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Conjugate 03C0-Normally Embedded Fitting Functors.

JAMES C. BEIDLEMAN - M. PILAR GALLEGO (*)

1. Introduction.

All groups considered in this paper belong to the class 8 of all
finite soluble groups. A subgroup .X of G is p-normally embedded
in G if each of its Sylow p-subgroups is a Sylow p-subgroup of a normal
subgroup of G. A subgroup X of G is normally embedded in G if it
is p-normally embedded for each prime p. If T is a Fischer class,
then the F-injectors of G are normally embedded (see [10]). Fitting
classes whose injectors are normally embedded are called normally
embedded Fitting classes. Such Fitting classes have many interesting
properties (see for example [7,11 ]) .

In [3] the concept of Fitting functor is introduced as a map f
which assigns to each G e 8 a non-empty set f (G) of subgroups of G
such that

whenever a is a monomorphism of G into g with Motivation
for the definition of Fitting functor is provided by injectors and ra-
dicals of Fitting classes. A number of properties of Fitting functors
are developed in [3, 4, 8]. A Fitting functor f is called p-normally
embedded provided that f (G) consists of p-normally embedded sub-
groups of G for each G E 8. f is said to be normally embedded if f is

(*) Indirizzo degli AA.: J. C. BEIDLEMAN: Dept. of Mathematics, Uni-
versity of Kentucky, Lexington, Kentucky 40506, U.S.A. ; M. PILAR, GALLEGO :
Fac. Ciencias Matematicas, Universidad de Zaragoza, 50009 Zaragoza, Spagna.
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p-normally embedded for all primes p. Normally embedded Fitting
functors are classified in Satz 6.4 and Satz 7.4 of [3].

In this paper we study a generalization of the mentioned concepts
which results from considering sets of primes and Hall i-subgroups
instead of prime numbers p and Sylow p-subgroups. We restrict
ourselves to those Fitting functors f for which f(G) is a conjugacy
class of subgroups of G for all G E 8, the so-called conjugate Fitting
functors.

Let f be a conjugate Fitting functor, G E 8, V E f (G), Vn E Hall~ (V)
and Vn  Gn E Hall., (G). By a result in [8], if and only if

Vn E Hallyr This result provides motivation for studying conju-
gate n-normally embedded Fitting functors. In section 3 we obtain
a number of properties of conjugate n-normally embedded Fitting
functors. For example, f is n-normally embedded if and only if each
member of the Lockett section of f is n-normally embedded. Let

n = U Then f is yr-normally embedded if and only if f
is ni-normally embedded and £n[(f) == £n(f) 8nj for all i E I. Let I be

an index set and let A E I} be a partition of P, the set of all
primes. A Fitting functor g is said to be I-normally embedded if g
is embedded for each À e I. I-normally embedded Fit-
ting functors are classified. Moreover, if f is a conjugate 1-normally
embedded Fitting functor, then a description of f ,~ , the smallest mem-
ber of the Lockett section of f, is obtained. This answers open que-
stion 7 of [4].

Section 4 is devoted to the study of n-normally embedded Fitting
classes Y. Y is n-normally embedded if and only if is n-normally
embedded. Further, if Y is n-normally embedded, then is a

dominant Fitting class.

2. Preliminaries.

A Fitting functor is a mapping f which assigns to each group G
from 8 a non-empty set f (G) of subgroups of G such that if G, H belong
to 8 and a : G - H is a monomorphism with then

For simplicity of notation we write a( f (G)) = a(G) r1 f(H). A Fitting
functor f is called conjugate provided that f (G) consists of a conjugacy
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class of subgroups of G for all G E S. A Fitting functor f is called

p-normally embedded, p a prime number, provided that f (G) consists
of p-normally embedded subgroups of G for all G E S. f is said to be
normally embedded if it is p-normally embedded for each P is

the set of all primes. f is said to be pronormal if the subgroups in f (G)
are pronormal in G for all G E S.

If Y is a Fitting class, then Rady (G) _ and Injy (G) _
- is an Y-injector of G} define two conjugate Fitting functors:
Injy and Rady. If Y = 8n , the class of all a-groups from 8, a a set
of primes, then we shall write Halln instead Injy. Moreover, we denote
by JY’ the class of all nilpotent groups from 8, and I’(G) = the

Fitting subgroup of G.
In the remainder of this section we present a number of known

results which are used in the later two sections of this paper.

PROPOSITION 2.1 ([3]; 3.7 and 3.8). If f is a Fitting functor and n
is a set of primes, then the class £n(f) of groups G such that X has a’-index
in G for all X in f (G) is a Fitting class and £n(f) = £n(f).

PROPOSITION 2.2 ([8]; 2.3). Let f be a conjugate Fitting functor,
G E 8, X E f (G), Xn E Halln (X) and Gn E Halln (G) such that Gn.
Then the following properties are equivalent:

(a) Hall n-subgroup of some normal subgroup of G.

(d) Xn is a Hall n-subgroup of 

New Fitting functors from previously given ones can be obtained
using

PROPOSITIO.,N 2.3 ([3] ; 4.1, 4.7, 4.11 and 4.15). (a) Let f and g be
Fitting functors and define ( f o g) (G) - ~X : X E f ( Y) for some Y E g(G)I,
G E S. Then fog is a Fitting functor. Moreover, if f and g are conjugate,
then fog is conjugate.

(b) Let be a family of pronormal conjugate Fitting functors
and define there exists a Sylow system

of G reducing into Xa, for all A E G E 8.

Then conjugate Fitting 
kEN
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(c) Let f and g be Fitting functors. f and g are said to commute
if for each G E S, X Y = Y.x’ whenever X E f (G), Y E g(G) and there is
a Sylow system of 0 reduoing into X and Y. By the characteristic of f
is meant lp E ll’: there is G c 8 and X E f (G) such that p divides 

Iet be a family of pronormal conjugate pairwise. commuting
I’itting f unctors of disjoint characteristics and de f ine I

there exists a Sylow system ot G reducing into 

f or all GES.
T hen V is a pronormal conjugate .Fitting f nnetor.

AeA

(d) Let f and g be Fitting functors with f conjugate and let a be a
set of primes. Define (f 0 g) (G) = {T: there exists X E f(Gcn(f»), Gn E

n

E Hall,, such that TIX E G E S. (Note that Gn in
this definition belongs to Hall,, (G). This f ottows from the Frattini-

argument) .
Then f is a Fitting functor. Moreover, if g is conjugate, then

n

f 0 g is conjugate.
3’t

Let f and g be Fitting functors. f is said to be strongly contained
in g, denoted f « g, provided that for each G E S, the f olloWing con-
ditions hold:

(a) If ~" E f (G), then there is a Y E g(G) such that X  Y, and

(b) If W E g ( G), then there is a V E f ( G ) such that V  W. (If
f and g are conjugate, then (a) and (b) are equivalent.)
A Fitting functor f is called a Lockett functor provided that whenever

G E S, then

PROPOSITION 2.4 ([4]; 4.2, 4.4 and 4.6). Let Y be a Fitting class
and let f and g be Fitting f unctors. Then

(a) If Y is a Lockett class, then Inj.7 and Rad.7 are Lockett

f unctors.

(b) If f and g are Lockett functors, then f o g is also a Lockett 
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(e) If f and g are Lockett functors and f is conjugate, then f 0 g
is a Lockett f unctor. "

(d) If f is a Lockett functor, then Cn(f) is a Lockett class.

Let f be a conjugate Fitting functor. Define f* by f * (G) _ 
T E f (G X G)~ for each G E S. (Here n1 is the projection of G X G onto
its first coordinate).

PROPOSITION 2.5 ([4] ; 6.1, 6.2, 6.3, 6.4 and 6.8) . Let f and g be
conjugate I’itting functors. Then

(a) f* is a conjugate .Lockett f unctor.

(b) f is a .Lockett f unctor i f and only if f = f *.

(d) be a set of primes. Then _ If f is Or

Lockett functor, then

We shall make use of the following lemma.

LEMMA 2.6 ([3]; 4.9). Let subgroups of GE 8
of pairwise relatively prime orders. Assume that  gi H j = HiHi for all
i, j E 11, 2y ... , n~ . Let N2 , ... , Nn be normal subgroups of G. Then

(Hi r~ subgroup of G for all i, j E {I, 2, ni

3. x-normally embedded Fitting functors.

This section is devoted to the study of conjugate n-normally embed-
ded Fitting functors. A description of such functors is given in (3.3).
Let f and g be conjugate a-normally embedded Fitting functors. The
members of Locksec ( f ) are conjugate n-normally embedded Fitting
functors as seen in (3.5). Further, (3.6) shows that f o g is also such a
functor.

Let I be an index set and let la(A): A c- 11 be a partition of the
primes. Conjugate 7-normally embedded Fitting functors are clas-
sified in (3.14). Moreover, if f is a conjugate 1-normally embedded
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Fitting functor, then (3.17) gives a description of the smallest member
f* of Locksec ( f ). Such a description answers open question 7 of [4].

DEFINITION 3.1. Let a be a set of primes.

(a) A subgroup .X of a group G is said to be n-normally embedded
in G if the Hall a-subgroups of X are Hall n-subgroups of a normal
subgroup of G.

(b) A Fitting functor f is said to be n-normally embedded provided
that for G e 8 and X E f (G), X is yr-normally embedded in G.

As a consequence of Proposition 2.2 we obtain the following

REMARK 3.2. Let f be a conjugate Fitting functor.

(a) f is n-normally embedded if and only if for each G E S and
X~ E then Xn E Hall,, 

(b) f is n-normally embedded if and only if for each G E S and
Xn E then where Gn E Hall,., (G) such that

Xn  Gn.

Due to in (3.2 ), n-normally embedding of conjugate Fitting func-
tors is very much related to the E,,( )-construction. This can be seen
in the following results, a number of which are generalizations of re-
sults in [3] and [4] for the case {p}.

PROPOSITION 3.3. Let f be a conjugate Fitting f unctor and let n be
a set of primes. Then

(a) If f is n-normally embedded, then f « Injcn(f).

(b) f is n-normally embedded if and only i f ; 1,

(c) Let be a collection of sets of primes such that
Then f is n-normally embedded if and only if f is nrnormally

and

PROOF. (a) Assume that f is n-normally embedded. Let G E S,
and Halln (X). Then by part (a) of (3.2 ), Xn E Halln 

Let and such that Since
== the of G have n-index in G and so Gnl

is contained in some £,n(f)-injector of G, say TT. It now follows that
X = and hence (a ) f ollows .
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(b ) Let By part (d) of (2.3), h(G) _

Assume that f is n-normally embedded. Let G E S, X E f (G) and
By part (a) of (3.2), Let

Xnl E Hallnl (X ) and G~, E Hallnl ( G) such that Gn,. Then
.X = and hence 1« h.

Conversely, assume that 1« h. Let and Xn e
Let such that Let

K = and let = F(GjK), the Fitting subgroup of G/.g.
Then and hence W. Thus Xn(X n K) _

Since f is conjugate and I
is a n’-number, we have XnK E £n(f) and so K. Thus Xn E
E Halln (K) since K E Ln(f). Therefore, f is n-normally embedded.

(c) Assume that f is n-normally embedded and let i E I. Since

ni snit follows that £n(f) c ~~i( f ). Let G E e f (G), Xni E Halln, (X)
and Xn E Halln (X) such that Since f is n-normally embed-
ded we have This yields that Xni E
E Hallni (X n S Hallni (GLni(f)) and hence f is ni-normally em-
bedded by (3.2). Moreover,

Therefore, if then Hallni (G) = (G) and
this means that G E On the other hand, = 

2 8nj and it follows that f.,ni(f) = 8nj . -
Conversely, assume that f is ni-normally embedded and =

- £n (f) 8nj for all i E I. Let G E 8, X E f (G) and Xn E Halln (X). We
note that

Therefore, the Hall ni-subgroups of X are contained in for

all i E I. Since it follows that 

E Hall,, (GCnU») and so f is n-normally embedded.

EXAMPLES 3.4. (a) Let 0 be a set of primes and let i c 0. Then
Haflo, y and Injsnsn’ are n-normally embedded. 

-
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(b ) A Fitting functor f is called a normat Fitting functor if, for
each G e 8, f (G) contains only normal subgroups. By ([3]; 7.5) f is
a normal Fitting functor if and only if there is a family of Fitting clas-
ses such that These functors are just the

P-normally embedded Fitting functors. Thus, if n is a set of primes
and f is a normal Fitting functor, then f is n-normally embedded.

(c) Let p and q be distinct {p, q}, Y == S1)Sq and
f = Injy. Let G E S. By Proposition 3.2 of [11] it follows that

Then f is p-normally embedded and q-normally embedded, = 8

and so f is not a-normally embedded by part (c) of (3.3).
Let f be a conjugate Fitting functor. By the Lockett section of f,

denoted Locksec ( f ), is meant

~g : g is a conjugate Fitting functor and g* = f *~ .
A number of results of Locksec ( f ) are established in [4]. For example,
f is p-normally embedded if and only if f * is p-normally embed-
ded ([4]; 6.5). We now generalize this result to the case of n-normally
embedded Fitting functors.

PROPOSITION 3.5. Let f be a conjugate Fitting f unctor and let n be
a set of primes. Then, f is n-normally embedded if and only if f* is
a-normally embedded. Thus, if f is n-normally embedded, then each
member o f Locksec (f) is n-normally embedded.

PROOF. By part (a) of (2.5) f* is a conjugate Fitting functor.
Since = is a Lockett class and == by
part (d) of (2.~ ), it follows that

is a Lockett functor. Thus
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Assume that f is a-normally embedded. Then f « h by part (b)
of (3.3) and hence f * « h* = h by part (c) of (2.5 ). Due to part (b)
of (3.3) again, f * is n-normally embedded.

Conversely, y assume that f * is yr-normally embedded. Then f * « h
by part (b ) of (3.3). Since f « f * by part (c ) of (2.5), it follows that
f « h and so f is a-normally embedded.

The next four results are concerned about the constructions in (2.3)
being jl-normally embedded.

PROPOSITION 3.6. Let f and g be conjugate I’itting f unctors, jl a set
of primes and G E S. If X is a-normally embedded
in Y and Y is a-normally embedded in G, then X is 1t-rwrmally embed-
ded in G. In particular, if f and g are n-normally embedded, then fog
is n-normally embedded.

PROOF. Let .L denote the of G. Then Y n L E g(.L)
and, by the Frattini-argument, there exists Gn E Hall. (G) such that

NG(y n L). Hence G. n Y n L e Halln ( Y n .L) c Hall,, (L) since
.L E £n(g), and so L s Y. Since Y is a-normally embedded in 
Halln ( Y) c Halln (L) by (2.2). Therefore, Gn n L E Hall. (Y).

Let c- Hall,, (~). Then there exists y E Y such that 

 n L)v. Since X E f ( Y) and .X is a-normally embedded in Y,
it follows by (2.2 ) that

Since the of L r1 Y is a characteristic subgroup of L n Y
and Y n Lfl(Y n it follows that Gn normalizes (L r1 
This means that By part (a) of (2.3) f og is a conjugate Fit-
ting functor. Hence by (2.2) Xn E Hall., and so Xn is a-nor-

mally embedded. This completes the proof.

LEMMA 3.7. Let G E 8, Gn E Hall,, (G) and X, Y subgroups of G
such that X r1 Gn E Hall,, (X), Y r1 Gn E Hall., (Y) and X, Y a-normally
embedded in G. Then

(a) X n Y n Gn E Hall,, (X r1 Y) and X n Y is a-normally em-
bedded.

(b) If X Y  G, then X Y r1 Gn E Hall,, (X Y) and X Y is n-nor-
mally embedded.
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PROOF. Since X and Y are n-normally embedded in G, there exist
normal subgroups M and N of G such that X n 011, = n 011, and

.X Y is a-normally embedded.

As a consequence of parts (b) and (c) of (2.3) and (3.7), we obtain
the f ollowing result.

PROPOSITION be a family of pronormal conjugate
Fitting functors, and ~c a set of primes.

(a) If the funetors are n-normally embedded, then n f ~,
is a a-normally embedded conjugate Fitting functor. AeA

(b) If the f unctors are n-normally embedded functors of
pairwise disjoint characteristics and pairwise commuting, then Vfa is
a n-normally embedded conjugate Fitting f unetor. ac-A

PROPOSITION 3.9. Let f, g be conjugate Fitting f unctors and let 0, n
be sets of primes. 

(a) c 0 and g is a-normally embedded, then f D g is a-normally
embedded. 

- 

0

(b) c Of and f is a-normally embedded, then f 0 g is n-nor-
mally embedded. 0

PROOF. Let G E 8, T E (f D g)(G). Then there exist .X E f(G£8(f»)
0

and Go E Hallo ( G ) such that Go  N~ (.~’) and TIX E g(GoXjX).

(a) Assume that n c 0 and g is n-normally embedded. Let

TnEHa1k(T). Then there exists Gn e Halln (G) such that 
E Hall. (GoX). Since E Hall,, (TjX), GNXIX E Halln (GOXIX)
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and g is a-normally embedded, it follows that Moreover,

Because of part (b ) of (3.2) f Q g is n-normally embedded.
e

(b) Assume that n C 0’ and f is n-normally embedded. Then

Hall. (T) = Halln (X). Let Xn E Hall,, (~Y’) and let .M = GC8(f). By
part (a) of (3.2), X, E Halln (Ln(f)). Therefore, f 0 g is n-normally
embedded. This completes the proof. 0

Let I be an index set such that

a non-empty set of primes,

whenever ~,1 ~ À~ .

DEFINITION 3.10. A Fitting functor f is said to be I-normally
embedded if f is n(k)-normally embedded for each I E I.

REMARKS 3.11. (a) For I = P and == {p} one has in (3.10)
the definition of normally embedded Fitting functor.

(b) If f is a conjugate Fitting functor, then it follows from part (c)
of (3.3) that f is I-normally embedded if and only if, for each A E I
and each f is p-normafly embedded and L1’(I) = ~~(~,) ~~, .
In particular, if f is I-normally embedded, then f is normally embedded.

DEFINITION 3.12. Let G e 8 and, for each let 
A collection of subgroups ~H(~,) : is called an I-Sylow system
associated with ~N( ~, ) : Â E 1 ~ if the f ollowing holds:

We note that for I = P and n(p) = (3.12) is the concept of
generalized Sylow system due to Fischer (see [5]).

LEMMA 3.13. Let G and let E I} be a collection of normal
subgroups of G. Then

(a) There is an I-Sylow system of G associated with the normal
subgroups ~N(7~) : A E I} of G.

(b) Any two such systems are conjugate.
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(c) Let ~.H(~,) : ~, E 11 be an I-Sylow system associated with ~N(~,) :
~, E I~ and let Da G. Then ~H(~,) n D: Â E 1~ is an I-Sylow system of D
associated with the normal subgroups ~N(~,) r’1 D: AE I} of D.

PROOF. (a) Let E be a Sylow system of G, k E I and _

= N(~,) with Sn().) the Hall of G in Z. Then E

E Let A, ft E I. Then = and it follows
from (2.6) that This shows that ~H(~,) : A E I}
is an I-Sylow system of G associated with ~N(~,) : 7}.

(b) Let G E S and {H(k) : k E 1} be an I-Sylow system of G asso-
ciated with the normal subgroups ~N(~,) : À E 7} of G. Since G is a finite
group and ~~(~,) : is a partition of P, there is a finite set

{ Â1, ... , kn} c I such that all the prime divisors of the order of G belong
Let H = H(k1) ... H(kn)  G. It is clear that E

i=l

E (H) for all i E {1, ..., n~ . By a result of section 3 of
P. Hall [9], H(Âi), 1  i  n, is part of a Sylow system of H. There-

fore, there exists a Sylow system 27 of G such that = H,
i s n. Thus .g(~,)  G~(~,) where 6~) e 27 for all A E I,

and so = G n().) n N(l) for all 
So we have proved that each I-Sylow system of G associated with

has the form ~G~(~,) n N(~,) : for some

Sylow system E of G. The result follows from the conjugacy of the
Sylow systems of G.

(c) This follows from (2.6).

The next theorem characterizes conjugate I-normally embedded
Fitting functors.

THEOREM 3.14. (a) Let À E I} be a f amily of Fitting classes.
Then f is a conjugate I-normally embedded I’it-

ting f unctor and Ln(k)(f) = X(k)Sn(k), for each À E 1.

(b) If f is a conjugate 1-normally embedded Fitting functor., then

PROOF. (a) For each G E 8, let

is an I-Sylow system of G

associated with
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By (3.13) f is a conjugate I-normally embedded Fitting functor. $
It is clear that = and that ~~(~,)( f ) ==
- _ ~(~,) ~~(~), . Further it follows that f = V (Halloo

Ael

(b) As f and V are conjugate Fitting functors,
the result follows from part (a) of (3.2).

By part (b ) of (3.11) and Satz 7.4 of [3] we obtain the following
theorem.

THEOREM 3.15. Let f be an I-normally embedded Fitting functor.
Then f is the union of conjugate I-normally embedded Fitting functors.

Let f be a conjugate I-normally embedded Fitting functor. By (3.5)
each member of Locksec ( f ) is also a conjugate I-normally embedded
Fitting functor. Since f is a conjugate normally embedded functor,
it follows from part (a) of (7.7) and (7.9) of [4] that Locksec ( f ) has
an element f* such that f*« g for all g E Locksec ( f ). Open ques-
tion 7 of [4] is to give a description of f,~. In Theorem 3.17 such a

description is presented. We first establish the next routine lemma.

LEMMA 3.16. Let f and g be conjugate I-normally embedded Fitting

PROOF. Assume that for each By (3.14)
we conclude that t « g.

Conversely, y assume that f « g. Let A c- I and let G E Ln(Â)(!). Let

and let Y~(~,) E ( Y). Then (G). Since

f « g, there exists such that and hence Vn(Â)E
E Halln(Â) ( U). This means that for each 

’

THEOREM 3.17. Let f be a conjugate I-normally embedded Fitting

PROOF. For each I E I, let Jl(1) = (~~(~,)( f )),~ and let h = V (Halloo
k E I

By part (a) of (3.14) h is a conjugate 1-normally embedded
Fitting functor and E,(11)(h) _ ~(~,) ~~(~,). for each Â e I. By part (d)
of (2.5) we have
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for each A E I. By (3.14) it follows that h* = /* and hence h E
E Locksec ( f ).

Let By part (d) of (2.5), we see 

each By (3.16) h « g for all g E Locksee ( f ) and h.
This completes the proof.

Using the description of f * in (3.17), it follows that f * = foRad
where f = Hall~ . This answers the test case in problem 7 of [4].

4. normally embedded Fitting classes.

Let a be a set of primes. A Fitting class Y is said to be 
embedded provided that Injy is a yr-normally embedded Fitting func-
tor. In this section we generalize a number of known results for x = {P}
(see [7]). For example, we show in (4.2) that a Fitting class Y is
a-normary embedded if and only if is a n-normally embedded
Fitting class.

PROPOSITION 4.1..Let Y be a n-normally embedded Fitting class.
Then

(a) If G E 8, then an of G 
Gn, E Hall,,, ( G ) .

(b) dominant Fitting class.

PROOF. (a) Let V be an Y-injector of G, Vn E Hall,, (V) and
Vn, e Halln, (V). Further, let Gn E Hall~ (G) and Gn, e Hall,,, (G) such
that and Gn,. Since Injy is n-normally embedded,
Y~ == Gn n Therefore,

is a subgroup of G. By Proposition 4.4 of [11], is an 

injector of G. 
’ ’

(b) Since In17 is n-normally embedded, it follows from (3.9)
that = Injy 0 Injsn’ is a-normally embedded. Hence we may
assume that T = 

Let G G such that H e Y. We show that H
is a subgroup of an Y-injector of G. Let FIGY be the Fitting subgroup
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of Since ,~ ~~, _ ,~ , and FIGY E JY’, we have E 8n.
Moreover H n GIGG and so H r1 F -:1 a G. H n I’ a H and
so H n Therefore g n F = Gy which is an Y-injector of F.
By Lemma 4 of [6], ~ is an 5;--injector of HF. Let P E Hall,, (HF)
and Hn E Hall,, (H) such that P. By part (b) of (3.2), we have

and so Hn Since E Hall,, 
and 8n, This means that

and hence centralizes FIGY. Therefore, F r) H - Gy
and it follows that H  for some Gnl E Halln’ ( G ) . Since

Y8n, = Y, C~(,~ ) _ ,~ by Proposition 3.1 of [11]. By (a) is

an Y-injector of G and so the proof is complete.

THEOREM 4.2. Fitting class and i a set of primes. Then
a-normally embedded if and only if is n-normally embedded.

PROOF. Assume that Y is yr-normally embedded. Then, by part (a)
of (4.1 ), InjCnUF) (G) = E Hall,,, (G)l and so is

a-normally embedded.
Conversely, assume that is a-normally embedded. By part (b)

of (4.1) £n(Y) is dominant. Let V be an Y-injector of G.
Since V is an Y-injector of V, it follows that E 

since is dominant. This means that Halloo
and since is n-normally embedded and
have

Therefore, Y is n-normally embedded.
The next proposition gives three necessary conditions for Y to

be a-normally embedded. Note that, in the they are
all satisfied for every Y.

PROPOSITION 4.3. Let Y be a Fitting class, n a set of primes and
consider the following properties

(a) Y is n-normally embedded.
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(c) T he groups in have normal F-injectors.

Then (a) implies (b), (b) implies (c) and (c) implies (d).

PROOF. (a) ~ (b). This is due to part (c) of (3.3).
(b) ~ (c). Suppose for a contradiction that G is a group of minimal

order such that G E and an :F-injector of G is not a normal subgroup
of G. Let us consider Theorem 1.1 of [1] and M = S.
The subgroups S in the proof of this theorem contain Gy and hence

8n. Therefore, the arguments on the minimality of G are

valid here and it follows that G = MY where M is the unique maximal
normal subgroup of G, V E InjF (G), .M r1 V = is a non-

trivial q-group and where p and q are distinct prime
numbers. Since Ge Y8n, we have 

r1 ~~(,~ ) = Y. Thus = Gy and so G ~ ~~(,~ ) ~p,, But V

has q-index in G and consequently G E ~(3~), contradiction.
(c) ~ (d). Assume that the groups in Y8n have normal Y-injectors.

In particular, the groups in 8n have normal F-injectors. Since

InjF n 8n = InjFoHalln, we have that F n is strictly normal in 
By Theorem 4.7 of [2], it follows that ,~ n ~~ _ ~1 ~ or (~n8~)*=§~.
This means that Y c 8n, or 8n c Y*.

In the next example it is shown that (d) does not imply (c).

EXAMPLE 4.4. Let n = {2, 3} and let Y = §~§3~. Let G =

- Cb 1 ( C3 1 C2) where Cp is the cyclic group of order p. Then

0,,(G) = 1, G E and Injy (G) = Hall3, (G). Thus G

does not have normal Y-injectors Y.
The next result is used to establish another equivalent property

to (2.2) in the case f = Inj y, Y a Fitting class.

LEMMA 4.5. Let Y be a Fitting class and n a set of primes. Then
RadFoInjFSn = 

PROOF. Let us write f = RadFoInjFSn and g = 
Let GE 8 and g~- where H e By Proposition 3.2 of [11]
there exist and E Hall,, (G) such that and
.g = WG:n;. Since it follows that and so r1

n W(G:n; r1 H~-). Hence we have that H~- r1 E Hall,, 

Hy n and Hy E f (G) and so, by (2.2), By n More-
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over, by part (b) of Proposition 4.4 of [3],

Therefore, W ~ n G~)  and since W is an

F-injector of it follows that Since f
and g are conjugate Fitting functors, the result follows.

Let V be an F-injector of G. Then V r1 is an !F-injector
of and, by the Frattini-argument, the Hall n-subgroups of

n are Hall n-subgroups of G. Since V ~ 
if then there exists such that 
and Under these circumstances we have

PROPOSITION 4.6. The following are equivalent

(a) V is n-normally embedded in G

PROOF. Assume that V is a-normally embedded in G and let L
denote the of G. Then by (2.2) and 

= 

Conversely, let Vn ± and Vn(V n L) E Y. Then E)
which is an FSn-injector of G by Proposition (3.2)

of [11]. Hence the Y-radical of n L) contains n L). By
(4.5), and so From (2.2) we conclude that V
is n-normally embedded.

Let Y be a Fitting class and ~z a set of primes. Y is said to satisfy
conditions a provided that for all G E 8, Vn E HaflnoInjy ( G), there

exists such that and V,, Gy c- 5;’.

COROLLARY 4.7. Let a be a set of primes and let Y be a Fitting class
satisfying condition a. Then Y is n-normally embedded.

PROOF. Assume that Y satisfies condition a and let G be of mi-
nimal order such that Y~ is not normal in Gn for some 

On E Halln (G), and V E Inj:¡; (G). Let .L denote the

of G. V is an Y-injector of n L) and Na(Y n L)
has n’-index in G. Thei ef ore, by minimality of G, 
and hence Gy = V n .L. This contradicts the hypothesis of (4.6) and
consequently F is n-normally embedded.
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