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REND. SEM. MaT. UNIV. PADOVA, Vol. 76 (1986)

Partial Holder Continuity of the Spatial Derivatives
of the Solutions to Nonlinear Parabolic Systems
with Quadratic Growth.

MARIO MARINO - ANTONINO MAUGERI (*)

SuNto - 8i considerano soluzioni u € L*— T, 0, H¥(R, R¥))n HY(— T, 0,
L2(Q,R¥)) n O*¥(@,R¥), N>1, 0<y<1, del sistema non lineare, in
forma di divergenza,

o

n w
— Y D;a¥(X, uw, Du) + i BY(X, w, Du)

i=1
e si dimostra, nell’ipotesi che il sistema sia fortemente parabolico ad anda-
menti quadratici, la parziale holderianitd delle derivate spaziali D,u di u.

1. Introduction.

Let Q be a bounded open subset of R*, with n>2, whose boundary
00 is sufficiently smooth, for instance of class C3. Let 7 >0 and
Q=02X(—1T,0). If z = (2, 2,,...,2,) i8 & point of R* and ¢t is a
real number, we set X = (w, ).

By Q(X° o) we denote the subset of R~+!

B(x° 0) X (1°— 0%,1°)

(*) Indirizzo degli A.A.: Dipart. di Matematica, viale A. Doria, 6- 95125
Catania.

Lavoro eseguito con contributo finanziario del M.P.I. e nell’ambito del
G.N.A.F.A. del C.N.R.
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where X°= (2°1°), ¢ > 0 and B(2°, o) is the (open) ball of R" centered
at 2° and with radius o.

If % is a function from @ to RY (N is an integer >1), we set
Du = (Dyu)|... |D,u) where D; = 0/0x;. Clearly Duec R". We shall
denote by p = (p'|... [p"), p’€ R¥, the typical vector of R".

‘We consider in @ the second order non-linear system

(1.1) — 3 D.ai(X, u, Du) + ou

~ EZBO(Xv u, Du) ,
where ai(X,u,p), i =1,2,...,n, and B°(X, u,p) are vectors of R¥
measurable in X and continuous in (u, p).

We suppose that system (1.1) is strongly parabolic, namely that
vectors a‘(X, ,p), ¢+ = 1,2,..., n, are differentiable with respect to p
and there exists a constant » > 0 such that

N "9 ; X, R ‘e n
(1.2) > 3 D) gy e
Rk=14,i=1 Di: i=1

for every system {£7},_, , of vectors of R¥ and every (X,u,p)e
€ Q X RY X R,

If vectors a‘ and B° have « controlled » growth (see [7],n.1), by a
solution to system (1.1) we mean a vector u € L*(— T, 0, H\(2, R¥)) N
N L>(—T,0, L*(2, RY)) such that

op
5)} ax =

=f(B°(X, u, Du)lp) dX , VegeO7(@Q,RY).
Q

(1.3) f{z (ai(X, u, Du)lD,-(p)—(u
i=1

Q

In the case of «natural» growth (see n. 4), we shall say that
u: @ — RY is a solution to system (1.1) if w € L*(— T, 0, H*(L2, R¥)) N
NHY (—T,0,L*2,RY)) N 7@, RY), 0 <y <1(?), and u satisfies (1.3),
Vg € C3(Q, RY).

(*) (+]*)rand || ||, are the scalar product and the norm in R, respectively.
We shall drop the subscript ¥ whenever there is no fear of confusion.

(2) Throughout this paper, the Holder continuity is related to the para-
bolic metric

X, Y)= max{|x—y|, |t — rl*} , X=(z,t), Y= (y,7).
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In the work [7] S. Campanato has proved Hdélder continuity and
partial Ho6lder continuity results for the solutions of system (1.1),
under the assumption that the vectors a* and B° have controlled
growths.

The aim of this work is to study the partial Holder continuity
in @ of the spatial derivatives of the solutions to systems of type (1.1)
with non controlled growth.

In the case of non linear elliptic systems, some partial Hoélder
continuity results for the gradient of the solutions are given in the
works [3], [8] and [4].

We start with the following remark. ILet us suppose that the
system (1.1) has natural growth and that the vectors ai(X, u, p),
i=1,2,...,n, belong to C(QxRYxR"™). Let ue L*(—T,0, H}L,
RY)) N HY(—T, 0, L} 2, R¥)) N C>(@, R¥), 0 < y < 1, be a solution of
system (1.1).

Fixed an integer s, 1 <s<m, in (1.3) let us assume

(1.4) ¢ = Dv¢  with vse 07(Q, RY)

We obtain that » is solution of the system

i=1

(1.5) f{ S (D.ai(X, u, Du)|D, vs)+(D u‘avs)}d)(:

=| > (6:;BX,u, Du)[D,v?)dX, Vovse C7(Q,R").
i=1
a

Because
i N aaz n N aaz
D,ai(X, u, Du) = ~;—z Duk—,—z > P D, uy (%),
<1 51 0P
t=1,...,n,

ovs ~
)l a -

=| > (F"(X, u, Du)|D,v*) dX , VveC3(@,RY), s=1,2,...,n,
i=1
Q

we can write (1.5) in the following way

oo i,

Q

M=

1

(A;(X, w, Du) D;,u|D;v*) — (Ds u

o,
(®) Dju, = P a‘w k=1,..,N; Dju= (Dyu,,..., D;uy).
&7
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where
oa}
(1-7) Aii: {A?ak} ’ A?’;: apzv
7 N i
(1.8) Pt (X, uy, Du) = — 2% S 8y e 6., B0

aws k=1 auk

If now in (1.6) we add with respect to s and set U = Du, we ob-
tain that U belongs to L*(— T, 0, H*(2, R"")) and verifies

(1.9) f{ S (44X, u, U) DleDi@)—(UIZ—i))}dX:
i=1
Q

”‘J. i (Fi(X,u, U)|D,®)dX, VPel3(Q,R™)),
i=1
)

where #;;, 4,j =1,2,...,n, is the following n N X nN matrix

(1.10) Au=1 0o [~ 1o n® blocks

whereas Fi, ¢ =1,2,...,n, are the vectors of R"¥Y whose components
are

(1.11) Fe = (For|Fo| .. [Fon)
Let us remark that system (1.9) is strongly parabolic too. Infact

for every system {n};_, .2, .., ' = (n"'n"?|... |n""), n*c R¥, of vee-
tors of R*¥ we have:

n

S (i) =3 S (dunpily) =

§s9=1 id=1 8=1
< < aa’;‘ 738,958 3 il 2
= 2 2 X annnt>y X

021 §=1 njm1 0P

The matrices #,; are bounded and uniformly continuous in @ X
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X R¥ % R if such are the derivatives

»%, iy =1,2,..,m k=1,2,.., N.

Then the study of the partial Holder continuity in @ of the spatial
derivatives of the solutions u to the system (1.1) is reduced to the
study of the partial Hoélder continuity of the solution U = Du of
systems of type (1.9) with coefficients that depend on X, u, U.

‘We shall be concerned with this type of systems in Section 3;
in Section 4 we shall prove a partial Hoélder continuity result for the
spatial derivatives of the solutions to the system (1.1) in the case
of natural growth. Finally in the Section 2 we mention a few results
that will be used in the next sections.

2. Preliminary results.

LuMMA 2.1. Let UeI2(1°— 0%, 1°, H(B(a®, 0), R*Y)) 0 Hi(10— o, 10,
I*(B(a®, o), R*~)). Then

f||U~Uo<X°,a)”2dX<CUZ f 3D, Ujrax +
Q(X“,G’) Q(X“,a)l=1

o
+[ @ [ ae [IHO =2 “f)nzdm} «.

1°—o0? t°*—0? B(x°0)

See [56], Lemma 2.1.
Now let 4}, ¢,j=1,2,...,n, be constant nN X nN matrices, such
that

(2.1) 2 (fi'lr) =y 2 Il?

=1 i

for some » > 0 and any system {n‘},_, , , of vectors of R". Also
let ¥i,i=1,2,...,n, be functions in L*(Q(X°, o), R*") and let Ve

1
Y Uuxeoy=F+ UX)dX = — - — _— — |UX)dX.
® Yaxe, f (&) measQ(X“,o)f )
Q(X°0) Q(Xx°,0)



224 Mario Marino - Antonino Maugeri

€ Lz(t°— o*, 1, H(B(a°, o), R"N)) be a solution of the parabolic system

(2.2) f{i je;’,.p,.mz)@)—(ﬂylaa?)}dx

Q(X°0)

z 1D, ®)dX, V@ e CQX,0),R™Y).

Q(X",o)
Then we have

LEMMA 2.2, Let (2.1) and (2.2) be satisfied. Then, for every v €(0,1),

Swvparcefenf § ipvpax 4| § o]

Q(X",'w) Q(x°, ) Q(Xa,d)
and

[V — VUgexs,za)|2 dX <

Q(X*,70)

<e {T"+‘J‘""II— ClTQ(Xo,a)llz dX - Tzo'zf z "147;"2 dX} .
=1

x*,0) ax*,0)
See |5], Lemma 2.11.

LeMMA 2.3. Let ¢,y be nonnegative functions defined in (0, o).
Let M, B be nonnegative constants. Also let o« >0 and A >1. Assume
that

p(to) <Ar*@(0) + (o)
y(ro) <Br*y(o) + M,

for every v € (0,1) and p € (0, a]. Then there exist constants K and C,
depending only on A, «, &, such that

@(ro) <Av* *{p(0) + KBy(o)} + CM

for every 7€ (0,1) and ¢ € (0, ).

See [4], Chap. I, Lemma 1.II1.
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LEMMA 2.4. Let functions ¢ and w, be nonnegative in (0, d] and let w,
be nondecreasing; also, let function w, be nonnegative and nondecreasing
in (0, + oo). Let A, a be positive constants and let 0 <f << a. Suppose
that

p(10) < {A7* + w:(0) + w,(0c Pp(0))} (o)

for every v e (0,1) and o €(0,d]. Also, suppose that, for some &€ (0,
o« — fil, there is a o,€ (0, d] such that

wi(0,) + wy(0; p(0,)) < (1 + 4)*.

Then, VT € (0, 1)

where B = (1 |+ A)*-

See [4], Chap. I, Lemma 1.1V.
Finally, we need the following interpolation result.

THEOREM 2.1. Let we L*(— T, 0, H¥Q, R¥)) N H'(— T, 0, L3(£,
RY)) N C*"(@, R¥), 0 <y < 1. Then

, n 2 .
(2.3) D;ue L@, Ry, Vi<s< ———(4—:7;~ ) i=1,2,...,n,
and
n d

a3 Inw— Dagrax <

i=1

Q
au 2 s/4
~ o(mis Q02 ~A>f4<"~2>{ [( 2,10+ ’_~“)M}
iz ot
Q

where ¢ depends on n, s, y, (4], 5.

The proof of this theorem is achieved by a standard technique,
taking into account Theorem 3.III of [2], Lemma 1 of the Appendix
to [9] and the results of [12] (see also Theorem 2.III of [1]).
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3. Lecal L7 regularity for systems of type (1.9).

We start by recalling the following L? regularity result for linear
systems.

THEOREM 3.1. Let Ue L}—T,0, H(Q, R™))N L*(— T, 0, L*(Q,
R™)) be a solution in Q of the linear system

n oU
G0 =3 Di((X)D,U) +

=— D, FiX).

i=1
Here the nN XnN matrices £,(X),4,j =1,2,...,n, are defined and
bounded in @ and satisfy the strong ellipticity condition. Then there
exists yo€ ((n — 2)[n, 1) such that, if

(32)  FleIQ,Rw), 2<q<§—, i=1,2,.,m,
(V]

we have

(3.3) D, Ueli (@, R™, i=1,2,...,m,

and

n 1/q n _ 1/a
[ Zwwreax) <o [ 3 1wax)+

X0 ax,20)

n i
-+ cg(niz)(l/a~%){ (Z |D;U|2+ 2| U — 4| 2) dX}
i=1
Q(X°,20)

for every e R and Q(X° 26)€EQ (°).

See [6], Section 4, Theorem 4.IV.
Now we are ready to prove, taking into account Theorem 3.1, the
following L¢ regularity result for non-linear systems:

THEOREM 3.2. Assume that w is in L*(— T, 0, H(Q, RY)) N H'(— T,
0, L*(2, RY)) N C*(Q, RY), 0 < y <1, and U = Du is a solution in Q

(5) Q(X° 0)€Q means that B(x% 0)€R2 and g* <t®+ T'<T.
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of system

n . oU n ;
(3.4) — > D(#,4(X) D;U) + P ——'21])1.1«11‘()(, u, U) .

Q=1

Here the nN XnN matrices £,;(X),1,) =1,2,...,n, and the nN-vectors
Fi(X,u,p),t =1,2,...,m, are assumed to be as it follows: #,; are
defined and bounded in @ and satisfy the strong ellipticity condition;
Fi{X, u,p) are measurable in X and continuous in (u,p) and have the
following growths

(3'5) “F‘(X7u7p)”<fl(X)+M2”p]12’ /'::]727"‘7"7
i=1

‘ a ocqge 2 p 201 2)
(3.6) fi(X) e LYQ) , 22q< A T

Then
3.7 UelyQ,R*™), D, UeLl.(Q, R¥, i=1,2,...,n,

and

a8 ([ Zpvpax) ce( [ Zipax)” s ot

QUX’,0) Q(X*,20)
{ (3 i+ 1+ v —ae+ | ) ””‘}%

Q(X°,20)

ow |
|

for every A€ R"™ and Q(X° 20)€Q with o<1.

Proo¥. Let u e L(— T, 0, H*(Q, RY)) n H(— T, 0, L*(2, R¥)) N
N 0%7(Q, RY), 0 < y << 1, be such that U = Du is solution in @ of the
system (3.4), namely

n oD
(3.9) f{’gl(ﬁii(}()D1U|Diq>)—(Ul—a?)} aX =
Q

:f}n: (Fi(X, u, U)ID,.Q)) dX, VY®eo2Q,R™).
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Let Q(X°, 26)€Q and Q* = Q* x (— A*T,0), where B(z°,20)€ 2¥c L,
A*e(0,1), — A*T < t*— (20)*.
From Theorem 2.1 of Section 2 it follows

2(n + 2

: )
(3.10) Ue L@, R™), V2 <s-< P _3
therefore, for every integer §, 1 <j<n,

|Ujre (@),  V2ese 2L

Then, if fi verifies (3.6), taking into account (3.5), it results
(3.11) Fi(X,u, U)e LQ,R*™), i=1,2,...,n.

On the other hand, by well-known results (see [13], [14]), we have
(3.12)  UeL®(— A*T,0, L*(Q* R™)) N H¥(— 2*T, 0, L(Q*, R™)) .
From (3.11), (3.12) and from Theorem 3.1 (applied to Q*) we obtain:
(3.13) D.UeL*(QX°%0),R™), i=1,2..n,

and, Vie R

(3.14) (f ZND U|adX) <

Q(x°, a)

»\ic( z "F (X, u, U) ”a dX) + co(nt2)(/a—1).

Q(Xx°, 20)

(; |D.0|* + o2 U — zuz) dx}" :

Q(X*,20)

Now let us estimate the norms of the vectors Fi(X,u, U),t =
=1,2,...,n, in the right side of inequality (3.14). In particular,
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taking into account (3.5), we need to estimate the integral

ﬁl U9 ax .

i=
Q(Xx°,20)
If j is an integer, 1 <j<mn, we have:

1/a

y
(3.15) ( fnvf||2«dx) "<c( fu Uf—(Uf)mmo)||wdx) +
Q(X%2¢0) Q(X°,20)
+ e (U ) gxo,20)[12 -

On the other hand, (2.4) enables us to write

1/a
CRUN (N (TR R

Q(X°,20)

\/\cg(n-%?)(l/a--'.-)+?{ f (i 1D, Ul -+ H %_;’f‘

i=1
Q(X°,20)

2 H
e

where ¢ does not depend on o but only on x,q,y, [u], ;.
Moreover we easily have

(3.17) g(ﬂ+2)/a”(U;‘)o(x,,2a)ll2<cg(n+2)(1/a—1})( IHU"A dx)'x )

Q(X°,20)

Then from (3.15), (3.16) and (3.17) we obtain

1/ n
( froneax)” ceommn-verf [ (3 ppiop |5
i=1

2 3
o
Q(X°,20) Q(Xx°,20)

+ cg(n+2)(1/a—-%)( f” U+ d‘X).5

Q(X°,20)
from this, for o<1, it follows that
1/a
(3.18) ( f e dX) <
Q(Xx°,20)
L ou ||? i
<cg(n+2)(1/«—i){ f (z ID; U+ = -+ ]{Uﬂ‘) dX} R
i=1

Q(Xx°20)
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From (3.5) and (3.18) we obtain the estimates of vectors F‘ in
L(Q(X°, 20), R™):

(3.19) ( 3, u, U)II"dX)w@( f S X)I"dX) +

X 20) a(xX2,20)
+cg(n+2)(1/a—§){ f (Z ”1) U” -+ )dX} .

Q(X°,20)

Estimate (3.8) easily follows from (3.14) and (3.19).
‘We need a different version of Theorem 3.2.
We set

€

(3.20) E:(n+2)(l—j—)) with p >n + 2

(3.21) D(X°, 0) = ot +

n m 2
(212014 101+ 010 — a5 ) 2
axee)
If p>n -4 2, we have
p>4q, E>mn
for every number ¢ in the interval [2 _0 A n—_(g_n;_ 2) ), ye(0,1).

THEOREM 3.3. Under the assumptions of Theorem 3.2 with

flel?@, p>n+2,

we have

n 1/a
(3.22) ( f Z ”DiUuq dX) <cg(n+2)(1/q—§)[¢(xo’ 20-)]i ,
Q(X°0) -t
2(n 4 2)

for every q € [2, % A m) and Q(X° 20)€Q with o<1.
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Proor. Estimate (3.22) follows from (3.8) and from the inequality

n 1ja n 1/p v
Z |f¢]e dX) <c( f Z|f'f”dX) olnt+2)/a—1) &2
i=1 i=1

i
Q(Xx°,20) Q(X°,20)

It is self evident that Theorems 3.2 and 3.3 also hold for the
we L¥(— T,0, H(Q, R¥)) N H(— T, 0, L}(2, R)) N C*7(Q, R¥), 0 <y <
<1, such that U= Du is a solution in @ of a system of the type (1.9)
with #£,,(X, %, p),4,j =1,2,...,n, bounded nN XxnN matrices defined
in @ X R¥ X R*¥ and such that

n

©.28) 3 (4l 0, )b >0 S by

i=1

2 ~
y v>0,

for every system {»i};_, ., ., of vectors of R*¥ and every (X, u,p)e
€ QX RYXR",

4. Partial Holder continuity of the spatial derivatives of the solutions
to system (1.1).

Let we L*(—T, 0, H*(Q2, RY)) "N H'(— T, 0, L*(Q, R¥)) N C>¥(@, RY),
0 <y <1, be a solution of the non-linear system

. ou
(4.1) — > D;a‘(X, u, Du) + == BYX, u, Du),

where ai(X, u,p),t =1,2,...,n, and B*X, u,p) are vectors of R¥
measurable in X, continuous in (u,p) and verifying the following
conditions:
(4.2) ai(X,u,p)e CHQXRYXR™), i=1,2,..,n;
(4.3) there exists a constant v > 0 such that
N n
PP

for every system {Ei}i=l,2,...,n of vectors of RY and every (X, u,
p) € @XRYXR"Y;

(X
——“”’) 5,,5k>vz &
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(4.4)  the vectors 0ai[Op;, i, ] = 1,2,...,m, k=1,2,..., N, are uni-
formly continuous in Q X R¥Y X R*Y;

(4.5) YV (X, u, p) €Q X RY X R™ it results

N n aai
— <M 1=1,2 , N
Icgl 2';1 api ’ ’ T
and
| fat| oa’ 5o . ]
T sl < Zpn), =1z

(4.6) V(X, u, p) QX R¥ X R™ it results

|BYX, u, p)| <g*(X) + M3 |p7]?

i=1
with ¢°(X) € LP(Q), p > n + 2.

Set U = Du, then we have
(4.7) UeL¥—1T,0, H(Q, R™)).

Also, taking into account what we pointed out in Section 1, U is
solution of the system

48) =3 D(4u(X,u, 0)D,U) + L = — % Dpx,u 1),

=1 o A&
[{ 2, @, w 0 0,00.0)  (v] ) ax —
3 ii=1
zfz (Fi(X,u, U)|D,®)dX, Ve 03(Q,R"),

where #,;,1,j=1,2,...,n, is the nN XnN matrix defined by (1.10)
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and (1.7), and F%, i =1,2,...,n, is the vector of R*¥ given by

Fi= (Fo B ... |Fin)

i N
s X,u, U) = _ et dat

7. A aukD sU— 0,5, B° .

The assumptions on the vectors a? imply that the matrices (X,
w,p), i, =1,2,...,n, are uniformly continuous and bounded in @ X
XR¥ X R~¥, and satisfy the strong ellipticity condition (3.23). Con-
sequently there exists a bounded continuous function w(%), defined
for >0, which is increasing, concave, such that w(0) = 0 and VX,
YeQ, Vu,ve RY and Vp, pe R

(4.9) {z [0 (X, 4y ) — (Y, 0, 7 u}

id=1
o(0%X, Y) + Ju—ol*+ |p —P[*)

where 6(X, Y) is the parabolic distance:
(4-10) 6(Xa Y) = max {"x - y"? |t - TH} ’ X = (.’L‘, t)y Y= (?/7 7).

The vectors Fi{(X, u,p), t =1,2,...,n, are measurable in X, con-
tinuous in (u, p) and have the following growth

(411) | FYX, u, p)| </°(X) + 02 Ipilz, i=1,2,...,m,

i=1

where f°(X) = ¢{1 + ¢°(X)} e L*(@), p > n + 2.
By Theorem 2.1 we have:

4(n + 2)

8 nN _—
U e L*(Q, R"), V1<s<n+2_2y,

and VQ(X°r)€@,j=1,2,...,n,

(4.12) f [T — (Ud)geae,n|* dX <
Q(xe,r)

<c,r(n+2)(1—l(u+2—2y)/4(n+2)){ f (Z 1 D4

Q(xe,r)

)dX} ‘.
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From (4.12), written for s = 4, it follows Vr € (0, 1):

10°]*ax <0fll U'— (U)aem||* X + e(zr)#2|(U)qem|* <

Q(X°,7r) QXr)

<o f (3 010+

u 2
= )dX+cr"+2 |U|*ax

o7 XOr
and hence
n 2
w13)  [jupeax<om| ( W) ax + o fjoeax
(X% oo a(xen)

Let us recall that if Q(X° o)€@ then U e L‘”(t“— o, 1°, L*( B(2°, 0),
R~ )) NH *(t“— 0?, 1°, L*(B(x°, o), R"N)) and the following inequality
holds

|U(x, t) — U, &)|2

T

(4.14) f 3 |p.vprax +f at fde f |

Q(X",) t°—a® t°—o* B(z°0)
<efi+[(3 1201+ yuie) ax}
Q

where ¢ depends on the distance of Q(X?°, o) from the parabolic bound-
ary of @ (°) and on the L2(Q)-norm of f°.
From (4.14) and Lemma 2.1, we deduce

s ofiu— Umx..,)nde<c{1+f(z D+ |1+) ax]

Q(X°0)

where the constant ¢ depends on the usual arguments.
Now we are ready to prove the following

LeMMA 4.1. Letwe L*(— T, 0, H}(Q, RY)) N H(— T, 0, L*(2, R¥)) N
N C%(Q, RY), 0 < y <1, be a solution of the system (4.1). Let conditions
(4.2)-(4.6) be fulfilled. Then, VQ(X°, 0)€Q with 0<2, V1€ (0,1) and

() [2x{~ T} U [22x (— T, 0)].
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VA€ (n,§),
(416)  D(X°,70) <KD(X®, 0){t* + 0¥ + [ D(X*, o)) 1=/}

2(n + 2)
n + 2127/)’

2
where q is an arbitrary number in the interval (2, ?7 A

[
& and D(X° o) are defined as in (3.20) and (3.21).

ProoF. Consider Q(X°, 20)€Q with 0<1. We set U = Du. Taking
into account the remark made at the beginning of this Section, we
have that U is solution of system (4.8) and belongs to the space
I*(— T, 0, H{(Q, R™)) 0 [L° 0 Hi)(1* — 0%, 1%, L¥(B(2®, o), R™Y)).

If we set

fe?,’ == ﬁii(X% uQ(X“,a)7 UQ(X",a)) 9
then, in Q(X°, o), U can be written in the form

U=U4+W

where
We L2(1° — 0% 1°, Hy( B(3*, o), R™)) N L*(t°— o2, 1%, L*(B(a*, o), R*¥))

is the solution of the problem

(4.17) f{z (Agjp,wlp,.qﬁ)—(wl%%}dxz

i,d=1
Q(X°,0)

:f i (ﬁ [A?,—' Aii(Xa ’ll/, U)] —Dj UID,Q) dX 9
i=1\j=1

a(x*,0) -
Voe L (t“— 02,10, Hy(B(«°, o), R"N)) N Hl(t"— o2, 1°, L*(B(x°, o), R"N)):
D(x,t°) =0 in B(2 o),

whereas

Ve Lz (t° — o2, 19, Hl(B(wO’ ), RnN)) NIL° (t° — 02, 19, L2(B(a;°, o), anv))
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is solution of the system

(4.18) H S (4% D,V|D,®) (curl )} ax —

i,i=1
Q(X°0)

f( FiX,u, U)|D,®)dX, Ve C2(Q(X°,0), Rv).

Q(.X",o)
By well-known results (see [13]), the problem (4.17) admits an

unique solution; this solution belongs to the space H#% (t“— a2, 1%,
L(B(«°, a),R”")) and the following estimate holds:

10

t°
QAX%0 ) t*—o? t°—o* B(x%o0)
Z ”‘7Lt #:i(X, u, )”2'1_21 "DiU”2 ax .

o
Moreover from (4.9), (3.22) {with ¢ €2 2 A 2(n + 2) taking into
) .9), (3.22 q N —oy)) aking i

account the fact that w is bounded and concave (?), it follows

(4.20) f S A, — Ay(X, u, )||2-_§n:1||D,-U|]2dX<

ii=1
Q(X°,0)
1—-2/q
?) dX] <

<cP(X°, 2“)[ f (0?4 || — ugxe,o)? + | U — Ugxs,0)
a(X°,0)

1-2/q
<eD(X°, 20) [w (a’ -+ J[ v — ugxe,0]|2 dX + f | U — Ugxe,0||? dX)]

Q(X%0) Q(Xx°0)

(") Therefore J[ o(p)dX <w q:dX) .
(x°0) Qa(Xx°0)
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Now the following estimate holds for the term § [u — ug(xo 4> dX:
Q(X°%0)

= el a2 < f st ffute, 6 — iy, 112 ay ae <
ax*,0) X0 a0
.
<ey |dt f dmﬁ[u(x, 1) —u(y,t)|dy +
t°*—o? B(z°0) B(x°0)
1° t°
o [a [ae [ty 0w, o an) <

t°—o? t°—0o® B(x%0)

2
<co||Uj2dX + ca‘f Il%? dXx;

Q(X°,0) e(x°,0)

on the other hand

101 ax zeavors( - [jupeax) <eom oz,

Q(X°,0) Q(Xx°,0) Q(X°0)

hence we obtain

(4.21) f [lu —_ uQ(xa,a)[P aXxX <<

Q(X°,0)
ou

<cot+ ca‘"f” Ul dx + ca~n+zf ol ax .

Q(x°0) Q(Xx°0)

From (4.19), (4.20) and (4.21), taking into account the fact that
o<1 and £ <n 4 2, we deduce

(4.22) 3 ID. W ax +
Q(x',o)'=l
t° t°
-+ fdt dEJ‘ | W(x, tli:ylz(m, E)szm<

{°— o t°—o* B(z%0)
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< o®(X0,20) [w (caz e [({U1+ 71U = Vcxsal?) aX +

Q(Xx%0)
+ co——n+2f

Q(Xx°,0)

ou

—2/q
: (JIX)]1 ’ <e®D(X°, 20)[w(co " D(X°, 0))]t-2a .

From (4.22) and Lemma 2.1 it follows, Vr € (0, 1]:

(1.23) (3 101+ (w011 W — Wae o) aX <
Q(X°70)

<eD(X°, 20)[w(co " D(X°, o)) ]2

If we use Lemma 2.2, then we get the following estimate on U:
Ve (0,1) and o<o

('Zl [D: V24 (70) 72| VU — VUgxo, o)l 2) aX <
ade)

<erisf (8 1001+ 05|V — Vageogl?) X +

7
Q(x°e)

+of 31rw, vpax
axe0
and, denoting

(X, 0) = o + [ U] ax,

Q(X°%e)
from (4.11), it follows
n
(4.24) > | F(X,u, U)|2 dX<cf|f°(X)|2 ax 4 cf” U|*rdX <
oo’ e ax*,0)

<ce(n+2)(1—2/n) f‘fo(X)lp dX)2w+ cf" U||4 ax <ey(X°, o).

Q(X°%e) Q(X%e)
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Hence, V0 < p<o and V7 €(0,1), we have

w2 [ (512001 (o) U — Vo) ax <

1
Q(X°,70)

<owrs[ (3 1DVI + 07110~ Vigaogl?) 4 + eply ).

Q(X%e)
Now, Vr€(0,1) and 0 < g<o, the following estimate is true:
(4.26) P(X°, 7o) <criy(X? o) + o™ D(X" 0) ;
in fact, from (4.13) (written for » = p), we deduce
[iopax <[ (S 1p.vp+ |5 ) ax + ey ax <

Q(X°,70) Q(X°0) Q(X°e)

<co P(X° o) + c-réf” UltdX;

Q(X°0)

hence, adding the term (7p)* to the first and the last side, the ine-
quality (4.26) follows.

From (4.25), (4.26), by virtue of Lemma 2.3, it follows that Vt e
€(0,1) and VA€ (n,§)

(4.27) f (2: [D; U2+ (76)~2| VU — Vgxe,0)| 2) aX <
Q(X%70)

<c'ﬂf (21 [D: V)24 672V — VUgxs,o| 2) dX + ¢®P(X°, 0){r*+ 0?7} .

i
Q(X°,0)

Since U= U + W in Q(X°, ¢), from (4.23) and (4.27) we get in a
standard way that Vv €(0,1) and V1€ (n,$§)

(4.28) f (g 1D UJ*+ (v0)*| U — Uaxoro)| ) iX <
Q(X5,70) =t
<cP(X°, 20-){-,;1 + 0%+ [w(co-—n D(Xo, 2(,))]1_2/,,} ,
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whereas from (4.26) we have Vv e (0, 1)

(4.29) (10) +- f | Ut dX <e®(X°, 20){ct + o*) .
Q(X°70)

Now let us show that also the term f |ou/ot]* dX is less or equal
to the right side of (4.28). Q(X%,70)

Since weL(—1T,0, H¥( 2, RY)) " H(—T, 0, L*(2, R¥)) N C%*(Q, RY),
0 <y <1, is a solution of the system (4.1), we have Vr € (0,1):

”a_“t‘ :,.ZID"“i(X’ w, U) + BYX,u, U) a.c. in QX 70),

and hence, by virtue of the growths (4.5) and (4.6),

a 2 n
(1:30) 15| <efrcor+ yore+ S o.op)
and hence
(4.31) f '%‘— “ax <ef|p)rax + ofjuprax +
QX’,70) Q(X°,70) (X", r0)

+of Zipvpax<e( [irnrax) i+

Ax%re) (X5, 70)

+ cfl]U”‘dX + cf é |D, U|* dX .

Q(X°,70) Q(X°,7r0) -
From (4.13) (written for » = o), we get
< ou
(4.32) | T|* dX < co?r > DU+ =
1

Q(X°,70) Q(x°,0)

YJax +

i=

o+ ove U1 ax;

Q(X°%0)
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from (4.28), it follows afterwards

(4.33) Z 1D, U] ax <
Q(XxX°, nr) -

<eD(X, 20){1* 4 0% + [w(co " D(X°, 2¢)) ]2} .

Then, from (4.31), (4.32) and (4.33), we obtain V7 €(0,1) and VA€
€ (n, §):

ou |2
(4.34) m ' dX <cD(X° 20) (1" + 0% + [o(co " D(X, 20) ) ]2} .

Q(X°,70)

The estimates (4.28), (4.29), (4.34) hold trivially also for 7e€[1, 2);
then adding such inequalities we deduce V€ (0, 2), VA€ (n, &), VQ(X°,
20)€Q, o<1

D(X°, 70) <eD(X°, 20){7* + 0% + [w(co " D(X?, 20))]' 2}

and the lemma follows.

Now we can easily achieve the partial Holder continuity in @ of
the derivatives D;u of the solutions to the system (4.1) making use
of the some technique used in Section 3 of [5].

Let

Qo = {XEQ: min lim o P (X, o) > 0}.

a—>0

It is well-known that

lim o'—"f (Z, 1D U2+ [U]* + t' WINGY —0 e in @
o—> i=
X,o0
and
lim +|U— Uyx,9[2dY =0 ae.in @,
oﬂoa(X,u)
hence

meas @, = 0 .
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We can give a more accurate estimate of the measure of @,,
considering a suitable Hausdorff measure. From (3.10) and (3.13), via
Hoélder inequality, we get VQ(X, )€ Q:

(4.35) o f U dY <e {6‘1—”"2 f TUE dY}m ,

Q(X,0) Q(X,0)

(4.36) a-nf i|{DiU|[2dY<c{a”‘"‘2f iup,vuady}z’”
i=1 i=1

ox,e) AX,0)

2 2(n + 2)
9 =
for every qe(_,yo/\ P 2—2)1)'

Moreover from (4.30), that holds for a.e. Y € @(X, o) with Q(X, o)€ @,
we deduce

2 n
a’f”%“ aY <co™ |f°]2dY+ca‘"f||U||4(lI'—{—ca‘" S|P U|2aY <
Q(X,0) Q(X,0) .

Q(X,0)

»0.

<cotn 4 co*"f[] U+ dY + ca"‘f >|DUj2aY,
i=1

QX,0) Q(X,0)

after which, taking into account (4.35) and (4.36), it follows

(4.37) on f [

Q(X,0)

ou |2
- E—n
v adY <cot—" 4

i=

Q(X,0)

Using Lemma 2.I1T of [7] (see also [9], Lemma 2.ITI) we get
n oull2
o 2| U — Ugqx,m)? dY <co—" Z |.D, U2+ = ay
Q(X,0) Q(X,0) =l
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and hence, because of (4.36) and (4.37),

(4.38) U‘"_zf" U— Uyx,0)2dY <cos—+

Q(X,0)

+oferf (3 vies o) av]™.

Q(X,0)

From (4.35), (4.36), (4.37) and (4.38) it follows

o "P(X, 0)<eat "+ c{ng-zf(

Q(X,0)

:1 ID, U+ | U] 2,,) dy}”" |

1

consequently, by a well-known result (see [11])
t/K’n+2~q(Q0) =0

where A, , i8 the (n 4 2 — ¢)-dimensional Hausdorff measure with
respect to the parabolic metric (4.10).

Now, taking into account Lemmas 4.1 and 2.4 and using the some
technique of [6] (Lemma 3.IT), we can prove that V.X°e @\, and
VAe(n,§) it is possible to find o;<< 1 and r > 0 with @(X°, r 4 ¢;) cCQ
such that VY e Q(X° r) and Vz e (0,1)

(4.39) DY, 10;) <’ D(Y, o)) -

In particular, @, is closed in @.
Then from (4.39) and taking into account the definition of @,
it follows that if X°e Q\Q,, Y € Q(X° r), 7 € (0,1)

fllU—— Uaronl? dX <er'20(Y,5;), VAE (n,£).
Q(Y,701)
Finally from (4.15) we deduce
" U— UQ(Y,TUA)" X <

Q(Y,702)

ou
ot

Yax.

<eveefi [ (5 10,0104 101+
Q
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The previous inequality ensures that (see [10]):

S 2
Ue Cor(Q(Xo,r), R"™), Vu<1 —ﬁ: .

Therefore we have proved the following

THEOREM 4.1. Let we L¥— T, 0, H}Q, R¥))n H'(— T, 0, L},
RY) N C%(Q, R¥), 0 <y<1, be a solution of the system (4.1). Let
conditions (4.2)-(4.6) be fulfilled. Then there exists a set Q,C Q, closed
in Q, such that

n 4 2

p— D
,1=1,2,...,n,

Dyu € CorQNQo, RY),  Vpu<1—

and
'-A(’nfﬂfq(QO) = 0

D) D) )

for every q e (2, )%0 A n“f;} 2*‘; )y) .

REMARK 4.1. In the case of natural growth, the problem of the

local differentiability of the solutions « e L*(— T, 0, H'(2, R¥ )) N

N C%7(Q, RY), 0 < y < 1, to the system (4.1) is open. In the case of
controlled growth, this problem is to consider solved.

REMARK 4.2. The assumptions of Theorem 4.1 on the matrices 4,
do not imply those required in Theorem 5.1I1 of [9]; hence our result
is not a particular case of the results obtained in [9].
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