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A Note on Fractional Integration.

STEFANO MEDA (*)

ABSTRACT - We give a new proof of the Hardy-Littlevood-Sobolev fractional
integration theorem, based on a pointwise estimate of the rearrangement
of the fractional integral.

The main purpose of this note is to give an alternative proof of
the Hardy-Littlewood-Sobolev fractional integration theorem. Our

proof is simple, of great generality (it applies to any locally compact
unimodular group with a-finite Haar measure) and does not depend
on interpolation results or covering properties of the space. It gener-
alizes some ideas of Hedberg (see [2]). The key step is a pointwise
estimate of a variant of the nonincreasing rearrangement of the con-
volution f * .ga, where K« is a function in L(nf(n - a), oo) (the

Hedberg gives a pointwise estimate of f * .g’a in terms
of the Hardy-Littlewood maximal function of f . Our estimate is in
terms of a sort of nonincreasing rearrangement of f . This is advan-

tageous when dealing with problems connected with Lorentz spaces.
The pointwise estimate of f * B’a we obtain allows us to generalize
to kernels in L(n/(n - a), oo) the other inequalities contained in Hed-
berg’s paper.

We recall that a function f is in the Lorentz space .L(n/(n - a), 00)
if |{y: |f(y)| &#x3E; k}|  Ak -n/(n-a).

Given a locally integrable function f, we introduce a sort of re-

(*) Indirizzo dell’A.: Dipartimento di Matematica, University di Trento,
38050 Povo, Trento.
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arrangement of f (see [3]) in the following way

It is well known that if p &#x3E; 1, is comparable
with the E2, norm of f . 0

We refer to Hunt’s paper ([3]) for more about Lorentz spaces

(see also [1]) .

LEMMA 1. Suppose that .g’a E .L (n/ (n - a), oo) and f E Lp(Rn),
1  p  n/oc. Then, for any 6 &#x3E; 0

By Holder’s inequality

Since where

I we have

whence .
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, where

Moreover set

Then

Therefore

from which the lemma follows easily.

PROOF. and integrate both sides of the

inequality in Lemma 1 to get the result.

REMARKS. (a) The proof of Muckenhoupt and Stein (see [4]) uses
the Marcinkiewicz interpolation theorem, but gives also an endpoint
result (the case p = 1). Hedberg’s proof relies on the Hardy-Little-
wood maximal function theorem, which depends on a covering prop-
erty of the ambient space. In general cases this property is not
available or it is technically very difficult to prove.
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(b) In the compact case slight modifications are in order; we
omit the details.

(c) Our proof gives interesting results even when dealing with
non convolution operators. Applications to such situations will be

given elsewhere.

We can also prove the following generalization of Theorem 4

in [2]. We remark that this result for general kernels which belong
to a), oo~ is new.

THEOREM 3. If measurable, then

PROOF. For simplicity we give only the proof in the case 8 = 1.
For different s the proof follows the lines of the proof of Theorem 4
in [2], although our calculations are more involved.

It is easy to verify that K(X8 E L(n/(n - a), oo) implies K(X =
= a), 00). Set .Fa as in the proof of Lemma 1.
Then

where

Lemma 1 now implies :

Choosing ð0153 = ([1«(f)]**(t)) ff**(t) and using Holder’s inequality we
get the result.



35

REFERENCES

[1] J. BERGH - J. LÖFSTRÖM, Interpolation Spaces. An Introduction, Springer-
Verlag (1976).

[2] L. I. HEDBERG, On certain convolution inequalities, Proc. Am. Math. Soc.,
36, n. 2 (1972), pp. 505-510.

[3] R. HUNT, On L(p, q) spaces, Ens. Math., 12 (1966), pp. 249-275.
[4] E. M. STEIN, Singular integrals and differentiability properties of functions, 

Princeton University Press (1970).

Manoscritto pervenuto in redazione il 16 gennaio 1988.


