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A Class of Finite ¢-Series - II.

H. M. SRIVASTAVA (*)

SuMMARY - Some elementary results are used here to prove an interesting
unification (and generalization) of several finite summation formulas
associated with various special hypergeometric functions of two variables.
Further generalizations involving series with essentially arbitrary terms
and their g-extensions are also presented. The main results (2.1), (3.1)
and (3.2), and algo their multivariable generalizations (3.4) and (3.9), are
believed to be new.

1. Imtroduction.

In terms of the Pochhammer symbol (4), = I'(A + n)/I'(4), let
Fp7 denote the generalized (Kampé de Fériet’s) double hypergeo-

metric function defined by (cf. [3]; see also [1], p. 150; [8], p. 63,
and [9], p. 423)

) [(ap)= (¢);  (a);
11 FE @, y] =
(be):  (dy);  (Bo);
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where, for convergence of the double hypergeometric series,

i) ptr<k+s+1, ptu<k+ov+1,
o] < o0, and |y|< oo,

or
(i) ptr=k+s+1, ptu=k+o+1,
and
(1.2) { ofrro— 4 fyluov <1, if p>k,
- max {|z], [y} <1, it p<k,

unless, of course, the series terminates; here, and in what follows,
(a,) abbreviates the array of p parameters a,, ..., a,, with similar
interpretations for (b.), et cetera.

With a view to extending an earlier result of Munot ([4], p. 694,
Equation (3.2)), involving a finite sum of certain double hypergeo-
metric functions, Shah [6] proved two analogous summation formulas
for some very special Kampé de Fériet functions. These finite
summation formulas of Shah may be recalled here in the following
(essentially equivalent) forms (1) (¢f. [6], p. 173, Equations (2.1)
and (3.1)):

Y (Da(fWyon gt —o0+96,0: B; —N-+n;
13) > %Flhh[ @, y] =

= ’ —e+d—0o: y; I
__(l“*_:u)NFz:l:l[ —et+90: B - x ]
== —‘N,— 1:1;1 YY1

| —o+d—o: y; A+tup;

L (A —n_ ;e
14 3 e

[ —o+06: fyo—a—pB—N-+1; —N+na+pf+N+1; ]
N =
—e+d—o: Vs I

(*) The summation formula (1.4) appears in Shah’s paper (¢f. [5], p. 171)
with an obvious error. Precisely the same formulas as (1.3) and (1.4) happen
to be the main results of an identical paper (with a different title: A note on
Kampé de Fériet functions) by Shah [Math. Notae, 28 (1981), pp. 37-42].
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= A gz
—p+6: fy0—a—p—N-+1; —N,a+p+ N1, : ]
'
—o+d—o: ¥ A+ p;

{E=a,n=1401—2)

where (according to Shah [5]) o and N are both non-negative integers.
Shah’s proofs of (1.3) and (1.4), as also Munot’s similar proof
of the special case of (1.3) when ¢ = 0, are long and involved.
The object of the present sequel to our paper [7] is to derive much
more general results than (1.3) and (1.4) from rather elementary
considerations. Our summation formulas (2.1), (3.1), (3.2) and (3.4),
and the multivariable ¢-extension (3.9), are believed to be new.

2. - Finite sum of generalized Kampé de Fériet functions.

‘We begin by establishing the following general summation formula,
involving Kampé de Fériet’s functions, which indeed unifies and
extends the known results (1.3) and (1.4):

1) 3 DRl g

(0/,,): (0,); —N + n, (“u);
S nl( —n)! [ . y]:

(br): (d); My (B2);

— O [

(a’z:): (Gr); - N’ (“u);
N' m’ y]

(bi):  (d); A4y (Bo);

where N is a non-negative integer, and the various parameters and
variables are so constrained that each member of (2.1) exists.

ProOF. Denoting, for convenience, the left-hand member of (2.1)
by S(x, y), let

[T (@) IT( g ()

(2.2) A,=2 , B,=23=1 , C,=1 , n=0.

v

[1(d). I
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If we apply the definition (1.1) and use the abbreviations in (2.2),
we find from (2.1) that

_ rax (A)n( ) 5—n fl‘_'l('—f'/)m__
(@, y) _,ZO ,;, ,,,=OA'+’”B’C"‘n!(N—— m—n)(p)m I! m!
_ @t (—y)" ¥ (A)a(pt + M) y—mn
wl’mzoAhLmB;Cm om! 2 nlN—m—n)’

where we have employed such elementary identities as

j— n !
23)  (MDmen— (On(A 4+ m)y  and  (N—n)t = 1 H
(—' N)n
0=n=N.
Since
T (An(tt)y—n (A 4+ p)
(24) ,,%o’n'(N—n)': N! N? N:071’2y veey
we readily have
= il Gt D Ol sCOV S
o= X AuwnBiOngi = Nyt
— Aty (=N ot g
R ,,ngoA'*’"B’O’"(z F @)m 1l m!

which is precisely the right-hand member of (2.1).

This evidently completes the proof of the summation formula (2.1)
under the constraints stated already.

The summation formula (2.1) corresponds to Shah’s result (1.3)
when

(2.5) p—1=k=1, r=s=1 and u+4l=v=1.
Moreover, in its special case when
(2.6) p=k=1, r—1=s=1 and wu=0v=1,

if we further set y = (1 — #), our summation formula (2.1) would
yield a slightly improved version of Shah’s result (1.4).
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3. — Further generalizations and g-extensions.

By examining our proof of the summation formula (2.1) rather
closely, we are led immediately to an obvious further generalization
of (2.1) in the form:

N l) N—n N—I—- mx-l o

@H 2 r%(TV(——' 2 Z A1nBiC,, (mﬂﬂ%:
)’ (= N)w a* ym
B N! lgo mgo Al+".B10m (l—i—lu) l'm"

where {4,}, {B.} and {C,} are bounded complex sequences.
More generally, for every bounded double sequence {£(I, m)}, we
have

¥ (/1)( Non D — N + n), z* Y™
3.2) z’ﬂ' “ 'tzofnzo (4)m T’WZ
_ Bty ) =M 2ty
Z E‘Q(l (l—l— W)m Um!’

which would evidently reduce to (3.1) in the special case when
(3.3) 21, m)=A4,,.B,0,, ,m=0,1,2,....

Formula (3.1) yields the hypergeometric form (2.1) when the arbitrary
coefficients A,, B, and C, (n =0,1, 2,...) are chosen as in (2.2).

It is not difficult to give the following multivariable extension of
(3.2):

(3.4) § M‘."_‘_’L 3: Ni”/l(ll,...,lk; m)w.

Son! (N —n)!y,, =0 m=0 (4)m
x{l wEy"
AR m!

_ Aty S & oy (=N @l @Y™
- N! ,z, z= (B lk’m)(l—!—,u)m—lﬁ lk|mv’

which, for k=1, corresponds to (3.2), {A(l,...,l;; m)} being a
suitably bounded multiple sequence.
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In order to present the g-extensions of the various finite summation
formulas considered in this paper, we begin by recalling the definition
(¢f. [21; see also [6], Chapter 3)

o (1 Agt
(3.5) s 0n = [ (1 50k)

for arbitrary ¢, 4 and u, lg|<<1, so that
1, ifn=0,

(3.6) (45 g)n = { (11— A1 —Ag) ... 1 — Agm), Vne{l,2,3,..),

and

(g q)n) (A)n .
: lim (L2 D) D =0,1,2,...,
-0 e ((q”;q),. @, "o

for arbitrary A and p, p£0,—1,—2,....
We shall also need a g-analogue of the identity (2.4) in the form:

T4 @)t Qw—n (Aus Q)
3.8 Dy AInAEY AN O AN N=0,1,2,..
(5:8) n%o(q;q)n(q;q)w—n” (g v’ O

which is an easy consequence of a ¢-hypergeometric summation
theorem ([6], p. 247, Equation (IV.1)).

Assuming the coefficients A(ly, ..., Li;m) [[,=0,j=1, ..., k; m=0]
to be suitably bounded complex numbers, it is not difficult to prove,
using (3.8) along the lines detailed in the preceding section, the
following g¢-extension of the general result (3.4):

AL (A'Q)H(H;Q)N—n S} N:n
3.9 a2 TR 2R A(ly, ooy iy m)-
(3.9) n%O (g5 9)a(g; Q)N—n'u ll,..%ik=0 m2'=0 (Bay -evy b om)
@™ Qw2 W Y
(5 Om (G Dew (45 D (€5 Dm

A On 2 Z (@5 Q)m
=t 2N Ay, ..y Ly m) 220

(s On 1, 5h=0 mz=’0 (s b5 m) (A5 Q)m
oy . (Ay)m

@GOG On (@5 D’

which holds true whenever both members exist.
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For k=1, (3.9) would immediately yield a g-extension of the
summation formula (3.2). If, in the special case of (3.9) when k =1,
we further specialize the resulting coefficients in a manner analogous
to (3.3) and (2.2) but using the definition (3.6), we can deduce
appropriate ¢-extensions of the summation formulas (2.1) and (3.1) as
particular cases of the finite g-series (3.9). Moreover, in view of the
identity (3.7), the g¢-summation formula (3.9) can be shown to
yield (3.4) in the limit when ¢ —1.
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