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Blocking Sets of 16 Points in Projective Planes
of Order 10 - III.

JÜRGEN BIERBRAUER

1. Introduction.

Let II = £) be a finite projective plane with point-set J and
line-set t, and 93 a blocking set of II, i.e. 93 c J and

It is convenient to introduce some notation:

g* _ Elements of Li are called i-llnes, elements
of L1 are tangents, elements of £ - L1 are «lines of 93 ». The « strength »
of g E ~. is defined as st(g) = Ig r1 $1. . £1’ g = ~A, B,
C, ...1, we also write g = [A, B, C, ...].

Let now II have order 10, y g E ~, X E g*. As X is on 11 lines and
each of these lines contains elements of 93, we get 93 ~ ~ 11 and ~1 ~3 ~ ~
 1$1- 10. If further X g, then the same counting argu-
ment shows st(g) + st(h) ~ - 9.

(*) Indirizzo dell’A. : Mathematisches Institut der Universitat, Im Neuen-
heimer Feld 288, 69 Heidelberg, Rep. Fed. Tedesca.
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By counting (1) all the lines, (2) the flags (P, g), P E 93, g E C,
P E g, (3) pairs of points of 93, we get the following equations:

Consideration of the left sides shows (1/2)(~93~ - 10) ((2) - (1)) &#x3E; (3).
The right sides show then ~5 ~ ~ 15. It might be noted that the

same kind of argument suffices to prove Bruen’s fundamental Theo-
rem [4]:

THEOREM (Bruen). If ~5 is a blocking set of a projective plane
of order n, then ~-- ýn -~- 1. Equality holds exactly for Baer
subplanes. 0

The case 1-%l = 15 (n = 10) has been ruled out by Denniston [6]
with the help of a computer-program (see also [5]).

From now on let 1$1 = 16. We restate the result of the above
counting arguments:

The case as =1= 0 was ruled out in [1, 2, 3] with the help of a computer-
program. Here we study the case a, = 0.

THEOREM. Let 93 be a blocking set of 16 points in a projective
plane TI = ( ~’, ~ ) of order 10. Then one of the following holds:

Consider the linear space C’) with parameters



165

Then ~5 = ~5, 1:, = ~, ~2? 1:3 C ~~, and 1:2 - C2 arises by replacing
each of the four 3-lines £3 by three 2-lines. The symmetry-

3

group of ~.’ ) is where

Consider the complement ~’) of an oval in PG(2, 4). Then

~.’ ) has parameters a,5 = 6, a4 = 5, a3 = 10, a2 = 0 and is uniquely
determined:
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Then C - E’, L4 = ~4, E’ and L2 arises by replacing each of the
six 3-lines in ~.3 - C3 by three 2-lines.

The symmetry group of L’) is G’ _ a~ ^~ ~5 , where

As the lines of E’ 3 correspond to the secants of the oval in PG(2, 4)
and as G’ has six orbits on the 4-sets of the set of secants, we get six
isomorphism-types for (,%, t), with respective symmetry-groups 
Ds , E4, Z2 ~ Z2 ~ Z2.

In the statement of the Theorem we have extended our notation
for the parameters of a blocking set to the linear spaces E’ ) in an
obvious way. The following paragraph is dedicated to the proof of
the Theorem.

2. Proof of the Theorem.

We use the notation of the introduction. Further every point
X E P - B will be called « of type (i, j, k, ... ) &#x3E;&#x3E; if the lines of B through X
are an i-line, a j-line, a k-line .... The only types which can occur
are (5, 2), (4, 3), (4, 2, 2), (3, 3, 2), (3, 2, 2, 2), and (2, 2, 2, 2, 2). We
have 1$1 = 16, ai = 0 for i &#x3E; 5. Consider the equations (1), (2), (3)
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as given in the introduction. We shall use equations (A) and

By Lemma (I), if either st(h) &#x3E; 3 or ~g, h~ ~ ~4 .
Assume a., = 0. Then ac4 ~ 15 by (A) and (B). Counting along

a line v E L4, we see that there is a point P E 93 such that a4(P) = 5.
By (1) then a4 = a4(P) == 5, a contradiction.

As every point of f *, f E L5’ has type (5, 2), we see that a2 ~ 6.
If a5 = 1, then a4 ~ 1~ because of a2 ~ 6, and we get the same contra-
diction as before.

Assume a5 = 2. The equations show a4 &#x3E; 12, hence a4 + a5 &#x3E; 14.
Let L4, P = V1 r1 V2. Then (I) yields 14  a4 + a5 c 9 +
+ a4(P) + a5(P). It follows _ 5, hence a4 = a4(P) by (1),
contradiction.

Assume a5 = 3. Our equations read a2 --f- a3 = 16, a3 + 3a4 = 37.
Because of a, &#x3E; 6 we get 9  a4  12. Clearly then a~(P) -~-  5

for every P E ~3. Choose P E ~3 such that a4(P) &#x3E; 1. Then a4 + ac5 
c 9 + a4(P) + c~5(P) c 13, hence a4 C 19, 10).

Assume there is such that a,~(P) = 4. If = a2(P) = 1,
let -% such that RP E L2. Clearly a4 (.R) = a5(R) = 0 by (I). As

every 3-line through .R must contain a point Q E {8 with a5 (Q )  1,
we get ~g(JS)~3. Thus a~2(.R) ~ 9, a contradiction.

Thus we have a&#x3E;P&#x3E; = 0, aP&#x3E; = 3. Let fRr: i = 1, 2, 3i =
. Then = 0 like above,

we get the contradiction &#x3E; 11. A

(i ~ j), it follows a~(.Ri) = 1, i = 1, 2, 3 and consequently a2(.Ri) ~ ~.
As a5 (.Z~i ) ~ 0, we get ~~5-}-6 =11, thus a4 &#x3E; 10, contradiction.

We have a~ (P)  3 for every P E 93 under the above assumption. By
counting along v E ~4, we get a~ = 9, hence a3 = 10, a2 = 6. It follows

, - i B.. i -- , v , J i 
-

If a5(N) # 0, then a2(N) = 0, hence 15 = 2a3(N) + 4a5(N), contra-
diction. Thus a5(N) = 0. As a3(N) c 3, we get a(N) &#x3E; 11, contradic-
tion as before. We have proved a5&#x3E;4. Assume a5  6. Equation (A)
shows 3) especially a3 ~ 0. Let Because of (I)
there is P e d such that a5(P) = 3. It follows a3(P) = a2(P) = ~?
consequently ~g2013~(jP)~2y ~5y contradiction.

We have a5 E {4y 5, 6}.
HYPOTHESIS 1. ~g==4.
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Hence It follows 4 for every

contradiction.
Assume o
B. PR E £2}

then we get a contradiction like before because of
we have without restriction

Assume

contradiction. Because of (1 ) we get

On the other hand 
and further

Counting along f
, contraaiction as

Assume ac4 = 9. Counting along
- ---- T _ W ry ... ! ~~ ,.,r _ ~ , ,

contradiction.
1

Assume , hence

Then

Thus is a blocking set, contradiction.
Without restriction we have

Counting along f and observing that ! 1

. However thus i and clearly then i
contradiction. We have proved the following:

Counting incidences we get six points P ii-ith
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points P with and consequently two points P

This conflicts with I and Lemma

under Hypothesis 1.

It follows a2(.R) ~ 3. By counting along
contradiction. It is clearly impossible that
excluded Hypothesis 1.

HYPOTHESIS 2.

We have

Assume

and these form a dual blocking set of cardinality 1~, which
is impossible.

Assume

contradiction.

we have without restriction

y thus and is a blocking set, contra-
diction. We have without restriction

Counting along
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because of (I) and
We have proved:
Assume

The basic equations show i

Set

- 

Assume first

contradiction. Assume a4 = 7. Without restriction

, contradiction.

Consideration of fi and 12 shows because of
Thus

contradiction.

~ ... -, - ...i , ,. - t J / 
- 

,

Thus we have equality all the way. Set

This is impossible as

is a blocking set, contra-
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we get the contradiction

Assume This shows

thus

Assume 

We have to be more precise.

thus for every

Further

This yields
This is impossible as, by the above, there is no v E £.4 such that

Assume a4 = 5.
without restriction Further

Especially
We have

B .n.
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we get ~ 0. It follows

More precisely we have

Counting along g, we get a5 = 6, contra-
diction.

We have $4 = It follows c(vz - {P~) - 9, i = 1, 2, 3. Thus

c( f - = 10, which is impossible.
We have a4  5, thus a, + a4 + as &#x3E;22. However, this is impossible

because there is a triangle of 5-lines, implying a, + a4 + as21 by (1).
We have proved as(Q) + u~(Q) ~ 3 for every Q under Hypothesis 2.
Counting along v E £4’ we get as + a4 c 9, thus a4 c 4, a contradiction
like before. Hypothesis 2 has been ruled out.

Thus ~5 = 6.
We have

HYPOTHESIS 3. as(Q) -f-- a4(Q) ~ 4 for every 

LEMMA. Under Hypothesis 3, the following hold for every P e 93 :

PROOF. (i) Clearly a4(P) ~ 2. If a4(P) = 2, then = 4,
where R]} = £2(P), contradiction. 

(ii) Let d E £3, PEd n 93. If a5(P) = 3, then = a2 (P) = 1, thus
contradiction. Assertion (ii) follows now from (1). 0

We continue under Hypothesis 3. Let 93i = ~Q: Q E 93, +
+ a4(Q) = il-

If a4 = 6, then for every v E C4 we have w r1 934~ ~ 3. This shows

a4&#x3E;7 by part (i) of the Lemma, contradiction.
Assume a4 = 5. The same argument shows IV n $41 = 2 for every

V C- C4. Thus ~!&#x3E;4. However 934 ~ ~ a4 3 = 10 /3 by (i), contradic-
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tion. We have ~4. Assume there is such that a5(P) = 1,
a4(P) = 3. If a4 = 4, then -%, = IPI by (i). There is a line v c- f-, -
- £4(P). This yields the contradiction a4 + a59.

Thus a4 = 3 and f-4 = Clearly |vi n B3| = 2, ivi r1 [ =

Assume a5(Q) = 1. By (ii) we have o

we get a,(Q) = 11, a contradiction. Thus
and we can count:

contradiction .

We have proved: if P E then a4(P) === 4, under Hypothesis 3.
Assume B4 = 0. Counting along v E £.4 shows a4 c 3. Let first a4 = 3.
If a4(P) =J= 0, then P E Assume a4(P) = 3. Then a5(P) = 0,
by (ii) a3(.P) = 0, hence a2(P) = 6. Let t E £.l(P). Then a2(X) 0 0
for every X E t*, hence a2 &#x3E; 6 + = 16, contradiction. Thus there
is such that a4(P) = 2, a~(P) = 1. By (ii) we have a3(P) = 0,
a2(p) = 5. If t E £.l(P), there is at most one point X E t* such that
a2 (X ) = 0. Hence 12 = a2 &#x3E; 5 + = 14, contradiction.

Thus a, 2. If a-4  2, then a5 + a4 -f- a3 ~ 23, which is impossible
by (I) as there is a triangle of 5-lines.

As as(P) =1= 2, we have a,(P) = 0 by (ii). If a,(P) = 1, then a2(P) = 5
and consequently contradiction. Thus a,(P) = 0, a2(P) = 9.
We get a contradiction like above by considering t E C1(P).

We have a4 ~ 4 and under Hypothesis 3. As every point
P E $4 satisfies a4(P) = 4, necessarily $4 == ~Po~, a, = 4, a3 = 7,
a2 = 15. Then L4) is like in case (i) of the Theorem. As  3

for every Q ~Po~, we get = 2 for every Q {Po}.
Further = 0 by (ii) of the Lemma, hence a2(pl) = 3. Clearly

then ( ~, Ls U C4 U L2(PO)) is like in (i) of the Theorem and it is easily
seen, that we have case (i) of the Theorem.
We can henceforth assume, that Hypothesis 3 is not satisfied.

Let Po c- % such that a4(Po) = 5. Then clearly a4 = 5, aa = 4, a2 = 18.
As c 2 for every Q {P0}, we get = 2 for every Q 
- {P0}. It is easily seen, that (B, £5 U t4) is uniquely determined and
can be chosen like in case (ii) of the Theorem. Further it is easy to

check, that ($, L) arises in the way descrived in the Theorem out
of a uniquely determined linear space ~.’ ) with 16 points and 21
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lines as given in the statement of the Theorem. Again it is easy to
see, that ~’ ) can be completed in exactly one way to yield PG(2, 4).
The five « new » points form an oval in PG(2, 4), together with Po
they form a hyperoval. The proof of the Theorem is complete.
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