RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

U. DEMPWOLFF
On the automorphism group of planes of Figueroa type

Rendiconti del Seminario Matematico della Universita di Padova,
tome 74 (1985), p. 59-62

<http://www.numdam.org/item?id=RSMUP_1985 74 59 0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1985, tous
droits réservés.

L’acces aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_1985__74__59_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

REND. SEM. MAT. UNIv. PADOVA, Vol. 74 (1985)

On the Automorphism Group of Planes
of Figueroa Type.

U. DEMPWOLFF (*)

1. Figueroa constructed in [2] a new class of finite projective
planes. This construction was generalized by Hering and Schaeffer
in [3] and in [1] it was pointed out, that this construction yields
infinite planes too. While Hering and Schaeffer determined the auto-
morphism group in the finite case we like to do this for the infinite
planes.

2. Let K be a cyclic Galois extension of degree 3 of the field F.
Represent the points R of § = PG(2, K) by P = {(®,, @,, ¥3)), the
lines £ by g = <{(%1,¥s,¥%)"> (¢:,y;€K), and Peg iff > @y, =0.
Define partitions R = K, U R, URKR; and £=5, UL, UL, where
(&1, Ty @5)) € R; (respectively (@, @,, @)t € Ly) iff dimpdwy, @y, @) = 0.
Then ¢, = (R,,£,) is a subplane isomorphic to PG(2,F) and
B = PGL(3, F) induces on ¢ respectively on &, collineations by
Py = (vy), gy =y ut) for P=<Cv)e R, g=<C(ut)efl, and yeB.
If 8 € R, there is precisely one line s € £, such that S ¢ s and By = B,
(and vice versa). This defines a map u which interchanges R; and €,.
Moreover there are precisely two points S,, S,es N R; with Bg =
= Bs,= Bs,. For se R, define

st=(sNR) V{8, 8} U{tu:suetetly), £ ={s*:set,},
and £* = £, UL, U L. Then by [1] * = (R, £*) is a nondesargue-

(*) Indirizzo dell’A.: TUniversitit Kaiserslautern, Mathematik Erwin-
Schrodinger Str., D-6750 Kaiserslautern.
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sian projective plane for |F|> 2. Set @ = Aut (7*). We like to
verify:

PROPOSITION. @ fizes the subplane F, and G~ Z X A, where A~
~ PI'L(3,F) and Z~ Z,.

REMARK. G has index 2 in the group of correlations (see [3]).

Proor. By [2,3] we may assume that |F| = oo.
Let H be the subgroup of G which fixes T,:

(1) H contains a subgroup AXZ, A ~PI'L3,F), Z =~ Z,.
This follows precisely as in [3].
(2) H=AXZ.

Let M be the normal subgroup of H which fixes ¥, pointwise.
Take (P, g)€ R, XL, and pick a perspectivity v e B(P,g). For $e€ M
we have t'9-1tde MU B(P,g)= 1. Thus M centralizes B. Suppose
geL*—£, is a line fixed by # € M. Then all points of g N K, are
fixed by ¢ as they all lie on exactly one line of £;,: Thus R, is point-
wise fixed and we have & = 1.

Thus M acts fixed-point-free on R, U R;. In particular for S € R,
M acts faithful and semiregular on the three fixed points 8, S;, S,
of Bs. Thus M = Z.

(3) Let G, be the subgroup of G which fixes R, and £,. Then G, = H.

For convenience we use for the moment a coordinate transforma-
tion and identify points in R, (lines in £,) with {(x,, #,, x;)> (respec-
tively (@, @;, 2,)*> iff)

T, X, X
rank 52 53 51 =1
Ty By By

where K 52 — % € K denotes a Galois automorphism of order 3 (see
also [1, 2, 3]).

Suppose HcG,. Let ye G, —H and set R'= Ry, L'=1Ly,
and §'= (R, L). By our assumption R'NnR, =0, £'NEL =0
We may assume s* e £’ for s = {(1,0, 0)!> and pick P = {(1,a, b))
€ R; — R'. As H,is transitive on s N R, and H, is transitive on g N K,
g N R, for ge £,, we have that H,. is transitive on s* N R, where H' =
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y*Hy. Thus V = {(0,1,0)> and U = ¢(0,0,1)> lie in R'. Then
PV, P-U lie in £, forcing norm(a) = norm(b) = 1. Thus R’ contains
all points {(1, a,a)) with 0s2a€F, a®#~1, and 0% 1 4 2a% — 3a2.
Then g = {(0, —1,1)!> e £, contains more then one point of R', a
contradiction.

From now on we make the assumption H c G.

(4) G is flag-transitive on F*.

By (3) we may assume that G is transitive on the lines of £*. Pick
m € £, and a nontrivial elation 7 in G of the form 7 € G(P, m).

Case 1. Pe R,. Suppose for all ref,, Per we have (r n K,)r
=7rN KR,. Then v H, a contradiction. Thus there is an re¢,,
Per,and a Tern R, with Tre R,. So (H,, ) is transitive on r
and we are done.

Case 2. Pe R, U R,;. Set {C} =m N R,. Choose T € R, —{C},
such that P-Tef,. Suppose C-(Tt)¢L,. Then take an elation
1#£06€@G(C,C-T). With 77'otr we are in case 1. Suppose next C-(T7)
€f,. Pick an elation 14 6€ G(T, C-T). Then z-'¢7r has axis in £,
and center in R,. The dual argument of case 1 proves the assertion.

(5) G — H contains an elation with axis and center in F,.

By (4) it is obvious that we can find a homology 1+ 7 € G(M, g)
with ge €, and M e R,. Pick Cegn R, such that ¢'= M-CeL,;:
Then 7 normalizes G(C,g). If H(C,g) is not <-invariant, we are
done. Suppose T normalizes H(C,g). Then 7 acts fixed point free
by conjugation on H(C,g). Take Neg' N R,, N+# C. Now H(N,g)
acts transitive by conjugation on H(C, g). Thus we find '€ H(N, g)
such that p = 7’7 centralizes 15 o€ H(C,g). ¢ is not a homology
as otherwise its center would be o-invariant. As p fixes g’ we have
€ G(C,g). Take Qe R, — (g U ¢g'). Then @r'e R,— (g U ¢g') and Qp
lies on (Qt’)- M. Now (Q7')- M € £, and ¢’ is the line of £, containing M.
Thus Qo € R, and we are done.

(6) Pick o as in (3). We may assume that o moves the points of R as

1 6 0
g0)=10 1 0], where beK—F.
0 0 1
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We may assume that a = {(1, 0, 0))> is the axis and C = {(0, 1, 0)>
is the center of ¢ and that X = {(1, 0, 0)> is moved onto X'=<((1, 0, 0))>
for some e K —F. Pick gef,, Ceg, g# X-C. For Yeg, Y+ C,
we have Yo = X'-R N g, where R = X-Y na. Clearly Yo, R, and Y
lie in R, U R,. Thus Yo = Yo(0) by the definition of F*. In parti-
cular o acts like ¢(0) on the lines of £, through C. Suppose bef,,
Ceb. Take Yeb, Teant, andgel,,Ceg. SoT-Yetl, UL, and Yo
is determined by the image of T'-Y N g under ¢. Hence Yo = Yo(0),
too.

Take now an arbitrary me £, U £,. Then

mo = {Po: Pem} = {Po(0): Pem} e L.

As £5 N L =0, o leaves £; invariant. Thus ¥, is o-invariant and
o € H, the final contradiction.
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