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REND. SEM. MaT. UN1iv. PApOVA, Vol. 82 (1989)

On a Hamilton-Jacobi Equation.

GIOVANNI BASSANELLI (*)

SuMMARY - We prove a theorem of existence and uniqueness for the problem:
2 -+ Tl v, ) e p = 0
—p— (U, v,2) —p— @ =
oo i o2, 22, ¥

with data: ¢(u, v, 2, ) = 2-n for uv = 0, on a strip [0, U]><1_PL xR x Rr
where 4 = (a;;) is a O®, nXn, negative definite real matrix.

1. Introduction.

Let A = A(u,v,2)(u,v>0, 2€ R*, n>1) be an n xn matrix. In
this note we shall study the following problem:

0 0 0 0
8—u¢%(}9+<Aa—z¢7 5;‘7)):07

p(u, v, 2,m) =27, if wo=0,

(1.1)

with 9 e R». First we want to show, briefly, the reason for our in-
terest in (1.1).

(*) Indirizzo dell’A.: Dipartimento di Matematica e Fisica, Universitd di
Camerino, 62032 Camerino.

Work partially supported by M.P.I. 409,. The Author thanks the Dept.
of Mathematics of University of Trento for its kind hospitality during the
preparation of this paper.
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The formulation of quantum field theories in light-cone coordina-
tes is wuseful in some subjects of physics (see [4], [6], [9]) and such
a reformulation involves a study of the most important equations
(Klein-Gordon, Dirac, ete.) in this frame. For example, let us con-
sider the following Cauchy problem:

{(afw—A,)fzo in [0, UIxRxR",
(1.2)

f(oy v, 2) = g(vy 2) ’

(see [5]), this is a natural problem for the wave equation in light-
cone coordinates. For a more general operator

P = afw _I_ za':ika:,z;c + zbi821+ 67

with smooth coefficients, which are constant outside a compact subset
of R, xR, xR, and A = (a,;) negative definite (there is no restric-
tion assuming that A is real and symmetric), the corresponding Cauchy
problem is

{Pf =0 in [0, UIxRXR~,
(1.3)

f(O, v, %) = g(z, w) .

This is a characteristic Cauchy problem and if, as v — — oo, ¢ satisfies
some growth conditions, then it is « well-posed » (see [1]). A formal
computation performed on (1.2) suggests that, in order to construct
a parametrix for (1.3), we must look for an operator of the form

(Eg)(u7 (2] Z) =

v

= g(v, ?) —f fexp [ig*(u, v, v', 2, )] a*(u, v, V', 2, n) g(v', n) dydv'.

—o00 7

By a well known argument (see e.g. [2], [7]) ¢* and ¢~ have to be
real and homogeneous functions of degree 1 in 7, and they must sa-
tisfy equation (1.1) with the boundary condition

pE(uy v, 'y 2y m) = 2'm, if w(v—2')=0.

But actually ¢’ is only a parameter, which, at present, we can over-
look; thus we have exactly problem (1.1).
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Our main result is the following Theorem (see Theorem 6.1): there
exists U > 0 such that (1.1) has two solutions ¢*(u, v, 2, 1), real and
homogeneous of degree 1 in 7, defined on the strip [0, U] x R* x R* X
x R*, which are smooth for wv > 0, and with a suitable regularity
at the boundary; every solution ¢, satisfing the above conditions,
coincides with ¢+ or ¢~ on each connected component of [0, U] x R x
xR*x R».

In order to prove this theorem we shall study the Hamilton-
Jacobi problem (2.1) which, as we point out in §3, is very different
from the classical case, and it seems us to be of some interest.

2. Firstly we show that problem (1.1) can be reduced to a Ha-
milton-Jacobi equation, then we shall study the assosiated bicharac-
teristic curves.

Let A = A(u,v,2) € C°(R* x R* xR") be a nxn real symmetric
matrix, negative definite and constant outside a compact subset of
R*x R*xR". By means of

B=u+0v, Z=U—0, Oy=2 (J=1,..,n),

and writing o' = (@3, ..., Tayn)y, T = (21, X2, &'), Y(@, 1) = @(u, v, 2, B),
B(x) = A(u, v, 2), problem (1.1) becomes

0 2 0 2 0 0
) (o ).
Y(|@a|, 2oy @'y m) = 2"

This suggests that we fix 5 e R~ from now on, and consider the fol-
lowing equations

0 o\ 0 0 i
9 _ _ J— _ —_ —
(2.1) ¥t [(8901 1/)) <B(w) Frd i w)] =0
whit data at the boundary:
(2.2) v(|2s|, @3y @'y 1) = o'

(For simplicity we shall study only the case with sign « — » and, in
the last paragraph, we shall look at the dependence on 7). Let us
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remark that B(z) is defined in Q2 where
= {w e R*"; 1, > |m,|}

and the hypotheses on A give: there exist positive constants M,
(j = 0,1, 2) and a matrix B, such that

(2.3) if |#|>M,, then B(x) = B,,

and, for every (z,7)e 2 xR,

(2.4) — My|n|*><B(@)n, n)>— My|n|*.

The symbol p: T*(2) = @ x R**» -~ R of equation (2.1) is
P, &) = & — (& — (B@) &, &)1,

Since (0/0f,)p = 1, we can choose z, as parameter of the null bichar-
acteristic curves, which are all the curves in 7*(2) of the form

(2.5) r=uo), &E=E&F) with () =1
such that
(2.6)  @=—§"%, ¥=E'B@)&, &= 51 (aa B(x)¢&', 5’)
&
(1=1,...,2 +mn).

2.1. PrOPOSITION. Let (2% &°) € p~'(0). Then there exists >0
such that the bicharacteristic curve, of the form (2.5), passing through
(x°, &%) is defined on [#, + co) and x(f) € 0. Moreover there are two
cases:

(i) If &= 0, then { = 0 and
(@), £@®) = (1, £ ¢, &), (&, F&, 0)) € 0T*(29) ,

for every ¢t>0.

(ii) If & 0, then, for every t>1, z(t)e 2 and &'(f) never
vanishes.
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In both the cases
2.7 |ma(t) — @3] < [t — @]
and, for a suitable constant K > 0 (independent from (°, £&9)),
(2.8) 1€ lexp (— K[t — @3]) < |€'] < &' |exp (K|t — a3]) -

Proor. First we verify (i). From (2.4) and (2.6) we get

o)) e

from which (2.8) follows. Thanks to (2.6) and p(x(?), £(1)) = 0, it is
straightforward to prove (2.7) and that (x(t), £(t)) is bounded on every
bounded interval. So we can extend the curve to an interval of the
form [f, 4 o), with z(f)e0Q. Q.E.D.

2

j

1d s
L 1<

-5 Z &7 <— )€, §’>§jl<% M;*(sup

3. In this section we state all the machinary which we need in
order to prove our main theorem. Write

10 =0,2U0,QU0_Q

where
%2 ={(0,0} xR, 0,02=1{0ecQ;0<z—=-+a}.

Consider the (» -+ 1)-dimensional submanifold L,(n) = {(«°, £°) € p~1(0);
2°€ 0,2 and & = 7} and the union L(n) of the all null-bicharacter-
istic curves issued from IL,(n); we point out that m(L(zn)) (here x is
the natural projection of 7*(2) onto Q) is a family of curves issued
from the wedge 0,2, such that there are continuously many curves
starting from each point of 0,2 and as we shall see, on each of
these curves the solution y(x) must be constant. (So problem (2.1-2)
is very different from the classical one for a Hamilton-Jacobi equa-
tion: in fact, in the latter, you usually give the solution y on a hy-
persurface L, and, for every PeL,, y(P) propagates constant along
a unique curve issued from P (see e.g. [8]). Unfortunately, by Pro-
position 2.1, z(L(n)) N 0.2 = @, so in order to study =—*(z) N L(x),
for & near 0, {2, it is necessary to introduce the following machinary:
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3.1 DEFINITION.
31 L) =
= {(2°, £); @ = (0, 0,9), £ = (1, cos b, h(y)sin 07), y € R*, 0<6<m}

where h(y) = (— <B(@°)n, n>)~*
Remark that

Lo(n) = {(@®, £); (@, &) € Lo(n), 0 <0 <, & = (h(y) sin 6)= &} .

We shall denote by (w(t7 0, y), &G¢,0, y)) and (‘i(tv 0, y), f(t, 6, f‘/))
respectively the coordinates of the bicharacteristic of the form (2.5)
issued from (x°, £°) € Ly(n) and (2°, £9ye Eo(n). From (2.6), by a homo-
geneity argument it follows

Zt,0,y)=x(0,9)
{ Y Yl 0<t, 0<fO<mzm, yeR".

g(t’ 0, y) = h(y) sin 05, 0, y) ,

Now we choose positive constants &, w in a suitable way, as specified
in Theorem 3.2 below, and let X be the union of the following sub-
sets of R*x (0, 7) x R*:
(0, &) X (0, 7) xR, (0, M, + 11X (0, w) xR"
and
{(t,0); M,+ 1<t and 0 <6 <w(t— M)} xR";

(here M, is given from (2.3)); moreover let us define the following
C> functions: for every (¢, 0, y) € R* X [0, n] X R",

F(t,0,y) := =, 6, y) and u(t, 0, y) :== %[ml(t7 0, y) + 2.2, 0,9)].

So we can state a technical theorem which would be proved in next
section:

3.2. THEOREM. There exist positive constants C, & 6, w such
that w <z, ¢ < M, + 1 and

(i) dF is non-singular on the closure of 2 in Rt % (0, w) X R;
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(ii) for every (¢, 0, y) such that 0<¢, 0€[0,n], |y|>C,
F(t0,y) = (t,— 1, hyt 8sin 0 B,n + )
(where h, = (— <(Bym, m>)});
(iii) on R* x[0, w]x R", u(t, 0, y)> dt62.

4. In order to prove Theorem 3.2 we need some preliminary re-

sults.
If |y| >1, then we can explicity compute F(t, 0, y):

4.1. PROPOSITION. There exists a positive constant C such that
Tty 0, y) = —tcos B, (4 0,y) =hetsin0 B,y +y

for every t>0, 0 €[0,x], |y|> C.

Proor. It is easy to see from (2.3), (2.4) and (2.6) that there
exists a suitable positive constant C such that ||=(t, 6, y)| > M,, for
t>0, 0€[0,n], |y|> C; therefore (2.6) can be directly integra-
ted. Q.E.D.

Since (¢, 0, y) = t, we get

4.2. COROLLARY. dF(t,0,y) is non-singular for t> 0, 0€(0,n),
lyl> C.

By definition

@, &€ O°(R* x[0,7] xR*) and &€ C°(R"X(0,7)xXR"),

(j=1,...,2 4 n); a straightforward computation gives the following.

4.3. LEMMA. There exist smooth functions r, R, s,, 8;, S such that

t
ot 0,9) = —t— | s [BE,—t, wm, o |02 7t 0,900,
0

[

2, 0,9) =y + [h(y) f B, —t', g)1 dt'] 0+ R(t, 0, 9)6*,
0

Ei(t’ 0,y) =14 s,(t0,y)0%, (1=12),
£'(2,0, y) = h(y)nd + 8(¢, 0, y) 62,
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and
if ¢t =0, then r = 0, R= 0, S= (sen6 — 0)6-2h(y)n,
if |y|> O, then », R do not depend on y.

Moreover £'(t,0,y) can be smoothly extended to R*Xx[0, 7] X R" be
means of &'(¢,0,y) = &, =, y) = 7.

4.4. ProposITION. Let ¢, > 0. Then there exists a positive con-
stant , such that dF(t,0,y) is non singular on (0, %] X [0, w;] X R".

Proor. Let
-1t 880 6-1t—1£~/m2
A(t’ 07 y) == a a )
a—oaf ’é—:';.’lz'
0?
i1 802 x,(t, 0, y) 0
B(t, 0, y) =

0
'a_e"x,(ty 0? ?/) 1,

From Lemma 4.3 and (2.4) it follows that ¢-1(02/002) z,(t, 0, y) > M,/ M,;
therefore, for (¢, 0, y) € [0, £,] X [0, =] X R, B(t, 0, y) is in a compact set
of non singular matrices. Note that det ((0x,0x')/(000y)) = 0t det A.
Now it is enough to show that for a suitable M >0, |4 — B| < M0
on [0, t,] X [0, 7] X R~

Since x, = 0 for ¢ = 0, from Lemma 4.3 we get

0 0?
61 xz(t 0, y)— 70° 2,(2, 0, y) =

f[@‘ ——xzt’ 0, y)— 8 Zo(t', O,y]dt_f(ﬂ r+37‘)dt’0.

But r does not depend on y for |ly|> , so

0 0?
l@ 0 ,(2, 0, y) — a02902(t O,y))<Mt0
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In a similar way one can show

G‘IExz(t, 0, y) | < Mt0 and l!z—%x’(t, 0,y)—1,||<M0. Q.E.D.

oy

4.5. REMARK. Since an analogous of Lemma 4.3 holds for 0
near ;, we get: for every ?, > 0 there exists w, such that: 0 <w, <=
and dF(t, 0,y) is non-singular on

(0, 21 X ((0, @] U [ — oy, @)) X R™.

4.6 ProOPOSITION. There exists a positive constant w, such that
dF(t, 0, y) is not singular for ¢>M,+ 1, 0 <0< wy(t — M,)%, ye R

In order to prove this Proposition we need some preparation.
For t> M,, all bicharacteristics are straight-line, so

0 0 0 .
5597(':7 0,y) = EEW(MM 0, y) + %W(MM 6, y)(t— M,)

and an analogous formula holds for (0/oy)x. More precisely, thank
to Lemma 4.3:

0
a_e'mz(ta 0,y) = Cool 4 doo0(t — M,) ,

0
a_' wz(ty 0) y) = Cor0® + doi0%(t — MD) ’

Yx

0
‘8‘0‘$2+1(t7 0, y) = cjo+ dy(t— M,),

0 .
@w“"(t’ 0, y) = 0z + ¢ + d;,0(t — M) , (J, k=1,...,m).

here ¢;, and d;; are C* functions of 6 € [0,#n], ye R", (j, k =1, ..., n).
Denote by J, C., D, respectively the k-th column of matrices

0 0
J = (O I )7 (es)ix y (dsa)se
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let
Jx if =0
. and E:'.,...:’n = [Ea‘.,Oy weey Einn]
B=3y0, ifj= £ . . {0 1 2}
O jo, <oy Jn € , 2}.
Dk if 7_: 09 b Y
Finally let

Y =Viin=# {k>1; o =1}, 0 =20 5,=# {k>1; ju = 2},

and

. o if x>0,
o if < 0.

PROOF OF PROPOSITION 4.6. Since [0/0y; log h(y)] Cs(0, y) = Ci(0, ¥),
k=1,..,n and the same formula holds for D,, D,, it follows that

Pois,.in(0y y) = 077771 dot B,

s31500esin

and

Pa,i,...in(0y y) = 07D~ det B,

3915000sdn

are C® functions. Therefore

o (52—
= Y [0+t @-D G — Mo)lpy ,,...in(0, ¥) +

J1...9n

+ =Dt 20— M)t gy 5 a6, )] =
= 0[‘771,0,..., 0, y) + Z 027(”1,2'1,---,57-(07 ]+

6=0,y>0

06— Mo)[p2,0,..00,9) + > 07D — Moy s, (0, y)+

?+6>0

3 0B — Mg, (6, 9)] -

6>0
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Now it is enough to make the following remarks:

M,
@10,..0(0, ¥) = Coo (0, y) = — B*(y) {<Bon, 1,7 >E ’

2

M,
M, M
P20,..,0(0, ¥) = doo(0, y) = — h*(y) f B(t, —t, y)n, ) db>—3—
2
0

and @; ;.. i.(0,y) are bounded on [0,z]xR*. Q.E.D.

109

)

4.7. PROPOSITION. Let w be such that 0 < w <z/2. Then there
exists ¢ > 0 such that dF (¢, 0, y) is nonsingular on (0, £] X [w, 7 — w] X R".

Proor. Initial data (3.1) give

0 0
a_exz(ov 0,y)=0 and a_?}xz(o; 0,9 =0;

then from (2.6) and (3.1) it follows that

. 0w, 0x'
—1 —
Jim et (7)1 0
LI
0 g™
= det 5 5 (0,0,y) =senf. Q.E.D.
%ﬁ —a-g(lf

The above results prove Theorem 3.2 (i) and (ii). For the last
tement we show the following

sta-

4.8. PROPOSITION. There exist positive constants ws, ¢ such that

u(t, 6, y)> 6t62 on R* X [0, ws] X R*.

PrOOF. Since

i
1 tM
—= h2<y)f<B(t', —t, )y, ) dt'>2M‘ and 7(0, 0, y) =0
“ 2
0
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we get

t
1[tM . ,
u(t, 0, ?/)>2" [21‘112 6* ‘I‘J‘T(t y 0, y)at 63] .
o

It is enough to remark that, for t%M.,, Z, (and so % too) not depend
on #, therefore % is bounded on R x[0,7]xR". Q.E.D.

5. In this section we shall show that, for all fixed 5 € R», there
exists a (unique) solution y(x) of (2.1-2), which is definite in a sui-
table domain.

5.1. LEMMA:

(i) Flz: 2 — F(2) is locally invertible and F(X) is an open
subset of Q;

(ii) F|5: 2 — 2 is a closed map;
(iii) For every z € F(X), F-(x) N 2X is finite.
Proor. (i) follows from Theorem 3.2 (i) and Proposition 2.1.

(ii) Let P, = (t»,0,,%), veN, be a sequence in X with
lim F(P,) =Z%; then t, = x,(Py) —Z,; therefore, if {P,} is not

v—> + oo

bounded, {y,} is not bounded too and one can apply Theorem 3.2 (ii)
in order to see that {P,} has a limit point; hence, in every way, {P,}
has a limit point.

(iii) Since F' is injective for |y| > C, it follows that F-(z) N X
is bounded. Theorem 3.2 (i) says that F-(x) N 2 has no accumula-
tion points in XN (R+><(0, 7) x R"); thanks to Proposition 2.1 it
does not have any in X either. Q.E.D.

5.2. THEOREM. The map F|r: X — F(2) is a diffeomorphism.

Proor. By lemma 5.1, F|s is a covering map between arcwise
connected spaces, so the cardinality of the fiber does not depend on
the base-point.

Let X, = (0,¢)X(0,7) xR, Q¢ ={we;r,<e}. From lem-
ma 5.1 (ii) it follows that F(X,) = F(Z,), and from Proposition 2.1.
F(0X) N Q¢ = @; therefore F(X)) N Q¢ = F(X:) N £2¢; hence F(Xe) is
an open and closed subset of Qe ie. F(X:) = Q-
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This proves that F|r: X, — Q¢ is a covering map between simply
connected spaces, i.e. it is a homeomorphism. Q.E.D.

5.3. PROPOSITION. There exists U > 0 such that Q, C F(2).

ProoF. Choose U< min{edw? dw?}. Arguing as above it is
enough to show F(0X) N Qy = 0.

From Theorem 3.2 (iii) it follows immediately that u((62 —0Z) N
N (R*x(0,7) X R") > U. We shall see

(5.1) u(e, 0,y) >U

for 6>w, y € R*. Both the hypersurface 0 = w and u(e, 0, y) = edw?
disconnect the strip (0, 7) X R"; then from u(e, 0, ) == 0 and u(e, , y)>
>edw? it follows (5.1). Q.E.D.

Let tow t = t(x), 0 = 0(z), ¥y = y(x) be the components of the
inverse map £, — F-1(£y); they are smooth, moreover

5.4. LEMMA. (i) t(x) = =;
(ii) 6(x) can be continuously extended to 2, — 0,2 by means

of 6(0, 2 N Qy) = arcos (+1);

(iii) y(x) can be continuously extended to 2, by means of
Y(|2a|, @0, @) = @'

Proor. Check the continuity of extensions (ii) and (iii) on a se-
quence {x,} in 2, converging to the boundary. Use Theorem 5.1 (ii)
and Proposition 2.1.

Finally we can establish that

5.5. THEOREM. For every 7€ R~ there exists a unique real solu-
tion y e C°(2y) of (2.1-2) such that

(i) yeC(Qy),
(ii)—g— j:i eC((2yN0,.0) Q)a,nd—a— € 0(2y)
o0, Y Ton, ¥ (Lrn2:2) Uy ax,."’ v

(j=3, .., 2 +n).
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2+n
PROOF. Euxistence. Since the symplectic form z d&;Ndx; vanighes
i=1
identically on IL,(n) we can apply Theorem 6.4.3 in [3] in order to
see that the 1-form

Qy € w — (w, &(i(®), 0(x), y(@))) € L(n) € p~(0) € T*(R2)

is closed. Thus there is a function y € C°(£2y), unique up to a con-
stant, such that

(5.2) dy(x) = &(t(x), 0(2), y(@)) ;

then y satisfies (2.1). Check that (0/0t)[y(2(t, 0, y))] = 0, therefore

0 R 0 2+n

70 [v(x(t 6,9))] = lim a_a["P(w(ty 0,9))] = Z &;(0, 6, y) 06x,(0, 6, y) = 0
t—>0+ i=1

and, in the same way,

0
a_y_k["/’(w(t’ 0,9))] = ns (k=1,..,m).

Hence, up to a constant, y(2(t, 0, y)) = y-n. Next, for a suitable
choice of the constant,

(5.3) y(@) = y(x)'n, for every ze 2y.
From Lemma 4.3.

a 1I)( ) — az (@) =

0
= [sl(t (=), 6( ,y(.%)) ~"82(':(99)’ (@), y(@) )] ( x))(:l)nﬂ (x)’

0 (@) = [7 4 S(¢(2), 0(), y(2)) 0() b (y(«))]0(x)
Py sin O(x) )

If Ze Ry N0_Q (vesp. 2y N (0,2 0_Q)) apply Lemma 5.4 to see
that

0 0 Y
hma w(a:)-——- ()=10 (resp. lgr_:%w(m)zn)_

2
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Uniqueness. Let v satisfy all the hypotheses. Certainly there
exists #°€ Qp with dy(x®) = 0. Let (2(t), £(¢)), with i<t < 4 oo and
z(l) € 092, be the null bicharacteristic passing through (2° dy(x°)).
As is well known, £(¢) = dy(x(?)).

Suppose for a moment that x(f)€d. Q. Now z(f) = (I, +, #'(7))
with ¢ > 0, therefore, from (2.2)

- 0 - o
E(t) = 'l V’(w(t)) = g (@ '77)|w'=x’(t): n

and

Ty

N E R
i)+ &0 = (- w(e®) + 1 p(o())) =

d - d .
= [0 £t D) ]t = 2o’ @ nlii =05

but this is in contraddiction with p(x(f), £(#)) = 0.
We conclude that #= 0, then (2(0),(0)) € Ly(n). This proves
(#° dy(2°)) € L(n). From (2.8) it follows that

> [nllexp (— ka3),

0
“ Ey p(°)

80 dy never vanishes and the above argument can be repeated for
every point of 2,. Hence we obtain (5.2) for every x e Qy; but, as
already recalled, this determines v up to a constant. The thesis fol-
lows since y = 5 on 02. Q.E.D.

6. Finally we have to consider the dependence on 7 eR", then
we write v, instead of y, which is defined on 2, with U= U(y).

It is easy to see, from (2.6), that F(t, 0, y) and y(¢, 0, y) are homo-
geneous of degree 0 in 7, therefore, by (5.3), v, is of degree 1. Thus,
since {n€ R"; |n| =1} is compact, there exists U>0 which works
for every n+ 0. So we have proved the following:

6.1. THEOREM. (i) There exists U> 0 such that (1.1) has two
solutions

@(u, v, 2, 1) € 0°((0, U] x R* x R* x R®) N C([0, U] x R* x R x R"),
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real and homogeneous of degree 1 in ». Moreover

%wieo((o, UlxR*xR"xR") , %qﬂi € O([0, UIxR* xR" xR,

? _ . .
= #=€ C([0, UJXR* xR xR") , (G=1,..,m).

(ii) If @ satisfies the above conditions, then ¢ coincidgs with
@* or ¢~ in each connected component of [0, UJXR" x R»x R".
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