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Derivations and Multilinear Polynomials.

O. M. DI VINCENZO (*)

Let R be a ring and f = f (xl , x2 , ... , xn ) a multilinear homoge-
neous polynomial in n noncommuting variables.

We recall (see [7]) that R is an f-radical extension of a subring
if, for every ... , there is an integer m = r~ , ... , rn»1
such that f (r1, ... , E ~S.

When 1~ is f-radical over its center we say that f is power
central valued.

Rings with a power central valued polynomial have been studied
in [10]. Results on f -radical extensions of rings have been obtained
in [1] and [7] also.

Let now z£ be a nonzero derivation on .1~; in this paper we will
study the case in which there exists a polynomial f (xl , ... , an) such
that á(f(rl’ ... , rn ) m) - 0 for all with m = m (rl , ... , rn ) ~ 1. This
is equivalent to say that 1~ is f-radical d(x) = 0}.

Notice that when f = xl and R is a prime ring with no nonzero
nil ideals then, by [6], the above condition forces .1~ to be commu-
tative. Moreover, if á is an inner derivation on R, a prime ring with
no nonzero nil right ideals, then in [4] it was proved that f is power
central valued and satisfies the standard identity of degree n + 2,

... , xn..~.2) provided an additional technical hypothesis also
holds.

This is related to the following open question: «Let D be a di-
vision ring and f a polynomial power central valued in D, then is D
finite dimensional over its center? )&#x3E; (see [10]).

(*) indirizzo dell’A.: University degli Studi della Basilicata, Istituto di

Matematica, via N. Sauro 85, 85100 Potenza.
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In [4] and [10] it is proved that if .R is a prime ring with no non-
zero nil right ideals and f is power central valued in .R, then .R sa-
tisfies a polynomial identity; the proof in [4] and [10] that R is P.I.
holds under the assumption that f is not an identity for p X p ma-
trices in char. p &#x3E; 0. Hence, to apply this results in our paper we
assume this extra hypothesis :

(A) I f char .R = p =1= 0 then f is not an identity for p X p matrices in
characteristic p.

The main result of this paper is the following.

THEOREM 1. Let .R be a prime ring, char R =1= 2, with no nonzero
nil right ideals and let t(xl, ..., xn) be a multilinear homogeneous poly-
nomial. Suppose that d is a nonzero derivation on .1~ such that, for
every r1, ... , r n E R, there exists m E N, m = m(r1, ... , rn ) with

I f hypothesis (A) holds, then f (x1, ... , xn ) is power central valued
and R satisfies ... , xn+2).

Moreover if f (xl , ... , xn ) is not a polynomial identity for R and
d(Z(R)) ~ 0 then is in f inite o f characteristic p ~ 0.

As a consequence we will prove the following result of indepen-
dent interest on Lie ideals (see [3]).

THEOREM 2. Let R be a prime ring with no nonzero nil right ideals,
char R =1= 2, and let U be a noncentral Lie ideal of R.

Suppose that d is a nonzero derivation on .R such that for every u E U
there is m = m(u) &#x3E; 1 with = 0. Then R satisfies 8,(x,, X4)-

Throughout this paper we will use the following notation :

1 ) .R will always be an associative algebra over 0, where 0 is
a commutative ring with 1.

2) f (x1, ... , xn ) will denote a multilinear homogeneous polynomial
in n non commuting variables, and we will assume that

where aT E C and 10 a E 8n the symmetric group on ~1, ... , n~.
3) f (xl , ... , xn ) will often be abbreviated as f or 
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4) Z(.R) will always denote the center of .1~.

5) .~ will be a nonzero derivation on I~ which is C-linear. (i.e.
for ce C, r E R, ¿(cr) = cz£(r)) .

Finally, in all that follows, unless stated otherwise, we will assume
that R is a prime ring, char R =1= 2, and R is f-radical over S. Fur-
thermore we will assume that hypothesis (A) holds.

We now can begin a series of reduetions necessary to prove our
result.

LEMMA 1. If R is a division ring then f (x1, ... , xn) is power cen-
tral valued.

PROOF. Let 0 ~ x E S = {r E R : d(r) = 0}, then we have

which implies z£(a-1) = 0, i.e. x-1 E S, so that S is a proper subdivi-
sion ring of .R. Then, by [7, Theorem 1], f is power central valued.

For the next lemma we need to recall the following:

DEFINITION 1. We say that a E if for all r1, ... , rn in .R there
exists an integer m = m(a, r1, ... , rn)&#x3E;1 such that a f (rl , ... , =

DEFINITION 2. Let x be a quasi regular element of .I~, i.e. there
exists x’ E R such that x -f- x’ + xx’ = x + x’ + x’ x = 0.

Notice that if R has a unit element 1 then 1-~-- x is invertible and
(1 + x)-l = 1 + £3l’.

Lot 92,,: 1~ -~ .1~ be the map defined by

qJ0153 is an automorphism of .R, we write = (1-~- x) ,,(1 + and

we say that a = 1 + x is f ormally invertible.
We also write "(1+ x) for r and (1 + x) r for r + xr.

LEMMA. 2. If ac E .1~ is invertible, or f ormatty invertible, then there
exists z E T(R) depending on ac such that d(a) = az.
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PROOF. If r1, let m &#x3E; 1 be such that f(ri)- and 
are in S. Thus = and also =

Therefore a-i z£(a) = z E and so d(a) = az.

LEMMA 3. If T(R) = and J’(R), the Jacobson radical of .R, is
non zero then R is commutative.

PROOF. If x E J(R) then 1-f- x is formally invertible. By Lem-
ma 2 ~(x) _ + x) = z + zx for some z E T(R) = Z(.R), and so

~(x) commutes with x; that is z£(z) z = az£(a) for all x E J(R). Since R
is prime, by [6, is commutative.

LEMMA 4. Suppose that T(R) = Z(R). If t E R is such that t2 = 0

then d(t) = 0.

PROOF. Since 1 -+- t is formally invertible, by Lemma 2, one has
d(t) = + t) = z + zt for some z E T(R) = 

But 0 = .~(t2) = + = 2zt. Since char .R =1= 2 zt = 0.

Moreover since z E Z(R), either z = 0 or z is not a zero divisor in .I~.
In any case = 0.

LEMMA 5. Let R be without nonzero nil right ideals. If there exists-
cc non trivial idempotent e = e2 0, 1 in R then f is power central val-
ued.

PROOF. Let A be the subring of R generated by the elements of
square zero. A is invariant under all automorphism of .Z~. Since R
is a prime ring with nontrivial idempotents than, by [9, Theorem],
A contains a nonzero ideal I of 1~. On the other hand by [4, Theorem],
either f is power central valued in .R or T(R) = Z(R). In this last

case, by Lemma 4, ~(a?) = 0 for all x E A and so = 0.

Now, since 0 = = by the primeness of R we
obtain = 0 which is a contradiction.

In the next Lemma we examine the case when is primitive.

Lemma 6. If .R is primitive then f is power central valued.

PROOF. Let V be a faithful irreducible right R-module with en-
domorphism ring D, a division ring. By Lemma 1 and Lemma 5
we may assume that V is infinite dimensional over D and R does.
not contain a non trivial idempotent. By [8] this says that I~ does.
not have nonzero linear transformations of finite rank.
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We will prove that these assumptions lead to a contradiction.

Now, (see [1, Lemma 7]), C acts on V and we may assume that
both .R and 8 == = 01 act densely on V over D.

Let now vr = 0, for some v E Y and r is R, and suppose that

vd(r) =1= 0.
Since r has infinite rank there exist such that

vd(r) , z,vl , ... , Wn are linearly independent, and let vl , ... , wn E V such
that wa 

Now by the Jacobson density theorem there exist a-I , ... , an E R

such that wi ai = (i = 1, ... , n mod n), wi aj = 0 otherwise, and
at = V2, ai = 0 (i = 2, ... , n).

Notice that for all we have

and also, since ..., xn) is multilinear, we have:

Let m&#x3E; 1 be such that = 0, hence one has:

a contradiction.
Hence if vr = 0 then = 0.

Let 0 # W E V and suppose that vr and are linearly depen-
dent for all r E .R. Let x, y E R be such that vx and vy are linearly
independent, then

where and are in D.
Therefore vx + vy = Â.x vx + vy, thus lz = 
As a result there exists A E D such that vd(x) - Avx for all x E R



214

with vx 0 0. On the other hand, as we said above, vr = 0 implies
v.d(r) = 0, hence _ for all x E l~.

However since S acts densely on V there is x E S such that 0
and we obtain 0 = lva, hence 1 = 0. By this argument, if
vr and are linearly dependent for all v E and r in R then

V d(R) = 0 and so z£ = 0.
Therefore, we may assume that there exist v E 1~ such that

vr and are linearly independent; moreover, as above r has in-
finite rank.

Let ~?i,.... wn be such that vr, we , ... , Wn are linearly
independent, and let VI’ v2, ..., VnEV be such that vir = Wi (i =
=1,...,n).

By the density of S on V there exist s,, sn E S such that vr8i = 0

mod. n), Wi 8j = 0 for i =1= j.
Then we have:

Let now m &#x3E; 1 be such that , hence we have

a contradiction, and this proves the result.

Next we are going to examine the general case. First we will

study a special kind of ideals invariant under the derivation.
Let I be any ideal of 1~. We define

Then I’ is an ideal of R invariant under d; in fact I’ is the largest
subset of I invariant under z£. We have the following:
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LEMMA 7. Let P be a primitive ideal such that char 2. If
f( Xl’ ... , is not power central valued in then

1 ) char 2 ;

3) is a prime ring.

PROOF. To prove 1), let x e R be such that 2x E P’; hence E P,
and so E P, Since 2 this implies that

di (z) E P thus z G P’ .

This says that is 2-torsion free.

We now prove 2). Let

A is a subring of 1~ invariant under .~. In fact, for x e A and
ri , ... , rn E R there exists such that f (ri)m x is in P’ and
we may assume that = 0.

Since P’ is z£-invariant we have:

and so is also in A. Since f is not power central valued in 
then by [4, Theorem] Z(.R/P), hence, as P’ C P, we have
x + P E Z(RIP) for all x E A. This says that, for x E A and
y E R, [x, y] = xy -yx E P. 

Next we claim that [x, y] E P’.
In fact, for we have by Leibniz’s formula

Since A one has, as above, that [.~i (x), R] C: P, hence

This says that xy - for and so = 

To prove 3) we first show that is a semiprime ring.
We remark that is a ring with induced derivation, de-

fined by + 1’’ ) _ + P’ and for all ... , r~ E R’ there exists
m = m (ra ) ~ 1 such that moreover if .~ = 0 then
P = P’ and we are done. Hence we may assume that .~ is nonzero
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in R’. Furthermore, as we said above, .R’ is 2-torsion free and T (1~’ ) =
- Z(R’).

If t E .R and t2 = 0 mod P’ then, since (1 + t) + P’ is formally in-
vertible, by the argument given in Lemma 4 it follows that «

= z and 0 = z£(t2) m 2zt for some z e 1~ such that z + P’e Z(.1~’ )-
Therefore, since R’ is 2-torsion free zt - 0 and = z mod P’.

Let t E l~ be such that 0 (mod P’ ) and t2 - 0 (mod P’).
Then, for every we have + P’ E Z(R’) and also

d(tr) + which implies (d(t) r + -f- P’eZ(R’), and so

Therefore, for r, s E .1~, we have d(t)2(rs - sr) = 0 mod P’ and so
d(t) 2B(rs - sr) - 0 mod P’ (recall that + P’E Z(Bl)).

Let now

Notice that B is invariant under .~; in fact

Moreover, since is noncommutative, there exists r, s in .R such
that rs - sr ft P. But, for all x E B, we have xR(rs - sr) e P’ c P;
since is primitive this implies B C P. Hence B c P’, the largest
subset of P z£-invariant.

In other words we have proved that = 0 and t2 1 0 mod P’

implies d(t) 2 =0 and d(t)Rd(t) = 0 mod P’.
Hence, by induction, we have = 0 and = 0 mod P’ ;

since P’ C P and is primitive this says that E P, that
is t E P’ and R’ is semiprime.

Finally, let a, and suppose that aRb C P’.

Then, for any x E I~ we have E P’ and E P’, so

Now is a semiprime ring, hence aBb C P’ forces bRa C P’.
Multiplying ( ~) on the left by bR we obtain C P’ and con-
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sequently is in P’. From ( *) it follows that ax.d(b) is also in P’.
We have proved that d(a)Rb ç P’ and also Pl. At this

stage an easy induction leads to s P’ Since 
and is primitive, we conclude as above that either a E P’ or b ~ P’.
This completes the proof.

Now we are ready to prove the main result of this paper.

PROOF OF THEOREM 1. As quoted above, since R is a piime ring
with no nonzero nil right ideals and hypothesis (A) holds then either
f is power central valued or T(R) = Z(R) (see [4]).

In the first case, by [4, Lemma 6], .R satisfies S,~+$ . In the last

case, if J(B) ~ 0 then by Lemma 3 R is commutative.
Suppose now that is semisimple, so that R is a subdirect product

of primitive rings B« of characteristic different from 2. Let Pa be a
primitive ideal of R such that we now partition these
primitive ideals into four sets:

and f is power central valued in 

and f is not power central valued in 

in addition, let Ii = n P for P = 1, ... , 4.
Since 1~ is semisimple Ii n 7z n 13 n 1~ = 0.
Since is prime we must have that at least one among II, 12, 7g

or 1, is zero. However 0, otherwise d(B) C II = 0, a contradic-
tion. If I2 = 0 then R is a subdirect product of primitive rings on
which induces a nonzero derivation d’ satisfying all the hypotheses
of Lemma 6. Then f is power central valued on for each P E f22,
and so by [4, Lemma 6] .R/P satisfies Sn+2(XI, ... , Xn+2).

Therefore if I2 = 0 then satisfies 
We also remark that if P E f23 then, as above, satisfies Sn+2 ·

Hence, if I3 = 0 then .1~ satisfies also this identity.
Finally we claim that 2, = 0.
Let and let By Lemma 7

is a prime ring, 2 and = Z(BIP’). More-
over d induces on R’ = R/P’ a non zero derivation d which also sa-
tisfies ... , = 0 for all r’ in R’ for some m = m(ri , ... , r~ ) ~ 1.

We remark again that f (x1, ... , x,~ ) is nil valued on the nonzero
ideal P jP’ of 1~’ If 1~’ is with no nonzero nil right ideals
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then f (xl, ... , xn) is a polynomial identity for PIP’ and so for .1~’

(see [5]).
Of course, this implies that f (x1, ... , x~ ) is a polynomial identity

for a contradiction since P e ~4.
Therefore R’ has a nonzero nil right ideal and so 0. But,

in this case, by Lemma 3 .R’ is commutative, and this is also a con-
tradiction.

As a result 1~ satisfies the standard identity Sn+2 and 1~" = Rz =
is a central simple algebra finite dimen-

sional over F, the quotient field of 
At it is well known, z£ extends uniquely to a derivation on R"

(which we shall also denote by .~) as follows:

If R does not satisfies f then there exist ri, such that
f (r1, ... , rn) is not nilpotent [5]. If 0 ~ z E Z(R) there is an m ~ 1 such

As a result, if si = E 1~" there is an m = m(si»1 such that

where z == ~ ... zn , hence d(f(81’ ... , sn)m) - 0.
Therefore by Lemma 6 f (xl , ... , is power central valued in 1~"

and we are done. Moreover, if ~ 0 and f is not a polynomial
identity for 1~ we obtain, as above, d(zm) = 0 for all z e Z(1~). Of
course this implies that Z(.R) is infinite of characteristic p # 0. This

completes the proof.

Of some independent interest is the special case when y) =

yx. In particolar, we do not need any extra assumptions
regarding the behavior of f on p X p matrices. We state this result as:

COROLLARY. Let R be a prime ring with no nonzero nil right ideals,
2. nonzero derivation on R such that for every

x, y E R there m = m(x, y) &#x3E; 1 with yx)m) = 0. Then R

satisfies ~S4(x1, ... , x4).

We conclude this paper with an easy application of this result to
Lie ideals. This extend to arbitrary derivations a result of [3].
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PROOF OF THEOREM 2. Since char .R ~ 2 and II is a non central
Lie ideal of R, by [2, Lemma 1] there exists a nonzero ideal I of R
such that 0 ~ [I, 1] C U.

Vi &#x3E; 11, I’ is an ideal of 1~ invariant un-
der .~. Moreover, by hypothesis, for every x, y E I some power of

(xy - yx) lies in I’. Since .R has no nonzero nil right ideals and R
is not commutative we must have 0. Then I’ is a prime ring
with a nonzero derivation d satisfying all the hypothesis of the Co-
rollary, and so I’ satisfies S4(X1, ... , x4). Since R is prime, R also sa-
tisfies ... , x4).

REFERENCES

[1] J. BERGEN - A. GIAMBRUNO, f-radical extensions of rings, Rend. Sem.
Mat. Univ. Padova, 77 (1987), pp. 125-133.

[2] J. BERGEN - I. N. HERSTEIN - J. W. KERR, Lie ideals and derivations
of prime rings, J. Algebra, 71 (1981), pp. 259-267.

[3] L. CARINI, Centralizers and Lie ideals, Rend. Sem. Mat. Univ. Padova,
78 (1987), pp. 255-259.

[4] B. FELZENSWALB - A. GIAMBRUNO, Centralizers and multilinear poly-
nomials in non-commutative rings, J. London Math. Soc., 19 (1979),
pp. 417-428.

[5] B. FELZENSWALB - A. GIAMBRUNO, Periodic and nil potynomials in rings,
Canad. Math. Bull., 23 (1980), pp. 473-476.

[6] B. FELZENSWALB - A. GIAMBRUNO, A commutativity theorem for rings
with derivations, Pacific J. Math., 102 (1982), pp. 41-45.

[7] A. GIAMBRUNO, Rings f-radicals over P.I. subrings, Rend. Mat., (1), 13,
VI (1980), pp. 105-113.

[8] I. N. HERSTEIN, Rings with Involution, Univ. Chicago Press, Chicago,
1976.

[9] I. N. HERSTEIN, A theorem on invariant subrings, J. Algebra, 83 (1983),
pp. 26-32.

[10] 1. N. HERSTEIN - C. PROCESI - M. SCHACHER, Algebraic valued functions
on non-commutative rings, J. Algebra, 36 (1975), pp. 128-150.

Manoscritto pervenuto in redazione il 30 maggio 1988.


