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REND. SEM. MAT. UN1v. PADOVA, Vol. 83 (1990)

The Cohomology Groups HY(P*— P, O(m)).

ANTONIO CASSA (*)

Introduction.

In my paper: A ring structure on Z,(C*) and an inverse twistor
formula (cfr. [C]) are introduced with a sketch of proof, some iso-
morphism among the cohomology groups HY(%, O(— n — 2)) and the
spaces J7(C) of holomorphic functions on the cone

C = {#€C*: 2592 — 201210 = 0}

with vanigshing order at least » on a plane 8 of C.

The present article developes the proof using a procedure inspired
by a method invented by J. Frenkel (cfr. [F]); the isomorphisms so
obtained give new representations of the spaces of holomorphic solu-
tions for the Dirac equations (cf. [C]).

Notations.
Let’s fix the following notations:
H;= {(w,n)eC* =;= 0} U,=C*—H; (for j=0,1)
L=HnH, U=U0nNnU,, U={U,U}
H ==nH;), U=aU,), L'=nlL), U=aU), «4={U, U}

where: w: C*— {0} — P? is the natural projection.

(*) Indirizzo dell’A.: Dipartimento di Matematica, Universitd di Trento,
38050 Povo, Trento.
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1. — We are going to define a factor F, of Z'(%, O(m)) =
= O(m)(U, N U,). Let’s consider the two « extension » maps:

O(m)(U) — O(m)(U,)  and e,: O(m)(U) — O(m)(U,)

given by:
. f(w, 7o, 1)
ef(w, n = omi P (for |m|<m)
[t =11
and
[/
e, flw, ) = A w’ o;:Tl (for |mo| < 7o) -
— Jbo

”ol =To

Since ¢;f = f for fe O(m)(U;) composing the extensions with the
restrictions to U we get the projections:

Pos P12 O(m)(T) — O(m)(U)  (p; = pi = id)
with the properties:
I) poop, = P1oP0,

f(wy 1o, 1) LA A —
D) (peop )0 ) = st $ P ot e bt =

[ts]=1rs

fw’ to, 7"1) § f(w, 750’ 1) “dt, +

= o)+ 55 2m — 7, o= 2m

[t =Ro [l =R,

flo,t,t)
mm4§mnmrm“

|ts]=R;

(the first equation for 0 < |m;| <7y, the second for |m;| > R;).
The new projection

p = id— po— Py + poops: O(m)(U) — O(m)(U)
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defines the subspace

F.= {fe Om)U): pf =1}.
Since ‘

/O if >0 or ¢,>0,

Po. )P1e 90, 91} —
P(wg" w775 77) N\ w?- ¢ if go<0 and ¢,< 0,

the space F,, contains all functions with a Laurent expansion:

i

fw, ) = z Ay {

. 4 Jo. pir *
dosi1>0 Ty * Ty

2. — We are interested in ¥, for the following:

THEOREM (2.1). The inclusion F, <> O(m)(U) = Z(#, O(m)) in-
duces an isomorphism: j: F,, — HY(%, O(m))(=~ HY%', O(m))

Proor. If fe BY%, O(m)) then f=f,—f, with f;€ Om)(U;).
Since p(f,— f,) = 0 then f = pf = 0.

For fe O(m)(U) let’s take f'= pf in F,, the difference f — f' =
= resy: (6,f) — resy® (6, resy: e, f — 6,f) is in BY(%, O(m)).

THEOREM (2.2). Are equivalent:
i) f of O(m)(U) is in F,;

ii) lim f(wy, wy, 7o, ;) = O for every w and m; ;5= 0 (j = 0,1);
Mj—> 00

iii) there exist homogeneous polynomials A,w) of degree
jo + j1+ m such that:

A,
Hoym)= 3 2ie)

G0 . ppd
i0y31>0 ”o’ nll

ProOF. i) =>ii) For every f in F, it holds the inequality:

4-R,- R
0 1. Max [f(woy w1y t0, t)]  (J7s] >2-R,;>0) .

[Hw, )| < ———
» )| EAREA NS
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ii) = i) From:

f(w, s ti -..) d 1 f(w, ase t,' -..)

= — —_— t—‘ — -————-———"dt

fle, 7) t—7; ’ 2m, t,— !
[ts1 =85 [ts| =Ry

it follows (as §; - oo):

flw, oy 1) .
fw, @) = (27‘{’0 ff (to— 7o) * (8, — 711) o

|ts]=R;

i) = iii) 4(w)=

ff th_l th_l “f(oy @1y Toy ty)" dity-dt, .

(2m)2
|te| =Ry

ol
1

Py Po
5° Wy 03"
iii) = i —] = — — .
1 ) p( AR n’l‘) -y

3. - The map o: F,, — F_,, defined by:

1 1 1 1 1
o(f)(w, @) = P f(;‘;, o Jx)

is a well defined isomorphism.
Infact with some computation it is possible to prove:

o), W< (o= max{f(w, 0)]: =129, il <1/7)-

THEOREM (3.1). For every fe F,, there exist functions {f,} in F_,
(for po+ p,= |m + 2| and p,, p,>0) such that:

1
a) f=)——" it m<—2
) f g no’"ﬂf‘ fﬂ.,9| < b

b) f= ng.'wfl'fvo,m if m>—2.
2
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ProoF.

1 . A;.(w) . z 1 .2 Ah(w)

. R - Do, D
RothSimt2| To Ty 7ot 3 5 bt G it ok

b) f = 6~M—4(6m(f)) = G—m—d(,z ”;p.'”Ipl'gm)

o) f=

4. — THEOREM (4.1). Let C be the cone in C* defined by:
C = {2 C4: 2592 — %1°210= 0}
and let 8, T be:
S={eCt:zy=2,=0}, T ={eClz,=2,=0}.

Denoted by s, #r the ideal sheaves of S and 7 in C it holds:

1 1 Wy Wy Wy @
. g > " n - ekl =, —, —, —
@) hy: F5(0) —n-ty Ba(E) Mo Ty ©F (no’ )’ az,)

is a well defined isomorphism for every n>0.

) Br SO > Fua, ) = et b (2,2, 2, 2)

Y Ty
0Ty T T T Ty

a8 a well defined isomorphism for every n>0.

PROOF. a) n= 0 Taken

Alw)
f=3 s in Py (g (4 =T+1)

let’s consider the function
2o\
k(2) = 200 201" f(Z00 2015 %01° %109 Zo1y Zoo) = Z - *Ay(2004 210) =
00,
2 2.

2\t 1 1o
= z (_1}) * Ai(%00y %10) = Z(ﬂ) *Ay(201, 211) = z ('1—0) *4,(%015 211)
[ T \% T \Pu

%01 01

is holomorphic on ¢ — {0} and then on all C (the space C is perfect,
cfr. [BS] cor. 3.12 pag. 79); it holds: hy(k) = f.

a) b) n> 0) follow from the previous case and theorem (3.1).
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