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Hélder-Continuity of Selutions
for Some Schriédinger Equations.

GIUSEPPE DI FAzIo (*)

0. Introduction.

Recently the local regularity properties for solutions of Schrédinger
equations of the form

(*) Lu=— (aijuz‘):::l: Vu

have been studied by many authors (see e.g. [A-S], [D-M], [C-F-G],
[C-F-Z]) allowing V to be a very singular potential, precisely V e S,
the Stummel-Kato class (see definition 1.1).

Under this assumption in [C-F-G] was established a Harnack ine-
quality and proved a local continuity result for solutions of ().

It is easy to see that if Q2 is an open bounded set in R* then
L?(2)C 8 for p > n/2; hence the result in [C-F-G] generalizes the well
known Hoélder estimates by Stampacchia [ST], Ladizhenskaia [L-U] ete.

We stress that high integrability of ¥ does not play an essential
role.

In fact also the Morrey space L'"*(Q) is contained in 8 for A > n— 2
and being in L%“*(Q), for any 0 < A < n, does not imply any extra
integrability (see e.g. the examples in [P2]).

In this paper we assume V in IL»*(Q) (A > n— 2) and prove local
holder-continuity for solutions of (%) hence, in this special situation,
we improve the continuity result in [C-F-G].

(*) Indirizzo dell’A.: Via del Canalicchio 9 - 95030 Tremestieri Etneo
(Catania), Italy.
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Our technique is very close to the one in [C-F-G] heavily relying
on the exploitation of well known estimates for the Green function of L.

There is however a technical difficulty.

It is impossible to use the usual C*-approximation for L and V
(as in [C-F-G]) because functions in Morrey spaces are not close, in
general, to bounded functions in L**(£2) (see [P1] p. 22 for an example
of an LY*(Q) function with distance from L=(f2) equal to 1). We
overcame this difficulty by developping a representation formula for
solutions of (x) that extends classical results on the Green function
(see e.g. [ST]).

1. Some function spaces.

Let 2 be an open bounded set of R* (n > 3).
We will need some mild regularity assumption to be satisfies by
02 e.g.

34 €]0,1[: |2,(x)|<A|B,(x)] Vzeol

where 7: 0 < r < diam (2) (%).

DEFINITION 1.1 (Stummel-Kato class). We say that V:Q2 —R
belongs to the Stummel-Kato class S iff there exvists a mon decreasing
function n(r) > 0 with lint‘lJ n(r) = 0 such that

(1.1) sup [ V@)l —ylrrdy <nir)
zeR 2:(x)

Obviously S C Ly(Q).
DEFINITION 1.2 (Morrey spaces). LV*(Q) (0 < A< n) is the space
of functions fe LY(2) such that
[l =: Supr= [ [f(9)]dy < + oo.
LEeQ
r>0 (@)

(Y) |B| denotes the Lebesgue measure of a measurable subset E of R":

B@@) =:{yeRm: |lx—y|<r}; £.(2)=: 020N B, ().
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to the Stummel-Kato class and

LemMA 1.1. If u belongs to LY*(Q) (n— 2 < A <) then w belongs

f lu(y)| |z — y|*~"dy < Or*="+2|u| pa)
()
where C depends only on A and n.
Indeed,
+ oo
flu(y)llw —yprdy = 3
o k

[u(y)||z —y]>"dy <
=0 Q0 {r|2 1 |a—y| <r/2k}

+ oo
< D (r27 2 u(y) | dy <rt =20 -
k=0 Qyy5()
REMARK 1.1:

LM () C 8 C L)

where 0 < u<n—2< i<n.

Indeed the inclusion LV*Q)C 8 is an immediate consequence of
Lemma 1.1 and the other inclusion is obvious.

and H-1?(Q).

DEFINITION 1.3.

We now recall the definitions of the Sobolev spaces H?(2), Hy?(£2)
<p<+o0) iff w,

We say that u belongs to H“?(Q)[H
ou

o € (DN Lo Q)]

1,p

loc(-Q)](l <

(1=1,2,...,m)
H»*(Q) is a Banach space under the norm

ou
o0x;

[w]m2 @)= [lzoa)+ =21

L7(2)
H}?(Q) is the closure of D(Q) with respect to the H?(2) norm; H~?(2)

is the dual space of HY%(R), where 1/p + 1/¢ = 1. We have T € H~1?(2)

iff, 3f,e L»(Q) (i =1,2,..., n) such that T = Y 0f,/ox,.
=1

175
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2. Green’s function and a representation formula.

In the following sections we will consider the operator L — V
where L is the divergence form elliptic operator

0 0
b= (o)

satisfying

a”ELW(Q A= Qj4 2,7 =1,2,..., 0
(2‘1) { )’ ( ’7 ? ? ’ )

31’ >0: ’V|§|2< aij§i§j< 'V_llflz VE € R»
and V is a function
(2.2) Vel Q) (A>n—2).
DEFINITION 2.1. We say that u € Hg2(2) is a local weak solution
of the equation
Lu="Vu
off
2.3)  [a(@)t. @) pu @) do = [ V@) ul@) p(o)dn; Yy e D).
Q2 Q

Definition 2.1 is meaningful by the inclusion L“*(Q)Cc S and [S]
p. 138-140.

We recall that under the weaker hypothesis V € § the following
regularity result for weak solutions was proven in [C-F-G].

THEOREM 2.1. There exist two positive constants C = C(v, n), r, =
=1(v,m, ) (n from definition 1.1)-and a non decreasing function
o(r): lin(r)l w(r) = 0 such that, for any local weak solution of Lu + Vu = 0

r—>

in Q2 and for every ball B,(2,): B, (5,) € 2 (0 < r<1ry) we have:

ose u<Cw(r) Sup |u| .
Br(x,) Bar(2,)
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‘We now define a different class of solutions:

DEFINITION 2.2. Let L be such that (2.1) holds, let u be a bounded

variation measure in Q and T = Y 0f;[ox, € H-23(LQ).
i=1
We say that we L) is a very weak solution of the equation

Iu=p+T

if and only if

(2.4) fu(w)rfw(x) dw = f p@)dp— 3 f fio) 2L da
Q ko]

for every p € HL*(Q) N C°(Q) such that Ly € C°(2). In much the same
way as in [ST] it is possible to show

LeMMA 2.1. Assume p is a bounded variation measure and T =

= > 0f,Joxw; € H-1%(). If uec HY%RQ) is a weak solution of the equation
0

iS1
Lu=p+T

1.e.

(2.5) fa”(w)uw.(x)wx,(w)dx: u—3 [tda "’dw, Vye HY(Q)
) 2

Q Q

then u is the very weak solution of the same equation.

The proof is an easy consequence of the definitions above. We now
recall the definition of fundamental solution.

Let y € 2 and ¢, the Dirac mass at y.

Consider the equation

Lu=4,.

We call its (very weak) solution the Green’s function relative to
the operator L with pole at y and we denote it by g(w, ).
By the definition above the solution ¢ € Hy*(2) N 0°(2) of Ly = v,
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where y e (°(2) is given by the formula
29) =[9(@, 9) pl@) do = <p(@), g(a, 9)> -
Q2
Consider:
(2.8) Lu=u+T

where y is a bounded variation measure, 7 e H-%?(2) (p > n). We
have the following

THEOREM 2.2:

u(@) = {u(y), 9(z, )> + <T(y), 9(x, y)>

is the very weak solution of (2.8).

ProoF. We consider only the case u = 0 (for the case T =0
see [ST] Th. 8.3 p. 227).
We will show that
w(@) = <T(y), 9, y)>
satisfies:

{Lp(m), <T(), g(=, 9)>) =<TW), p(¥)>; Ve HL2)N CUD)

such that Ly e 0°(2).

Let
T:i L ) where f, e L*(£2), 1=1,2,...,n.
i< o,
Then
0
{Lp(), <T@), 9@, 9)>> = | Lp(@) (— f 29 dy)dw .
2 2

We observe that

0
| Ly(@) a—y"— fiy)] € MR X Q).
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Indeed we have:

Qf(flex)f

1wy ds ﬁfle (H%ﬂ vl ay) ds <

oY
<[l £2] | b <max o e f Wl .
J 0Y. ||z (@) 0, || (@)
Then (see [ST] p. 220 (8.6))
¢
f(fle(x)l %l lfi(y)ld?/)<0m_gx [Lp(@)||f:] 2o (@) -
Q0 02
By Tonelli and Fubini’s theorems we have:
og og
jL«p(w) (—f f ) dy) @ —ff <y>( f Iyp(e)de )dy —
Q Q Q2 y
0
=IL-(@/) (— e fg(w, ) Ly() dw) dy =
0 ZQ
~[100 (= 2o <ot 0, Tytap) = (G wtor ), Tyt =
J ayz ’ ) ayl7 9
= (TI'(x), p(®)) .

REMARK 2.1. In the proof above we may differentiate under the
integral; i.e.

fay Ly(x dac————f x, y) Ly(x)dz .
In fact, for every g€ D(L2) we have, using Fubini’s theorem:

_<a J-“’yL'/’( Ww,qu)} (f a, y) Ly(w dm’a(p _
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0 0
(foto 0 2v120) 22 ay = [ ( [ 32 gt 1) Lytor a0 =
Q Q2 Q2

=—( f o2 Iplo) da, 9) -
Q

Q

3. Holder-continuity of local solutions.

We now state the main result of this paper

THEOREM 3.1. There ewist positive numbers vy = ro(v, |V |1,2, 4, 0)
a=a(y,n), C = C(v,n, |V, A) such that for any local solution wu
of Lu = Vu in 2 and for any ball B,(5,), with B,(x,) S 2, 0 <r<r,
we have

|u(x) — u(x,)| < C Sup |u|ri—n+2-

3r(®o

.(Iw_xolocl2/,-—a/2+ | — a7 |(B=n+DI2p—(i=mt 22 | (lﬁ:i"l)“)
r

ProOF. Let Ve L4 (Q) and % a local weak solution of Lu = Vu
i.e. we HYQ) such that:

2u @
(3.1) f a(x) % 5:”7 dw — f Vo) px)de VyeDE@R).
Q 2

Let ¢ € D(2). It is easy to see that ue is such that

1

0 0
Jauta 222 4, —f V(@)u(e)p(@)pla)dz +
Q

+ fautarute) 22 2 a0 —[ao) 5
Q Q

holds.
Therefore, by Lemma 2.1, up is a very weak solution of

[

2 0
L(ugp) = V(o) u(z)p(z) —a%j(aﬁ(w)u(w) 5%)" @3s(®) aZ ng
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By Theorem 2.2 we have

w(@)p(a) = f w9, y)dy + f u(y) aj dy —

J

f (@, y) i3

Q2

U Op
ad

Now we choose ¢ € D(2) such that 0<p<1, ¢(@) =1 in By,(x),
supp () C Ba,(w,), |Vo|< Cfr where 0 <r<r, and 7, is determined by
the local boundedness theorem 1.4 in [C-F-G].

Obviously, for every = € B,,(r,) We have:

(@) — u{ry) =fV(y)u(y)¢(y)(g(m, Y) — g(@o, ¥)) dy —
Q

-—f(y(w, y) — g(&o, ¥)) ais(y) dy +

ou
ay 8?/
ag o
+f(( ) ( ) )a,-,-( u(y) —dy =1 —TII 4+ III.
0Yi)@w \%Yi)@v yuy) 0y, Y T

We begin estimating I.

1={(g(z, 9) — glar, 9)) V@) uly)p(y) dy +
{e—y|> N|z—a,|

+[ (9@, 9) — gla0, 9) VO uly) ply)dy = 4+ B.

|2o—v| < N|w—,|

Where N is a positive number to be fixed later.
To estimate A we use the inequality (see [G-T] p. 200 Th. 8.22
and Harnack’s Theorem)

lg(, y) — g(x0, )| < C(v, ) (!g—r__wol)“ g(xo, ¥) <

Oy, m)

C(v, m)
ST Ns

_Na lx . ylﬂ—

)<
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hence

C(v, n) f [V(y)|
A<—2 dy Sup |u
¥ ) g @R
Bar(x,)

and by Lemma 1.1

A O @, 721 2) o g1
N Bar(2,)

To estimate B we use Lemma 1.1 and the following bound

C(v, n)
9(z, y) < T — gy
proven in [L-S-W].
We obtain:
0(’”, ’”/) C('V’ ’I’L)
l9(@, 9) = 9@, <55 + G =y
and therefore
B<C(v,n) ﬂ(y)—l_zdy Sup |u|<
|o —y|" Bar(@o)
|o—y| < N]w—a,|
V)l
<O(v,n) e —y|—? ay <

|Zo—¥| < (N +1)|e—a,|
<O, n|V]zaa), A)BSI}P)W[((N + )| —mo[)* 7 +2.
27\ &

Now, if we choose N = (r/|z — @,|)} > 1 we obtain

T <C(1V lzxa, 2, v, n) Sgp)lul | — ay|¥12pAmnt2al2
Bar(x,

+ O(IIV”L""(QM ’1’ &) ") Sup lu”w - xol(l—n+2)/27(z—n+2)/2 .
Byr(x,)
Estimating IT and III as in [C-F-G] we obtain

1<t (252 ( fuarar)

Bar(x,)
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and

o, (B (furar).

Bar(xo)

The theorem now follows.
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