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A Simple Construction of a Parametrix
for a Regular Hyperbolic Operator.

FAUSTO SEGALA (*)

0. Introduction.

In this paper we use the techniques introduced in the works [4],
[5] to give a local parametrix for the operator

where 0 is a C°° function satisfiyng the following conditions:

Moreover, - is an elliptic differential oper-

ator and B is a differential operator of order one.
In the sections 1, 2, we construct two operators 6’(RN) -+

-~ 0’(RN+l) in such a way that (locally)

and

(*) Indirizzo dell’A.: Dipartimento di Matematica, Università, Piazza di
Porta S. Donato 5, Bologna (Italy).
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and an operator J: for which (locally)

The construction of J, E+, E- allows us to have a local parametrix
for Pu = f (see [5]).

The main application of the construction of E+ is that we can
exhibit (see sect. 3) a parametrix for the Cauchy problem

More precisely, we can choose the initial data at 0 = 0 in such a
way that the solution of the Cauchy problem corresponding to these
data is the solution of the Cauchy problem (3) with fixed data go,
gl at t = 0.

When 0(t, x) = ti P is exactly the Tricomi operator and a para-
metrix for (3) has been constructed by Imai [2].

When 0(t, x) = t + x2, x E R, a parametrix for (3) has been con-
structed by Yoshikawa [7], but, however, using quite different tech-
niques from ours.

1. A change of variables. ,

Assume that Ø(O, xo) = 0. From (1), (2) it follows that we can

write locally

where A is elliptic and ~&#x3E;0. By introducing the change of variables
(t, x) - (t + b(x), x) = (j, 0153) we can rewrite .C as follows (for jo’j +
+ small and new aij)
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Obviously, P is elliptic for C1 E ]- ð, 0[ and hyperbolic for a E ]0, ð[
and x E neighborhood of xo .

For o&#x3E;0 we can write the principal symbol of P as follows

where ~C(~, x, ~) is homogeneous of degree 1, B(d, x, ~) and x, ~)
are homogeneous of degree 2 and -B(0y 0153, ~) = 0153, ~).

2. Hyperbolic region.

Eiconal equation associated to the operator P, from (1.2) is the

following

By changing with s2 and by writing g~+(s, x, ~) = g~+(s2, x, ~), we have

that is we can write

and ~) is regular for small s.

Then, by arguing in a standard way, by means of an application
of the theory of Hamilton-Jacobi (see for exemple [2]), we can solve
(2.2) and the solution §3~ can be written for small s as
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where a is homogeneous of degree 1, ~8 is homogeneous of degsee i
and ~8(0, z, ~) ~ positive constant X ~~ ~ 2~~. In conclusion the solutions

x, ~) of (2.1), for small a are of the form

where 0 is homogeneous of degree 1 and

and e is homogeneous of degree i and

Now we try to solve the transport equation

where formally and

with ~C~y ( ~O (~, x, ~) , x, ~) homogeneous (in ~) of degree - v. We have,
by means of a tedions calculation (we omit ±)

and x, Dx) is a differential first order operator with C°° coefficients
in ( s, x) . From (2.4) it follows that (for small o&#x3E;0) we can make
the change of variable o - o(d, z, E). Then, as in the hyperbolic
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case, we insert (2.5) in (2.6), and we equal to zero the terms which
have the same homogeneity. Therefore we obtain the following trans-
port equations:

and for v ~ 1:

We observe that, for small a, the coefficient fo 8kof80 in (2.7)o is of
the form Ve q(Ve, x, ~) with q(O, x, ~ ) =1= 0. Hence by the change of
variable o = 8 2and by setting k(8, z, s) = k(82, x, $), we can write the
transport equations as follows (we add the initial condition on k°)

From (2.3), (2.4) it follows that .M’ is a first order differential operator
with C°° coefficents.

Now we can apply the calculus developed in [5]. Precisely, we
can take kw, solution of (2.8),, (2.8)v in such a way that for 

where is a complex constant and n 80,0. More pre-
cisely, if Ai(z) is the Airy function and A*(z) = 2n exp [::l: 3 ni] Ai
(egp [::l: ( - z)), then c’-, are the coefficients of the asymptotic
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expansion of i.e.

(see for example Wasow [6]).
We recall that the class is the set of all oo[ x 

functions a(s, x, ~) satisfying the following estimates (locally in x)

We observe that if a (s, x, ~) e then

Then we can sum the k~’’ in a standard way and we can define

modulo an error E 8--,0. Finally take

function and we have

with ( s, x, ~ ) 2013~ h~ (c~ ( s 2, x, ~ ) , x, ~) E S-°°’ 4~3, i . e . ht is flat for e - + o0
and moreover ~=0 for (!  ð (fig. 1)
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Unfortunately, the operators

are not regularizing. However, there exist which

compensate the error hI, that is P(exp exp [iO] hI is re-
gularizing and the matrix

is elliptic for o* == 0. The proof of this remarkable fact is given in [5]
in a very similar case. Therefore, there exist two operators .~t(~) with

and E~ are of the form

with m~ , ~±~~,2/3,0 and nI(O, 0153, ~) = 0.
By the Duhamel’s principle we can write a parametrix for the

non-homogeneous Cauchy-problem with initial data at (J = 0.

Now we have to study the Dirichlet problem on We begin
by study the case

and we seek a parametrix of (2.10) on the form

More precisely, we
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seek a as an asymptotic expansion with pseudo-homo-

VA &#x3E; 0. We can give a sense to the sum

(see [4] for the details). From here, we can follow closely the calcu-
lation of [4], [5] to obtain a parametrix for Pu = f f or ore ] - ð, ~[.

3. Cauchy problem with initial at t = 0.

In the section 2. we have given a local parametrix for the Cauchy
problem for P that is on t ~ - b (x) . Here we shall prove
that it is possible to construct a local parametrix for the Cauchy
problem for P on and x near to xo (with b (xo ) = 0) by starting
from a parametrix for the Cauchy problem on t&#x3E;- b(x). Let B,
be the operators constructed in the section 2., i.e.

In [5] one proves that

with , and

with

Therefore we can rewrite the operators E* in the following way
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Therefore the operators Q, defined by (here we write for simplicity
b in the place of - b)

with By means of a simple calculation, we have that

= complex constant k # 0.

We set

and

8, = principal contribution to

principal contribution to

Hence, from (3.1), (3.2) we obtain
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From (2.3) and (2.4) we can write 1

with

and

for (x, y) near to xo). Then we can consider the change of variable
~ - q = $ + y, ~). Since

for cr E [0, 6] and x near to xo, the matrix

is locally invertible in a neighborhood of x = 0 if is invertible the
matrix

where
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and

The matrix J is invertible since, from (3.3) we have
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