )7 "2 Rty )Pt =
0 121

1/p

1 t t
= 21/Pf Jdtlj(t2 — £ ALKt + s(ty — £,)]|Pdty | ds =
o \o ¢

1 t ty+ st —ty) 1/p
=21/”Is‘”" Jdtl j (s — £, P21 |k(ty)|Pdty | ds <
0

0 21

1 t t 1/p
< 2’”’[8"” Idtlf(tz — P k() |Pdty | ds =
0 t

0
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1/p

: t
= 2ot [ [ktty) |7ty [l = Y777 Mdty | =
0 0
=27 [p(l — )" Pt~ kllrg,n,  VE€O,T]. ®

LEMMA 24. Let k and w be two functions belonging respectively to
LY0, T) and W=?((0, T); X), (s€ (0, 1)\{1/p}, pe (1, + =) respect-
iely. When o € (1/p,1) assume moreover that k € LP((0, T); t* ~ 7P dt).
Then the following estimates hold for any te (0,T]:

t 1/p
@11)  |k*wlLreo, 00 < Ik, s)( J |k(3)|”w"'iﬂ((o,:-s);X)ds) s
0

< [kllzr, o lwllzr o, ¢ - 0 305

(212) |k * ’MJ| W=?(0, t); X) <

t 1/p
< cg(o, P)”k"},/%, t)( J | k() | |w|€V"P((0,t—s);X)ds) s
0

< cg(o, P)"k"Ll(o, ) |le"”((0,t—s);X) if o€ (0, 1/11)’

(213) |k*w|wa‘p(0, ) X) < Cy (O’, p)

¢ 1/p
: ”k”y‘p(o, t)( I |k(3)| |w|€V"P((0,t—s);X)ds) + "tl_ck”z,r’(o, t)”w(o)" <
0
< ¢y (o, P){“k”um, ) |w|W“’((0, ot "t1 _ck”LP(o, D) ||w(0)||}, if ce (1/17, D).

ProOF. From the inequalities

t

1/p
S ( j |(s)| 2" | ke(s) | /7 ||t —s)||d8) <

0

t 1/p
< k[P, t)( J | k(s) ||| w(t — s)||”ds) , for ae te(0,7T),

0
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we easily get the following estimates for any te 0,T] and any
6€[0,1):

@14) e Grw)lLro, 00 <
t T 1/p
< |klo,o| [+ de [ k@] Itz - 9lPds| <
0 0

t t 1/p
< lli, ( [ lk@1ds [ = )~ otz - s)llpdr) -

0 s

t 1/p
N ||k||i/'p(o, t)( I |k(3)|||7_0pw"fp((0,t—s);X)d3) < |klz 0,0 ll= P w0, 030 -
0

We observe that (2.11) is an immediate consequence of (2.14) with 6=0.
To prove (2.12) we consider the identity

tp
@2.15)  (k+w)ty) — (kxw)(ty) = j () wit, — 8)ds +

4

t

+jk(s)[w(tz—s)—w(tl—s)]ds=F1(t1,t2>+F2<t1,t2>, 0sti<t,<T.

0
First we observe that

¢ 1/p
[t =t 7Pty )Pty | <
121
1/p

t t
sIlk(s)| J(tz—tl)‘l""”ﬂw(tz—s)—w(tl—s)"pdtz ds,
0 t

0t <tsT.
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Hence we derive the following chain of inequalities
¢ ¢ 1/p
@16) | [db [ty — ) PIFetty, t)IPdty | <
0 t

p 1/p

bt t 1/p
j |k<s>|( j (ty— ;) "1 |ty — 8) — wity —s)llpdtz) ds| di,
0 t

\ L

[ 4 p/p’ 4
jlk(s)lds Jlk(s)lds-
| 0 0

N

A
—

N
Q,‘“

1/p

t
-J(tz —t)7 1P ||wty — 8) — wity — S)||Pdty |dby } <
t
t t t 1/p
< [kl 0| [ dts [ lets)1ds [t =007~ oty = ) — ity = )Pty | =
0 0 t,

¢ ¢ ¢ 1/p
= kI, o [ l@Ids [ dt j(tz—tl)-l—"”llw(tz—s)—w(tl—s)llpdtz) =
0 8 t

i t—s t—s 1/p
= |li%,of [ lk@lds [ de | <t2—t1>1-¢||w<t2>—w<t1>|lpdt2) <
0 0 21

t 1/p
<27 ||k”i/1p(0, Py I |e(s) | |w|€V"”((0,t—s);X)ds) s
0

< 27Y°|k|Lr1 0,0 W] wero, 0,0, Vi€ (O, T].
As far as function F; is concerned, first we observe that

t 1/p
Fi(ty, ta) < Kkl J [k()|[|wit, — 9lPds| , 0st <t sT.
bt
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Proceeding as above, from (2.6) we get the following estimates

¢ ty i/p
2.17) j dt, j(t2 —t,) 1P| Fy (@, b )II”dtz) <
0 0

t ty te 1/p
<l | [ dte [t =t 7ty [ 1B lwtts - s)Pds | =
0 0 t

1

t t ] 1/p

= 1l [ V@ lds [lootto = s)Pdts [, = 007 dt

0 8 0

N

t t 1/p
< (op) 7 llfo,o| [ 1io]ds | (tz_s)_ap”w(tz_s)"pdtz) =

0 8

t t—s 1/p
= @ Pkl 0| [ 16)1ds | t2_°?"w(t2)"pdt2) <
0 0

¢ 1/p
< c3(a, P)“k"}/‘%, t) J |k(3)| |wl€V”"’((0,t—s);X)dS) s
0

< cs(a, Pkl o |wlwor 0,0, V2O T].

Finally from (2.15)-(2.17) we deduce immediately estimates (2.12).
To prove (2.13) we consider the identity

2]
@18)  (k+w)ty) — k*xw)(t;) = j k(s) ds |w(0) +

t

ty t
+ j le(s)[wt, — s) — w(0)]ds + j Je(s)[wt, — 8) — wit, — 8)]ds =

0
= Fy(t;, tz) + F1(ty, t3) + Fao(ty, t2), 0t <tpsT.

t

The same arguments as above show that the following estimates for F
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and F, hold true

2 t t 1/p
@19 3 fdtzfltz-tl|—1—ap||pj(t1,t2)||pdtl <
A R

¢ 1/p
SXA (p’ G')"k”i/";(,), t)(J' Ik(s)l leeV""((O,t—s);X)ds) S
0
< Cy (O‘, p)”k”L‘(o, ) IwIW,,p«o, ) X) Vt e (0, T].

From Lemma 2.8 we derive the estimate
t ty 1/p
@20) | [dts [ ~t) IRy, P | <
0 0

<27[p(1 = )1 o wO |t~ kllero,n,  VE€(O, T
Finally from (2.18)-(2.20) we derive estimate (2.13). =

LEMMA 25. Let keL1(0,T) (1<q< + »). Then the following
estimates hold:

@21) |[k*)"lLi0,0 < 27V (m) V|| k||Fao, ot € (O, T1, m e N\{0, 1},

(k*)™ denoting the conmvolution kx...xk (k is comvolved by itself m
times).

ProOF. From the estimate

t t
2.22) ||k*k||L1«,,t)=j|k*k(s)|dss I(|k|* |k|)(s) ds =
0 0 .

t 2
= _21—(1 lk(s)lds) s %tz/q'”k“‘iv(o, n, forae te(, 1),
0



Direct and inverse problems in the theory ete. 121
we get
228)  [Ik*) ™20, 00 < UKl 0, 0 = 1 ([E[*)™ ) =
= [(|k|*)m—2*(l*|k|* |k|)@) <
t
< Llklro, [ = 90 ([l ~2(5) dsi= 4 ),
0

for a.e. te (0, T], Vme N\ {0, 1, 2}.

Then we deduce

¢ 1/q’'
@24) i1 ®) = [E|* @) < [[Kllzog, t)( | |¢m<s>|q’ds) ,
0

for ae. te (0, T], Vme N\ {0, 1}.
Since
G (t) <27V @)V t39 |k|Be,, for ae. te(0, T],
from (2.24) we deduce (by induction) the estimates

(225) Y () <27V (m) "Mt ||k, o,
Vte (0, T1, Vme N\ {0, 1, 2}.

From (2.23), (2.25) we easily derive estimates (2.21). =

PRroOF OF THEOREM 1.1. First we rewrite equation (1.3) in the fol-
lowing fixed-point form:

(2.26) Nw) =w,

where operator B is defined by the right hand-side in (1.3).

Our aim consists in showing that N satisfies the hypotheses of gen-
eralized Banach’s contraction principle. We assume first that ce
€ (0, 1/p) and we observe that N maps the Banach space W*?((0, T'); X)
into itself according to Lemmas 2.1, 2.2, 2.4.

Hence it remains to prove that N* is a contraction for large enough
k.

From Lemmas 2.1, 2.2, 2.4 and (0.6) we infer the following esti-



122 A. Lorenzi - E. Paparoni
mates valid for any te (0, T]:
@27) [ N@w,) = Nwp)llur o, 0,0 =
= || Na(k*BA'w;) — Ny(k+BA “w)|ler o, 030 S

< (1 + T7)es(a, p, Mo, My) My ||| %o, -

t 1/p
: J' |k(3)“|w2 - W I|€V"”((0,t—s);X)dS ’
0

228)  |N;) = Nwz)|w-r(o, 0,0 =
= |N2(k*BA‘1'w1) - Ng(k*BA—l?A)g)lW:,p((o, t); X) <

t

1/p
< ¢y9 (9, p, My, Ml)MzIIklli/i’io, t)'( J |k(8) | |wy — we |€V"”((0,t—s);X)dS) .
0

From (2.27) and (2.28) we immediately derive the estimates

(2.29) ”N(wl) - N(WZ)”IPJV”((O, 0% S ¢ (o, P, My, My, M;)-
t
A+ Tkl t)'J |k(8)| 1wz — w1 [y o, ¢ - s 048, VEe (0, T1.
0
Assume now me N\ {0,1}: from (2.29) we deduce the integral
inequalities

(2.30) ¢ 41 () < €11 (o, p, My, My, M3)-

t
A+ TP |klErd t)j |k(3) |4 (t — $)ds, Ve (0, T1,
0

where we have set

@231) &, ()= |[N™ @) — N™ ) B, 0.0, VmeN, Ve, T
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Since ¢, is a non-decreasing function, from (2.30) we easily get
(232) ¢ (®) S cni (s, p, My, My, Mp)" (L + TY™KIES0 1) (k0™ % 4o () <
< ¢y (o, p, My, My, Mp)" (1 + Ta)mp"k||2"§{’0’—;§||(|k| *)m”L‘(o, nPo(®),
VmeN, Vte(0, T].
From (2.31) and (2.32) we derive the desired estimates
(233) [IN™(@w,) — N™@wy)lwer(o, 1 0 S €11 (0, B, Mo, My My)™?-
L+ Ty Il L™ 26, 10 = 0 o0
Vme N\ {0}, Vte (0, T].

From Lemma 2.5 we deduce that N™ is a contraction in W>?((0, t); X)
for large enough m.

Assume now that oce(1/p,1). Using the embedding D,(c +
+1/p’, p) = Dy, from (1.3) we get the fixed-point equation

(234) w = Auy+ Ny[Au, + f(0)] + N[ f— f(0)] +

+ N3 {k+[BA~*(w — w(0) + b — b(0))]} + N3[k(BA ~*w(0) + b(0))],
t
where N, (x)(¢t) = (¢"4 — D« and k() = Ilc(s) ds for any te [0, T].
0

Observe now that, according to Theorem 8 in[1], we deduce that
N [Auy + f(0)] € W=P((0, t); X) and N[Au, + f(0)J(0) = 0. Using Lem-
mas 2.1-24 and the embedding W>?((0, T); X) = C(0, T]; X) (ce
e (1/p, 1)) it is easy to check that N maps the complete metric space
WP = {we W>P((0, T); X): w(0) = Auy} into itself.

Finally, reasoning as in the previous case, from Lemma 2.1-2.4 we
deduce again estimate (2.32). Hence N™ is a contradiction in > ? for
large enough m. Summing up, fixed-point equation (1.3) admits, for
any oe (0, )\ {1/p}, a unique solution we W=>?((0, T); X). Conse-
quently the function % defined by (1.1) (with Bu replaced by BA ~!w)
belongs to W *=?((0, T); X) N W=P((0, T); Y) accordingly to our as-
sumptions on data, to Lemma 2.4 and Theorem 30 in[1]. =

3. Proof of Theorem 1.2.

Also in this section we need prove some preliminary lemmas. To
this purpose we introduce the following complete metric spaces defined
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by the equations:
(8.1) HM;)={keL0,T): |kreo, rnSMs}, if ce(0,1/p)(MseR,),
(82) K(My) = {keLP(O, T), ¢~ dt): [|t' k0,1 < Ms},
if ce(1/p, )(MzeR,),

83) W Pr=W>r(0,7T); X), if ce(0,1/p),
84) W P={weW>r((0,T); X): w0) =Auy}, ifcel/p 1.
Consider then the (nonlinear) operator
W: DOW)c L' (0, T) x W= ((0, T); X) X W>?((0, T); X) x

X Dy(e+1/p’, p) & WP (0, T); Y)
defined by equation
3.5) Wk, b, f, up) =w,

w being the solution to problem (1.3) corresponding to the quadruplet
of data (k, b, f, u,) satisfying properties listed in the statement of Theo-
rem 1.1.

From now on c(e, p, My, My, M,, ..., T) will be denoting a posi-
tive constant depending continuously and increasingly on M,, M,
My, ..., T.

LEMMA 3.1. Assume ke X(M3) and the triplet (b, f, uy) fulfil
properties listed in the statement of Theorem 1.1. Then operator W de-
fined by equation (3.5) satisfies the following estimates for any
te(,T]:

88) Wk, b, £, uo)llw-r (o, 0: 0 < c12(o, p, Mo, My, My, M3, T)-
“(bllw» 0, 520 + [ Fllwer 0, 0.0 + 10l + 1757, )
Vte (0, T1, if o€ (0, 1/p),
B Wk, b, £, up)|lw-r@ 01 < i13(e p, Mo, My, My, M3, T)-
“([0llw=r0, 050 + I llw=r 0, 15 10 + Aol + |A%q + FO) s 113, )
Vie(©, T, if oe(1/p, 1).

~ PrROOF. Assume first oe(0,1/p). From equation (1.3), Lemmas
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2.1-24 we derive the following chain of estimates, where we have set
w= W(k’ b’ f; uO):

B.8)  |wlw-r 010 S €1a(o, P, Mo, M) uolls 410, p +

+@ + T)(|bllwer o, 2 310 + I fllwer o, 0. 0 + [k * BA " wllwer o, 0 0)] <
< ¢y (g, p, Mo, My leolls + 1707, p + @+ T Bllw=20, 6 30 + | fllw=r 0, 0 0 +

1/p

t
+M2”k"}‘/lp((;’ T) J |k(8)| |w|1‘;V’-”((0,t—s);X)ds , Vt € (0, T]
0

Consider then the case o € (1/p,1). Proceeding as above, from formula
(2.34), Lemma 2.4 and the membership of w in W>? we weasily derive
the estimate

(3'9) ”w”W”"’((O, t); X) S "AuO ” + C15 (Gy D, MO’ Ml ’ M2)
AN Aug + FO, 4 175, p + @ + T )| Kl 0, 7 I1Bllwe 2 (0, 0 0 +

t 1/p

+{| fllw= o, o, 20 + Fell o, I | () | ool o, ¢ - 51, 10 @8 , Vie(, T].
0

Thus we have proved that w satisfies the following inequality for any
te(0,T], any o€ (0,1)\\{1/p} and suitable functions Ge L~ (0, T):

i

(3.10) "wnlv’va,p((oy ) X) < 2P~ 1 G(t) +2°- 1 CPJ |k(8) | "w"{;",m«o, t—s) X)dS .
0

Set then

¢(t) = ”w |1V7V""’((0, ;X)) Vt € (0, T].
Hence (3.10) can be rewritten as a convolution inequality

(8.11) ) <2 1GE) + 2P 1CP|k|x¢(t), Vte(0, T].
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From (3.11) we easily derive the estimate
sy <21 Y 2o (|k|«)"«G(t), Vie (O, T1.
n=0
It, together with (2.21), implies

I#l-0.0 <271 20Dk ler0,0 |Gl 0.0 <

)

s2p-1-Ya X 2ne =D (ul) Vg | Eao, o IGllL= 0,5, V€ (O, T].
0

n=

Since k € X(M;) (see also Remark 1.2), this proves estimates (3.6),
B7. =

LEMMA 3.2. Assume that kje X(Ms) (j=1,2) and the triplets

(b, f;s uo,;) (1=1,2) fulfil properties listed in the statement of Theo-
rem 1.2. Then operator W satisfies the following estimates:

(8.12) ”W(kz, bz, fa, uo,z) - W(ky, by, f1, Uy, l)”W"'”((O, xS
< ¢i5(a, p, Mo, My, My, M3, T)A + M)||ky — Fy [0, +
+ 162 = byllwer o, 0530 + 1 = fillwero, 010 + 40,2 = 0,11+ 177, 515
Vte (0, T], if o (0, 1/p),
(B.18) Wik, be, fo, U, 2) — Wiky, by, fi, %o, )llwerco, 150 S
< cy7(o, py My, My, My, My, T)QA + M)I|t* =y — k)|ro, 0 +
+ 1By = by lw=r (o, 0530 + 1620) = by O] + |Ife = fi w0, 030 +
+ [[Aug, o — Aug 1 || + [|Aug, 2 — Aug 1 + £ 0) = fi O], - 1/p, 1
Vie (0, T], o< (/p, 1).

ProoF. We limit ourselves to proving the case when o€ (0,1/p),
since the case when s e (1/p,1) cam be proved similarly taking equa-
tion (2.34) (with w(0) = Au,y) into account.

For the sake of simplicity we set w; = W(k;, b;, f;, uo ;) (j=1,2).
From equation (1.3) and Lemmas 2.1-2.4 we deduce the estimates valid
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for any te (0, T]:

B.14)  |lwy — wy llwr (o, 0 10 < N1 @0, 2 — %o, Dllw=»(0, 0,30 +

+ N2 (f = fillwerco, o5 10 + N2 [(e = e )x (BA ™ wy + by)llwer (o, 0510 +
+ || N {leg* [BA = (wy — wy) + (b — by WHlwero, 050 <

< ¢4(o, p, My, My, My, M3, T)-

Ao, 2 = w0, 1o+ 107, p + 1o = fillwor o, 00 + Mallke = ke l10, 5 +

t 1/p
M3/P J e (8) | |wg — wy F=r (0, ¢ - ; 48 + [|bp — By w70, o x)
0

Reasoning as in the proof of Lemma 3.1 and recalling that k, e X(M3),
we easily deduce estimate (3.12). =

PrOOF OF THEOREM 1.2. It is an immediate consequence of Lem-
mas 3.2, 3.3, formula (1.1), Theorem 30 and the stability results
inf1],. =

4, Proofs of Theorems 1.3, 1.4.
First we prove the following

LEMMA 4.1. The function N3(f) defined in the right-hand side in
(1.22) belongs to WP ((0, T); X) for any fe W>?((0, T); D, (6, p)) (c e
e (0, DN\ {1/p}, 6€(0, 1)) such that f(0)e Dy(c— 1/p, p) when ce
€ (1/p, 1). Moreover N3 (f) satisfies the following estimate, where Y , de-
notes Heaviside’s function:

(41) ||N3 (f)"W"”((O, t); X) s C18 (‘79 D, 0, «, MO ’ Ml ) Toe.

t 1/p
| &= 97 PN R, o1 pa 5 + IO 1, Yo G = 1P| <
0

< CIS(G’ D, 07 & MO’ Ml)To_E[(Ep)—lTsp”f"{)V“’((O, T); Do (6, p)) +

+ OB -1y, p Y (0= 1/DIP,  VEe (0, T], Vee (0, 0).



128 A. Lorenzi - E. Paparoni

PROOF. Assume first ¢e(0,1/p). We consider the inequalities
valid for any fe W>?((0, T'); D, ), any te (0, T] and any ¢ (0, 6):

t
INs () < Is”'“l/”'s‘ +e=0-1/p|| AgsAf(t — s)||ds <
0

t 1/p
< [(0 _ e)pl]—l/p'tO—e IS(1+€_0)p_II|A68Af(t - S)"pds
0

They imply
@2) [O-p PPt P|Ng (s, 0.0 <

t t t t—s
< [ g+e=9-p s j lAe® st — s)|P ds = j g+e-9p gg f [ Ae* f@)|P dr =
0 8 0 0
t t—r t
= J'd,. I gd+e=0-2 || A% £(p)|P ds = J(t — 2| flE ,dr =
0 0 0

t
=ep I(t =P Y| flEs o, Dao, ppdr, V€ (O, T1.
0

We note that the last equality has been obtained by an integration by
parts. Consider then the following identities, where 0 < ¢, <t, < T:

ty
43)  Ny(f)t) = Ny()(t) = [Ae* ity — s)ds +
125}

21
+ IAeSA[f(tz = 8) = f(t; — 9)lds = N3 1 (f)tz, t,) + N3 2 (), 81).
0

Interchanging the order of integrations and performing simple changes
of variables, from (4.3) and (2.4) we deduce

t t
D) 0= p' PP [dty [t~ 1)~ [Ny, 1 (1, )Pty <
0 0

t t 23
< jdtz [(t2 - tl)‘l“’?dtljs“ te=tp-1|| ggsd f(t, — g)|Pds <
0 0 4
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t t 8
< js““-’hf'—lalsjuAe&“f(t2 - s)llpdtzj'(tz — )1 Pdt, <
0 8 0

t t
< (op)-lj gd+e=op—1gg j (t; — 8)" Pl Ae*fit, — s)|Pdt, <

0 8

t t—s

< (op)“]S“”‘””“ldS I ty || Ae* f(ty)|P dt, =

0 0

t t-t

=7 [trdey [ 8P Ae sty ds <
0 (1]

t

< (op)! j @ — t)Pts P | ft)IE pdts =

0

t
=" I(t —t)® e f I r 0, oy Dato, B2 S
0

t
< e le3(o, p) J(t — t)P " s 0, 3 @Btz VEE (O, T
0

To derive the last equality we have again integrated by parts.
By a similar procedure we get the chain of inequalities

t t
45 10— ap PPt dty [ty — 1) P [Ny oty )P d <
0 0

t t t
< js““—“)?-ldsjdtz j(t2 —t) 1P| Ae A fity — 8) — f(t, — 9P dt, =
8 0

0

¢ t—3 t
= [s0rew=tds [ dty [t — )7 Ae L) — ftIP dy <
0 0 0
t t t-t
sjdtzj(tz—tl)"-%t, [ s+t Ae 1 £ty) — fit )P ds <
0 0 0
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t ty
< [@~todt, [t~ 1)) = ) ds <

0 0

t
S et I(t =) e s o0, ; Dao, B2 S
0

t

< 2p [t = t)? U flrouraemdte, Ve (O, T1.
0

From (4.2), (4.4) and (4.5) we easily deduce (4.1) when o€ (0,1/p) and
feWoP((0, T); Dy). A density argument proves the general case.
When ce (1/p,1) we have to consider the additional identiy

(46) N3(f)®) = N3[f—fOI®) + (e — Df(0), for ae. te(0,T).

Apply then Lemma 2.2 and the same procedure as above. ®

We observe now that, by virtue of Remark 1.4 and Lemma 4.1, the
integral equation (1.22) is uniquely solvable in W*? for any ke
e W>P(0, T) and any triplet (b, f, u,) fulfilling the hypotheses listed in
the statement of Theorem 1.3.

We note then that, by virtue of Remark 1.4 and Lemma 4.1, the in-
tegral equation (1.22) is uniquely solvable in W»? for any ke
e W>?(0, T) and any triplet (b, f; u,) fulfilling the hypotheses listed in
the statement of Theorem 1.3. In fact, the quadruplet (k, b, f, %y) =
=(k, b', f', Auy + £(0)) belongs to LP((0, T); t""~2Pdt) x
X WP (0, T); X) x WoP((0, T); X) X Dy(c + 1/p’, p)and function! =
= k[Au, + f(0)] satisfies the assumptions of Lemma 4.1 according to the
equation

4.7 Ay + f(0) = E, f, g, uo)

and hypothesis iv) in Theorem 1.3.
Hence we can introduce the (nonlinear) operator

W: DOW) cW=2(0, T) x W>P((0, T); X) x W=P((0, T); X) X
XD(c+1/p', p) = WP (0, T); Y)

defined by equation

(4.8) Wk, b, f, wy) = w,
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w being the solution to problem (1.22) corresponding to the quadruplet
of data (k, b, f, uy) with the stated properties.

Moreover from Lemmas 3.1, 3.2, 4.1 it is immediate to deduce that
W enjoys the properties listed in the following Lemma 4.2, where

4.9) 3Ms) = {ke WP, T): ||kllw-r0 1) < M3}, (MseR,).

To this purpose we use the following estimate, implied by (1.28), where
% = ®lAug ; + b;(0)] (j=1,2):

lkz 0) - k, (O)l < |Xl Xz|"¢”x* ["Auo,z — Auy, 1” + ”bz 0) - b, (0)”] +
+ |X1H|¢"X*[|92"(0) -9 (0)| + “E(b27 f2) 92, Ug,2) — E®y, fiy 015 Uy, 1)“]-

LEMMA 4.2. Assume that k, ki, koed(M3) and the triplets

(b’ f; U )v

(b1, fi, uo, 1), (b, fo, g 2) fulfil properties listed in the statement of
Theorem 1.8. Then operator W defined by equation (4.8) satisfies the
Sollowing estimates for any te (0,T]:

(4.10) ||W(k, b, f, uo)llwmp((oy xS Cio(oy p, 0, &, My, My, My, M3, T)-
Wollwr s, 00 + 1 flwr==rco, 00 + 14%0 + f O 4 157, 5 +
+ || Bug + b(O)”o,p]:= Cio(ao, p, 6, e, My, My, My, Mg, T) M5 (b, f, uy)(®),
Vie (0, T], Vee (0, 06), if ce (0, 1/p),
411) W, b, £, uo)llw-r(o, 1 0 < 20(o, Dy & Mo, My, My, M3, T)-
Wollwe =0, 0.0 + I fllwr 2o, 0530 + 16" Ol + | Bug + 6O, - 1/, p +
+ | Auo || + |E, £, g, wodlls - 1/p, p1:=
= o (o, p, 6, &, Mo, My, My, M3, T) M5 (b, £, uo)®),
Vie (0, T, Yee (0, o~ 1/p), if ce(1/p, 1),
412) [Wikz, bz, fo, wo,2) = Wky, by, i, tho, 1llwero, 00 <

< ¢y (Uy D, 6, &, MO’ Mlv M2y M3’ ”Q”X’v 112].32(2 llev T) ’

-[1 + lzlfli(ng’(bj’ fi» uo,j)(To)]'
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t 1/p
ke = kyllro, o + J(t = 8) 1P|y — Ky [0, 9ds | +
0

+ 15y = byllwr +=r o, 050 + 2 = fillwi=ro, 050 +
+ ”’”'0,2 - u0,1||c'+ yp',p Tt |B’”«0,2 — Buy, 1 + by (0) — by (0)|a,p

Vte (0, T1, Vee(0,0), if ce (0, 1/p),
(413) "W(kZ’ b2, f2 ’ uO,Z) - W(kl ’ bl ) fl y» Uo, 1 )||W"”((0Y T), X) <

< 022(07 P, 6, & My, My, My, M3, "¢"X*,II£]?"§2 [2%] T)'

<j<2

-[1 +  max M;(;, f;, uo,j)(To)]'

t 1/p
et — kD)ller o0 + I(t = 8) 1P| ky — Ky [Byro, nds|  +
0

+ 182 = ballwr s, 050 + e = fillwrer@ i 0 +
+ 195 (0) = g7 @] + [162(0) — b O] + [1b5 (0) — b; (O] +

+ || Bug, 2 — Bug, 1 + b2(0) — b o), - Yp,p T | Ang, 2 — Aug, 1 || +

+ | E®,, fo, 92, uo,2) — Eby, f1, 91, uo, Il |,

Vte (0, T], Vee (0,0 —1/p), if ce(1/p, 1).

ProOF OF THEOREM 1.3. First we replace the first function w ap-
pearing in the second term in the right-hand side in (1.23) by the right-
hand side in (1.22). Then we substitute W(k, b, f, u,) for w. Thus we get
the following (equivalent) fixed-point equation for k:

(4-14) S(kv by f; g, uO) = k7
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where operator S is defined by

(4.15)  S(k, b, f, 9, uo) = xg9" + x@{f" + N1[Au, + f(0)] + N2 (f")} +
— x®{N, [k (BA Wk, b, f, uy) +b')] + N3[k(Bu, + b(0))] +
+k+(BA Wk, b, f,up) +b')}:=8,(k, b, f, g, uo) + Sa(b, £, g, up)-

Then we prove that S satisfies the hypotheses of Banach’s contraction
principle for small enough T e (0, Ty]. To this purpose we introduce a
positive constant Mg such that (see estimates (4.10), (4.11))

(4.16) M5, f, uoXTo) + llgllwe+=re, 7,) < Ms.

Then, from Lemmas 2.1-24, 4.1, 4.2 we deduce the following estimate,
where for the sake of simplicity we drop out the dependence of S on
data:

@1 |[8®)lwr, 1) <
< (o, P, 6, & My, My, My, My, T)|x|(1 + Mp)|@|x-
‘max(TY?', T*) + ¢y, p, 6, &, My, My, My, To)|x|(1 + M5),
Vk e X(M,).

We choose now M3 > 024(5'7 b, 0’ & MO, Mlv M2y TO)IXI(I + MG) Since
the positive constant c,, is bounded as T — 0*, we deduce that S maps
IH(M3) into itself for small enough 7.

In order to show that S is a contraction for small enough T we con-
sider first the following identity, where we drop out also the depen-
dence of W on data:

(4.18)  S(ky) — S(ky) = — x®{Na[(ky — k1 )% (BA ' W(ky) + b')] +
+ Ny [kyx BA =1 (W, (kp) — Wy (k)] + N3 [y — ey )(Auyg 5 + £,(0))] +
+ (ky — k1)* BA "V (W(ky) + b') + kyx BA "' (W(ky) — W(ky))}.

Then we use again the above mentioned Lemmas. They easily imply
the following estimate, which proves our assertion:

(419) ”S(kZ) - S(kl )”W””(O, T) < 625(0-’ D, 0’ 1> MO’ Ml’ M27 MB’ T)
1xlll@lx 1 + Mg) max(T ", T )|k — ki [lwr0, 7

Vi, kpe d0M;). =
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REMARK 4.1. From the previous proof we deduce that the solution
k to fixed-point equation (4.14) exists in the interval [0, T]1c [0, Ty],
where T, satisfies the inequality

(420)  co3(o, p, 0, &, My, My, My, Mg, T)|x|(1 + M)||2|lx-
max(T 7', T*) < My — ¢ (o, p, 6, &, Mo, My, My, To)|x|(1 + Ms).
We note that T depends on data only through (Mg, |x|).
PrOOF OF THEOREM 1.4. Consider the identity
(4.21)  ky — ky = S1(ks, bs, f2, 92, o, 2) — S1(ky, ba, fo, g2, U 2) +

+8,(ky, be,s fo) Go, g 2) — Sy (ky, by, fis 915 Uo,1) +
+ 83 (bs, fo5 925 o, 2) — Sy (by, fi, 915 Uo,1)-

From Lemmas 2.1-2.4, 4.1, 4.2 and estimates (4.18), (4.19) we easily
derive estimates (1.29), (1.30). To this purpose we use the following es-
timate valid when o€ (1/p,1):

AN < e, )T P + T P12 fllwro, 005

VfeW=r((0, T); X). m

5. Some applications.

Let Q be an open bounded set in R” with a boundary 3Q of class
C%*7 for some y e (0,1) and let a, ;, ax, aq, by, j, by, bo: Q>R (h,j =
=1,2, ..., n) be continuous functions.

Consider then the differential operators

n n
a= > @@ Dy D; + hEIah(x)Dh + ao (@),
] = =

B = N 2 lbh,j(x)DhDj + hz bh(x)Dh + bo(x).
] =

=1

In addition assume that @ is uniformly elliptic in ©, ie.
n
\ > a4, @&>0, VreR", Vee R*\{0}.
=1

Given the functions b, :[0, T1 X Q2 > R, z: 2> R, k:[0, T]— R, con-
sider the following direct problem: determine a function z:[0, T] X
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X Q- R such that

t
(.1) Dyt ) — dz(t, x) — j k(t — 8) Ba(s, %) ds = I(t, x),
0

¢ x)e(0, T)xQ,
(5.2) 200, x) = z5(x), reQ,
(5B3) =zt x) = b, x), @ x)e 0, T)x 0Q.

Introduce now the new unknown u=2z — b. It is immediate to realize
that u solves the following problem:

t
(54) D,ult, x) — Au(t, x) — Jk(t — 8)[Bz(s, x) + Bb(s, x)]1ds = f(t, x),
0
tx)e©,T)xQ,

5.5) w0, x) = uy(x), rel,
(5.6) ut,x)=0, &, x) e (0, T) x 32,
where we have set

6.7 f@, x) =1Ut x) — Db, x) + Ab, x), ¢ x)e@,T)xQ,
(5.8)  uy(x) = zo(x) — b0, x), rel.

To write (5.4)-(5.6) in the abstract form (0.1), (0.2) we choose X =
=LP@Q) 1<p<+ ®), Dy=W2P(@Q) NWL?(Q), Dg=W2?(Q) and
A=d, B=3. Such a choice implies the equations (see[1, Section 9])

(5.9)  D,(6, p)=WHP(EQ), if 6e(0,1/2p) and pe(, + »),
(5.10) D6, p) = {we WHP(Q): w=0 on 52},

if 6e(1/2p, DN\{1/2} and pe(, + ).
From the results states in Section 1 we derive

THEOREM 5.1. Assume that be WP ((0, T); LP(Q)) N
NW*?(©, T); W>?@),l e W*?((©, T); L") andzy e W2+ V2 (Q)
for some o€ (0, 1)\ {1/p, 1/p —1/2} and pe (1, + ©) satisfy the fol-
lowing equations:

(6.11) b0, -) = 2, on 9Q in the semse of traces, if ce(1/p, 1),
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(6.12) D, b(0, -) = Az + KO, ),
on 3Q in the sense of traces, if p >3/2 and s (3/2p, 1).

Assume further that:
i) ke L1(0, T) for some qe (1, + ®] when o€ (0, 1/p);
ii) ke LP((0, T); tP ~2dt) when oe (1/p, 1).

Then problem (5.1)-(53) admils a wunique solution ze
e WH+P((0, T);LP(Q)) N WP((0, T); W2P(Q))dependingcontinuous-
ly on data (k, b, 1, zy) (belonging to the previous class of admissible
data) with respect to the morms pointed out (see estimates (1.7),

(1.8)).

REMARK 5.1. Theorem 5.1 holds also when o=1/p-1/2
(p €(1,2)): in this case we have to assume that 2, € B'?(Q), the Besov
space of order 1 and exponent p.

Consider now the problem of identifying kernel k. We assume that
we are given the following additional information

(5.13) [ W) 2(t, @) de = gt), O0<t<T,
Q

where h: Q — R is a fixed function and g: [0,7] — R is our measure-
ment.

Since in our case we have to replace b by $b in equation (0.1),
the corresponding result is reported in the following Theorem 5.2,
where

(5.14) &b, f, g, up) = AlAz, + U0, -) — D, b(0, )] +

-1
+ D, 10, ) — DZb(0, -) + D,ab(0, -) + ( I h(x) Bz (x) dx) .
0

19"(0) — J h(x){alAz, + 10, z) — D,;b(0, x)] + D, (0, x) +

Q

—DZb(0, x) + D, Ab(0, x)} dx } Bz, .
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THEOREM 5.2. Assume that for some o€ (0, 1)\ {1/p, 1/p — 1/2},
6e(0,1/2) and pe (1, + ) the following properties hold:

i) he L (Q);
ii) be W2*2P((0, T); LP(@2) N W'*>7((0, T); W>P(Q));
iii) Le WH*=?((0, T); LP(Q));
iv) ge W2+22(0, T);
V) 2oe W2H2P(Q) if o€ (0, 1/p);

vi) zge W22 YD (Q), Az + U0, ) — D;b(0, -) e W2+ 1/PDP(Q)
and &0, £, g, wy) € WX~ UP-P(Q) if s (1/p, 1).

Assume further that data (b, 1, g, zy) satisfy the following condi-
tions:

(5.15) b0, -) =z, on 3Q in the sense of traces,

(5.16) ab(0, -) = Azy — f(0, ), on OQ in the sense of traces, if 1 <
<p<3/2andse@B/2p -1, 1)\ {1/p}orp > 3/2and
any e (0, )\ {1/p},

(517  Bzy=0, on 3Q in the semse of traces, if p>3/2 and ce
€ (3/2171 1);

(5.18) j h(x) Bey () dae = 0,
Q
(5.19) &b, f, 9, wy) =0, on 3Q in the sense of traces, if p > 3/2 and
oe(3/2p, D\{1/2 + 1/p},
(5.20) j h(@)lzo () — b(O, )] d = g(0),
Q

(5.21) j h(x)[Azy (x) — D, b(0, x) + 10, x)]dx = g'(0).
a

Then problem (5.1)-(5.3) admits a unique solution
(2, k) e [W?+=2((0, T); LP (@) NW'*22((0, T); W>P(@)]x W*?(0, T)

depending continuously on (b, I, g, zo) (belonging to the previous class
of admissible data) with respect to the norms pointed out (see estimates
(1.29), (1.30)).

REMARK 5.2. Theorem 52 holds also when o=1/p—-1/2
(p € (1,2)): in this case we have to assume that dz, + 10, ) — D, (0, *) €
e B1?(Q), the Besov space of order 1 and exponent p.
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