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RexD. SEM. MAT. UN1V. PADOVA, Vol. 73 (1985)

On the Quadratic Optimal Control Problem
for Volterra Integro-Differential Equations.

MimMmA DE ACUTIS (*)

SumMARY - This paper is concerned with the optimal control problem for an
integro-differential Volterra equation having a quadratic cost functional.
In the first part the problem is studied for special kernels and we get an
optimal control of feedback type involving also the past history of the
solutions. In the second part, using the semigroup theory approach, a
similar result is proved in the general scalar case.

0. Introduction.

In this paper we consider the synthesis of the following optimal
control problem

(P,) Minimize the « cost functional »

T
() = 3 [{u() + oo} at
0
over all e L¥0, T) and z € C(0, T) which solves

P.) z'(t) = jK(t—— 8)x(s)ds + wu(t)

z(0) = x,

(*) Indirizzo dell’A.: Dipartimento di Matematica, Facoltad di Sciense,
38050 Povo (TN), Italy. Indirizzo attuale: Istituto di Matematica, Universita,
via Roma 33, 67100 I’Aquila, Italy.

Work partially supported by CNR-GNAFA.
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We suppose that K is a scalar Kernel subject to the additional hypo-
theses which will be stated in the following.

It is well known that in the optimal theory for ordinary differential
equations (see for instance Curtain and Pritchard [6]) we get a feed-
back control of the form

1) u(t) = — H(t)2(t)

where H is the solution of a related Riccati equation. In this case
we shall give a similar result writing (P,), in some way, as an ordinary
differential equation on suitable functional spaces. It is important
to point out that in our case we shall give an expression of type (1)
involving also the past hystory of the solution up to the time t.

In the first part of this paper we shall obtain a constructive result by
means of some particular kernels. This result could be useful, we
hope, in the future to study numerical approximations of the optimal
control function.

A more theoretical result will be given in the second section using
the techniques of Chen-Grimmer [4]. For general references on the
integral equation theory it is possible to see Miller [11], Grimmer-
Miller [9]. Da Prato-Iannelli [6]. For the optimal control theory
we refer to Curtain-Pritchard [5], Barbu-Da Prato [3], Banks-Mani-
tius [1], Delfour-Mitter [8].

1. Theory with special kernels.

In this section we shall be concerned with kernels of the following
particular type

N
a)  k(t)= Y a;tiexp[—o,t]; o, a,€R
=0

1

) k(i) = f exp [— st]g(s) ds

0

where ¢ is a prescribed function.
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In order to study the case a) we set (1)
2= (t*exp[—at]) %2 (k=0,1,...,79), M= (N2-}+ 3N+ 4)/2 .

Therefore we obtain the following M X M system

N
=Y a2,
=0

7

Ro.0 = X — KpZp,0
/

R1,0 = R1i1— %1210

zz",k = (t— k)2 p1— xRk k<i,1=0,.., N

7
Rig = X — &Ay°%;

Hence the problem (P,) can be studied by means of the finite dimen-
sional problem

(Ps) X'(t) +- AX(t) = Bu(t), X(0)= X,

where A is the following M X M matrix

e —

0 —ay —a, 0 —a, 0 0 —a, O 0 0 —ay...
—1 0

0 o, —1
—1 o4

0 oy —2

0 a, —1
—1 oy

0 a; —3

0 oy —2

0 oy —1
—1 g

Gy

() Here % denotes the usual convolution product. That is

t
(f % g)(t) = ff(t—s)g(s)ds .
0
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Moreover we set B:R — R¥

Yy

0

By=101, for all yeR

and

%o,0
%10
®1,1 ,

X=] 2y , Xo=| . |= Bua,.
%i1
Ri
Ziq1,0

Let us consider, now, the new cost functional
T

) ) =[{ur+ 0X@), X}
0

where C is an M X M matrix such that

&y

0
X = . for all X e R¥,

0

We shall study the optimal control problem (P;), (P,).

The problem (P,), (P,) is completely equivalent to (P;), (P,)
which is well-known in the literature (see for instance Curtain-Prit-
chard [5]). We know, there exists a unique selfadjoint matrix H,
which is a solution to the following Riccati equation

(R) H'—A*H—HA+ C—HBB*H=0, H(T)=0
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such that there exists a feedback optimal control of the form
u(t) = — B*H(t) X (1) .

In this way the following result holds.

ProrosITION (1.1). Assume the kernel k(i) of the above type a),
therefore there exists a unique optimal control of « feedback » type

t
() = — hyy(8) (1) — f h(t, s)@(t— s) ds
where °

M
h(t, s) = ZO hyiis1yzrive(t) s €xp [— o8]

W=
and {hy }s_1,. , u 08 the first row of matriz H(t) solution to (R,). That is

t

M
u(t) = — hu(O)2() — 3 Bii+nz+ive (t)J-ki,i(s)w(t—' s)ds

1,7=0
0
where

kiys(s) = s*~7-exp [—a,s] .

REMARK (1.2). This proposition shows that is not possible, in
our case, to have an optimal control depending only on «(t), indeed
if this is the case we can obtain, via the equivalence between (P,),
(P,) with (P,), (P,), @ new matrix H,(t) which solves (R,). This fact
is impossible by virtue of the uniqueness of the solution to the Riccati
equations (see for instance Curtain-Pritchard [5]).

REMARK (1.3). We wish to point out that also in this case the
calculation of the optimal control is reduced to solving a Riceati
equation.

Let us consider now, a kernel k(¢) of the type b) mentioned above,
that is
1

k(t) = '[exp [— tt]lp(z)dr .
0
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This kind of kernel have been considered by Da Prato-Iannelli [6].
In order to solve our problem we need the following lemma

LEMMA (1.4). Let o> 0 and ¢ e L*+%0,1) then

z (k(n)(()))z <+
n=0
where
ark
dai»

k™(0) =

t=0 )
ProOF. Let e N then

1

”é:o (%"(0))2 ="T§O( f’t"tp(r) ¢zl1:)2

0

therefore
1 1 1 1
fn d : n d N2 d 1 n m2 d:
e(T)dT) < f-r T) | T"p3(T) r<m Tre3(T)dT
0 0 0 (1]

since @? € L1t%/2 gne has

1

2 1 : of/(x+2) - 2/(x+2)
( fz—nq)(-[) dT) < m( fT"(“+2)/2dT) ( f(pzﬂx(—r) d-[) .
1]

0 0

Hence

9 1 1 af(x+2) R 1 2
(f e (h) Sitw (1 T n) Heliee = g lolie
0

o

a2

>0.

B =

Hence the lemma is proved. %
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For our purposes we set, for all ne N

2a(t) = (K™ %) (1)
then we get

2,(t) = @nyx + E(0) -a(t) .

Substituting into the integral equation we have the following infinite
system

' —2y=u
Zo— & — koo =10

'
RBp— Bpy1— kn,o'x =0

where
Ko = (0)

In order to give sense to the above formal calculations we shall use
the Hilbert space I2(R) with the scalar product

o}, fwad> = E o

Let us define the linear operator A:13(R)—I(R) in the following way

0 —1 0 0
—kpy O —1 0
A= —k, 0 0 —1
: —1
that is
(Ax)y =—®3, (AB)pyy=—TFn_10°% — Tpyzy, n>1

we get the following lemma.

LEMMA (1.5). Let ¢ € L**%(0,1), a > 0, then A is a bounded linear
operator on [2(R).
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Proor. For all {#,} €1*(R) one has

Az @ = 23 + lekn_l,owl + Tapt<
=

S (na}< 2ol (14 I11?)

n=1

<x;+ 2 { zl (Bn_1,0°@)% +
Py
where
Iol2 = X ¥ao.  #
n=1

Let us denote by

(1)
2o(1)

therefore one has the following

COROLLARY (1.6). Let ¢ € L***0,1), > 0, then for all t>0 4t
follows that
X(t) e P(R) .

Proor. It follows at once by the variation constant formula
being A and B bounded linear operators. #

Let us define the operator B:R — I2(R), such that
Y

for all y € R. Therefore the problem (P,), (P,) is equivalent to search
the optimal control to

) { X'(t) + AX(t) = Bu(t)

X(0) = X, = Bz,
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with the new «cost functional »
(Py) To(w) = f{|u ()2 + <X(0), CX () um) dt

where C:1*(R) — I2(R) is defined by

Ty

Clw,} =10

for all {z,} € *}(R).
Therefore by applying the standard theory (see [5]) we obtain
a feed back optimal control

u(t) = — B*Q(t) X(?)

where Q(t) is a linear bounded operator for all £>0 and the mapping
t —Q(t) is the unique solution in the class of selfadjoint linear opera-
tor to the related Riccati equation

(B,) Q' —A4*Q—QA+ C—@BB*Q =0, Q(T)=0.

Let us denote by {l};_;,., . the canonical orthonormal basis for
IB(R), that is I, = {0;};-1,5,...
If we set

(1) = Q) L, ldnw)

then one has
u(?) = — gqu(?)®(t) Z q:5(8)2i_a(1) .

Therefore we have the following result

PROPOSITION (1.7). Assume that the integral kernel k(t) is of the
above type b) and ¢ € L*+*(0,1), o> 0. therefore the problem (P,), (Ps)
is equivalent to (Pg), (Ps) stated above and there exists a unique optimal
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control
u(t) = — gul)2(t) — 3 gult) (-2w2) (1)

where

Gi(t) = Q) ;5 Ldpw)

Q(t) is the solution to the above Riccati equation (R.) and the series con-
verges uniformly on [0, T].

ProoF. It remains to prove only the uniform convergence of the

above series. Let r, peN.
Then one has to prove that

r+p
lim sup E qh'(t)za'—z(t)( =0
r,p—>oco t€[0,T]| ji=r

To do this we shall prove that

3430

i=1
converges uniformly on [0, 7] and
r+D
lim Y sup |2(#)[2=0.
r,p—>00 j=r {€[0,T]

Hence, we have

r+0 r+0
sup un(t )2;_a(t) < (sup E qu(t) + sup Z [25( t)lz)

that proves the uniform convergence.

In order to get the uniform convergence of zq” t) we set
j=

D(t) = B*Q(t)

then D(f) e[I3(R)]* =~ [1?(R)] for all {>0. Moreover since for all
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{y.} € *(R) one has
DO {1} = 3900,
it follows that
1D g+ = 1H{as®} liremy = 26,0

Since the solution to the Riccati equation (R,) has that property
Q(t) eL(1*(R)) for all t>0, we get

1D/®)) = 3 aiitt)
=
We know that the solution to (R,) has the property that @ € C([0, T),
£,(1*(R)) and there exists M > 0 such that
sup Q)| <M

tef0,T]
therefore

sup 3 ¢i(t) = sup [ D) |*< M
From (R,) we obtain

D@ < |B*[|4*|le@® | + IB*[l4llQ®| + | B*|-10]+
+1Q@) |- |1B] - |B*| < M1+ M + 2] A]) = M, .

If we consider the sequence of mappings, defined in the following
way

0.0 = 3 G0

it is possible to prove that {g.} is a relatively compact subset of
C([0, T]) by virtue of the Ascoli-Arzeld theorem.
Indeed we have

sup lg.(t)| <M, sup lgn(t) | < M* + M3 .

Hence we can say there exists a uniformly convergent subsequence,



242 Mimma De Acutis

but if one takes into account the pointwise convergence of the complete

sequence, it follow the uniform convergence of the serie > gi,(t) on
[0, T1. i=1

The other part is easily proved since, using the same arguments
of the lemma (1.6), it is possible to see

1

les )" <const (lglueT) 7= v

where f>0. #

2. Abstract theory.

Let us consider the linear Volterra integrodifferential equation

¢
") = [k(t— d t t>0
(2.1) @' (¢) J( s)a(s)ds + f(2),
x(0) = x,
where ke H(R,) and fe L*R,). We wish to transform (2.1) into

an abstract ordinary differential equation on a suitable Hilbert space.
Let us denote by H = RXL*R,) and by

0f = f(0), Df=Ff
for all fe HY(R,). Denote by
D(@) =RXHYR,)

and by G:D(GF) -~ RXL*R,)

0 do
G=[uw DJ

=[]

y(t)(s) = f(t + ) + [t -+ s — T)a(z) do

If we set
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the problem (2.1) is equivalent (see Chen-Grimmer [4]) to the problem

Z'=GZ

(2.2) 20— 7 — [xo]
0) = Z, y

To solve (2.2) we shall use the Lumer-Phillips theorem (see A. Pazy [13])
in a way close to the proof of the theorem 5.1 of [4]

PROPOSITION (2.1). G s the infinitesimal generator of a C,-semigroup
{8(t)} of bounded linear operator on H.

Proor. Let us consider the operator
G(x - G - aIH, o> 0

where
D(G) = D(G) .

We shall prove that for o > (1 + |%]z), G« is a dissipative operator.
Assume z = [Z] € D(G) then

{Gazy 2)n = (— aw + Ooy) & + k() + (Dy — o)y - Y)ps =
= — o — ofy||z: + 200y + k()% yDp2 + <DsY, Yore -
One has easily
Dy, y> = — % 00yl|?,

(Goz 2y <—al2lz + 32z + 3kl5 o) <— (e — 3 — 3[kZ) |2z -

Then for o> %-(1 +|k|3:), Gx is, dissipative.
Now consider (A— Ga)! = R(A + «, @), we need to show that
the range of this operator is the whole space H, for some A > 0.
Observe that the equation

o-aff-[
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has a solution [i] € D(G@) for all [Z] € H if and only if
A= k().
Indeed it is equivalent to solving

{zm@~mw&—ww=nw)
n(0)=2,—ua

then by evaluating the Laplace transform of the first equation in A
we obtain

E= (A—Fk@A) [= + §(A)]
Since one has for all 1 >0

1
i/’c(/1>l<(2—,1)i 1% zs

we obtain for all « > 0, there exists 4 > 0 such that
AtatbA+a). #

REMARK (2.2). We wish to point out that, when a control func-
tion is considered we have the equivalence between the problem

t
@'(t) = f k(t —s)a(s) ds 4 w(t), @(0) = @,
0

and the non-homogeneous equation on H

(Pa) Z'(t) = GZ(t) + Bu(t), Z(0)= [f)"]

where B:R — H is defined by Bz = [ﬁ] .

Therefore we have that the range of B is contained in D(G).
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Let us introduce the new «cost functional »(2)
T
(P)) Tolw) = } [{lu]2 + <Z(0), D2} dt
0

Therefore to solve the problem (P,), (P,) is equivalent to study the
problem (P,), (P,).

As in the above case, the problem (P,), (P,) can be investigated
by means of the standard theory on the Riccati equations in Hilbert
spaces. Hence we obtained the following

THEOREM (2.2). Under the above assumptions there exists an «op-
timal control » u expressed by the «feedback » type formula

u(t) = — B¥*H(t) Z(?)
where H is the solution to the Riccati equation

(R) H - G*H- 1 HG 1 D—HBB*H =0, H(T)=0.

Let us define the following linear operator

P: 120, T) — RX L0, T)

()

Hu(t) = B*H(t)Py Hm(t) = B*H(t)P

such that

and by

H,\(t) = Hy,(t) = P*H(t)B, Hy(t)=P*H()P .

Hence

C[Ha)  Hat)
H“’_[Hm(n Hm(t)]'

() D: H — H is defined by

X X
DZ=[] forallz:[]eH.
0 Y
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Observe that Hy(t), for fixed ¢, is an element of L2(0,7) and the
boundedness of H(f) as a map from [0, T'] to L(H) implies that

sup [ H 15(t) || 20,

is bounded. Moreover since t — H(f) is continuous in the strong
operator topology one has for all y € L2(0, 7') the continuity of the map

b= CHyps(t), YDue -

Hence we get
u(t) = — Hy(8)2(t) — {Hys(t)y YDy -
From the definition of y(f) one has

T t

w(t) = — Hyy(t)a(t) — fHu(t, $) f k(t + s — 7)a(z) dr ds .
0 0

Now it follows that for all ¢, 7 the integral

T
me(t, $)k(t + s —7)ds = H(t, 7)

0

converges, since both the factors are L2-functions and it is continuous
separately in ¢ and 7. So Fubini’s theorem can be applied.
Therefore one has

THEOREM (2.3). Under the above hypotheses, the optimal control
of (Py) and (P,) is given by

t
u(t) = — Hy(t)a(t) — f H(t, 7)w(x) dv
0

where H(t,7) is given by the above formula.

REMARK (2.4). The remark (1.2) concerning the uniqueness pro-
perty can be extended to this case, also.
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