RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

ANTONIL. DAWIDOWICZ

KRYSTYNA TWARDOWSKA

On random boundary value problems for
ordinary differential equations

Rendiconti del Seminario Matematico della Universita di Padova,
tome 76 (1986), p. 163-169

<http://www.numdam.org/item?id=RSMUP_1986__76__163_0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1986, tous
droits réservés.

L’acces aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_1986__76__163_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Rexp. SEM. Mar. Univ. Papova, Vol. 76 (1986)

On Random Boundary Value Problems
for Ordinary Differential Equations.

ANTONT L. DAwWIDOWICZ and KRYSTYNA TWARDOWSKA (¥)

SuMMARY - In this paper we prove that for a certain class of random boundary
value problems the uniqueness of the solutions in this class implies the
existence of the solutions.

1. Imtroduction.

The problem of concluding the existence from the uniqueness of
the solutions of general boundary value problems for the ordinary
differential equations comes from A. Lasota and S. N. Chow [1]. They
have used the Brouer’s open mapping theorem [2] as a main technique.
Some other authors considered this problem, e.g. for functional dif-
ferential equations [3].

In this paper we examine the general boundary value problem
for random differential equations. The solutions of our problem is
a stochastic process and we define the solution in the sense of almost
all trajectories [4], [6]. According to paper [1] we make use of the
Brouer’s theorem. We prove the measurability of solutions using the
technique of measurable selections [6], [7]. To show the measurability
of the graph of multivalued function we apply Orlicz’s method [8].

(*) Indirizzo degli A.A.: A. L. Dawipowicz: Institute of Mathematics,
Jagiellonian University, ul. Reymonta 4, 30-059 Krakéw, Poland; K. Twar-
DOWSKA: Department of Informatics, Jagiellonian University, ul. Kopernika
27, 31-501 Krakéw, Poland.
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2. Notations and definitions.

Let (0,2, P) be a complete probability space. We consider a
funection f:[0, 1]X R*X 2 — R* continuous with respect to (¢, x) and
such that the mapping Q23w —f(-,*, )€ C([0, 1) X R*; R¥) = C is
measurable. We define f(¢, x)(w) = f({, #, »). We examine a system
of differential equations

1) E=1(t,&).
DEFINITION 1. A stochastic process £:[0, 1) X 2 —> R4 is SP solution
of equation (1) iff
(i) &(t, w) is measurable for every te[0, 1],
(ii) &(-, w)e CY([0,1]; Ré) = C* for a.e. w e 2 and
(iii) &(t, w) = f(t, &(t, ), ®) for a.e. te[0,1].

AssumpTION (C). For every t,€[0,1] and every random variable
&,: Q2 — Réequation (1) has exactly one SP solution satisfying condition

(2) &ty)=6& P-a.e.

We denote by £ = £(C!, R?) the space of all linear and continuous
operators with norm topology. Let U be an arbitrary open set in .
‘We take a measurable mapping L:Q — U.

Let # be a d-dimensional random variable.

DEFINITION 2. A stochastic process £:[0,1]X 2 — R4 satisfies
condition

(3) LE=n
iff &£(-, w) € C! for a.e. we 2 and
L(w)é(-, w) =n(w) .
We introduce for arbitrary sets X, Y the function @®:X —

— F(Y)\{0}(F(Y) denotes the class of all subsets of Y, § is the empty
set).
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DEFINITION 3. By the graph of @ we mean
graph @ = {(x,y):xe X, ye (@)} c XX Y.

Let now X and Y be the measurable spaces.

DEFINITION 4. A function ¢:X — Y is called a measurable selec-
tion of @ if it is measurable and for all v € X, ¢(x) € D(x).
The Borel ¢-field of arbitrary metric space X is denoted by B(X).

3. The main theorem.

We shall prove the following

THEOREM. Let us assume that equation (1) satisfies assumption (C).
Let for every measurable L:Q — U and every random variable
7.2 — R3 equation (1) has at most one SP solution satisfying (3).
Then, for every L and every » problem (1), (3) has SP solution.

To prove the theorem we shall need some lemmas concerning the
measurability of the graph of multivalued functions.

4. The auxiliary lemmas.

Let us consider the set C of all continuous functions 7:[0,1]x
X R% — R¢ such that for every t,€ [0, 1] and z, € B* problem

(4) Z= 7 (¢ @),
(5) #(ty) = 4,
has exactly one solution.
For every 1 U and Z € R* we define condition

(6) () =7%.

LeEMMA 1. The set A of such triples (f, [, ) for which problem (4)
(6) have at least two different solutions is of Borel type in Cx U X R%’

ProF of LEMMA 1. Let A(N, q) denote the set of such triples for
which there exist two different solutions #, and x, of problem (4), (6)
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and which are bounded by N € N and such that for a certain ¢t [0, 1]
1
(1) le(t)—x?_(t)]>§, geN.

It is obvious that A = J A(W, q).

N.q
It is sufficient to prove that A(N, ¢) is a Borel set. We shall prove
that it is closed. To do this we take the sequences {f.}, {{.}, {Z.} which
converge to f, I,  almost uniformly, in £ and in R¢, respectively..
Let 7, 2 be two different solutions of problem

(8) :i::fn(t7 z),
(9) lax =12,

such that there exist ¢, €[0,1] and
(n) (n) 1
(10) lml (t'n) — &y (tn)’>§ .

After passing to subsequences, if it is necessary, we can assume that
t, — 1y, (t,) — 2% (2; are bounded by N). We have denoted by =z,
for ¢ = 1, 2, the solutions of equation (4) with conditions

(11) w(te) = a?.

(n)

These solutions are unique, therefore x;” — x; uniformly. But from
this we conclude that x; are solutions of (4), (6) and they satisfy

1
[24(t0) — mz(to)l>§ . q.e.d.
COorROLLARY 1. The set of such triples (w,, ) for which equation
(12) & =f(t, », o)

with condition (6) has two different solutions is XX B(U) X B(R9)
measurable.
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LemmA 2. The set of all quadruples («, I, Z, f) from C* X UX R¢X C
guch that z is the solution of (4), (6) is the Borel set.

ProoF of LEMMA 2. We consider the mapping @:C' X UX R X C —
— ([0, 1], Ré) defined by P(z,1,T,f) = (¢,, 2) Where

o (t) = &(t) — f(t, ®()), e=lo—7Z.

The mapping @ is continuous and the above set in our lemma
which we are looking for is the inverse image of zero point. q.e.d.

5. Proof of Theorem.

We denote by I" the set of such w € 2 for which one can find such
Ze R% and 1eU that problem (12), (6) has two different solutions.
Let H:I' — §(U X R% be the mapping which for every we I' maps
the nonempty set of such pairs (I, Z) for which problem (12), (6) has
two different solutions. Applying Corollary 1, the graph H is the
measurable set and applying Theorem 3 ([7]) it has a measurable se-
lection.

Let h:I' — U X R? be this selection and

o) = ((w), ZFw)) .

Problem (12), (6) does not have unique solution for I = l(w), T = Z(w).
Let ¥:I' — §(C!) be a mapping which for every w € I’ maps the
set of solutions of equation (12) with condition

(13) lw, ) = Z(w).

Making use of Lemma 2 the graph ¥ is the measurable set, there-
fore ¥ has a measurable selection y. But for every we I' we have
card P(w) > 1 so for P(w) = ¥(o)\{yp(w)} we can find the meas-
urable selection ¢ of this mapping.

We fix arbitrary L,e U and we define the mapping L by

l(w) forwel,
L) = L, for w¢ I
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and we define the random variable

Z(w) for wel,
@) =1, for wZ I.

Using Theorem 2.1 ([1]) for w ¢ I" we conclude that equation (12)
with condition

(14) Ly(z) =0

has the solution which we define by &(¢, w).

By concluding analogously as in Lemma 2 one can find that the
mapping o — &(-, ) is measurable.

Defining

y(w)t for wel,

by ) = { £t w) for ¢l

and

P(w)t for wel,
SHO) = g w) for we¢r,

we obtain two different solutions of problem (1), (3). Because of our
assumptions it is implied that P(I") = 0. But this ensures the existence
of the unique SP solution of problem (1), (3). q.e.d.

REMARK 1. As a particular case of the general random boundary
value problem one can consider a Cauchy problem. One can show
that if there exists such M > 0 that

(15) f(t, @, w) — (¢, ¥, 0)| < M|w — y|

\
for every t€[0, 1] and every w € 2 then, the random Cauchy problem
has exactly one solution. Also the problems «close» (in a certain
sense) to the Cauchy problem have unique solutions. The condition (15)
has limited applicability because M cannot depend on w.

REMARK 2. Our problem may be more interesting if the open set U
considered in this paper is replaced by the random set U(w). It could
give more interesting theorems for linear equations.
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