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A Stefan Problem for the Heat Equation
Subject to an Integral Condition (*).

ELENA COMPARINI - DOMINGO A. TARZIA (*¥)

SuMMARY - We prove existence, uniqueness and continuous dependence and

we study the behaviour of the free boundary of the solution of a Stefan
8(2)

problem for the heat equation when the integral condition E(f)= fu(x, f) dz
(1]

is assigned.

1. Introduction.

In [6] the heat conduction in a slab of variable thickness 0 < z <
< 8(t) is studied in the case in which no boundary conditions are

assigned on the face x = 0, but the integral of the temperature
s(t)

Eit) = f u(x, t) der is prescribed as a function of time.
(1]

Obviously E(t) represents the thermal energy at time ¢ if we agsume
that the heat capacity of the material is constant and equal to 1.

In [3] the same problem is considered assuming that the slab is
made of a material undergoing a change of phase at a fixed tempera-
ture (say v = 0). In this case r = s(t) represents the interphase and
it is assumed that u = 0 for x > s(1).

(*) Work performed under the auspices of the Italian CNR-GNFM.

(**) Indirizzo degli A.A.: E. CompARINI: Istituto Matematico « Ulisse
Dini », Universitda di Firenze, V.le Morgagni 67/A, 50134 Firenze, Italy;
D. A. Tarzia: PROMAR (CONICET-UNR), Instituto de Matematica « Beppo
Levi», Universidad Nacional de Rosario, Avenida Pellegrini 250, 2000 Ro-
sario, Argentina.
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In this problem the total thermal energy at time ¢ consists of two
terms: one is the «latent energy », Ls(t) (L is the latent heat), while
the «diffusing energy » is still given by the integral E(t).

In [3] the well posedness of the problem is proved when E >0,
E>0, the initial temperature () satisfies 0 <@(x)<N(b —x) for all
0<x<b (N constant > 0), and ¢'(x)<0.

Here we consider the case of general data (without sign specifica-
tion) and we prove that a T > 0 exists such that the problem is well
posed in the time interval (0, 7).

The possible non existence of a global solution (i.e. for arbitrary
T) is outlined in sec. 5, where we show that if E<0 E<0, u(z, 0) <0,
then a finite time 7, exists such that tl_lgl $(t) = — oo.

2. Formulation and results.

Let us consider the following problem: find a triple (7, s, 4) such
that

i) T>0;

ii) s(¢) is a positive function, continuously differentiable in
[0, T);

iii) u(z, t) € ¢,(Dy), Ugy, U, are continuous in Dy, where Dy = {(,
1):0<x<s(t),0<t< T} and Dy is its closure;

iv) the following conditions are satisfied:

(2.1) Upe— U= 0 in Dy

(2.2) s(0)=b, b>0

2.3) w(@, 0) = (@) , 0<a<b

(2.4) u(s(t), 1) = 0 0<t<T
s(t)

(2.5) ﬁmnszm, 0<t<T

(1]

(2.6) u,(s(t), 1) = — §(¢) 0<t<T.
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Here we assume

(A) () € C,[0, b] and @) =0

b
(B) BE(t) e 0,0, T] and E(0) = fq;(w) aw .

0

First, we state our existence and uniqueness theorem.

THEOREM 1. Under assumptions (A), (B) there exists a solution
(T, s, w) of problem (i)-(iv), which is unique in (0, T').
Moreover we have

THEOREM 2. Let (7, s, u) be the solution of problem (i)-(iv), then
se 0,00, T) N C (0, T).

We need some more regularity on the data to state the continuous
dependence theorem.

Let us consider two solutions (T}, s, %), (L5, S;, %;) 0f problem
(i)-(iv) corresponding to data ¢,, B, and ¢,, E, respectively.

If we replace assumptions (A), (B) with

(A)’ p(x) € G0, b] , o) =0
b

(®) Bt € G0, T], () =[9(a) dx
0

then we prove

THEOREM 3. If assumption (A)’, (B)' are satisfied then two con-
stants k, T can be found a priori such that:

(2.7 I8:— allc,0,5 <K{lps— Pallcson + | Ba— Ball o, 0,5} -

The notation of spaces and norms used here and in the following
are the same as in [12]. For sake of simplicity we often use the
symbol ||y, N>0 integer instead of |-|,,, | -]., *€(0,1) instead of
||z, to denote the Hélder norme of order «; and ||, instead
of ||| g,,, to denote the Holder norm of the N-th derivative.
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3. Proof of Theorem 1.

I. An equivalent formulation.
We begin with stating the following
LeEMmA 3.1. Let (T,s,u) be a solution of (2.1)-(2.6) then
(8.1) ul(0,1) = — B(t) —$(t), 0<t<T.
ProOF. From Green’s identity
f (vLu — uL*v) dr dv = § [(#e® — wv,) dr + wo da]
D oD:

where L is the heat operator and L* its adjoint, with v = u(z, ¢) and
v =1, we obtain ’

t
(3.2) s(t) = b— f 4,(0, 7) dv — B(t) 4 B(0)
0

from which (3.1) follows.

LEMMA 3.2. Let v(t) = u,(s(t), t), where u, s solves (2.1)-(2.6), then

t
(3.3) o(t) =2 _[ N.(s(t), t; 8(7), 7)0(v) dr —
0

t
—2 f N.(s(t), t; 0, 7)v(z) dv — 2B(0) N, (s(t), ¢; 0, 0) —
0

t b
—2[W.(s(0), 13 0, 1) B(z) dx + 2[G(s(0), 15 &, 0)'(§) @&
0 (1]
with
t
(3.4) s(t) = b —[v(7) dr .
0
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ProOF. (3.3)-(3.4) are proved following the methods of [4]. Here
G(x,t; &, 7) and N(x,t; &, 7) are Green’s and Neuman’s functions for
the heat operator.

Thus we have reduced (2.1)-(2.6) to a system of integral equa-
tions such that if u(x,?), s(t) satisfy (2.1)-(2.6) then wv(¢), s(f) satisfy
(3.3)-(3.4).

Conversely, if v(t) is a continuous solution of (3.3) and if s(¢), given
by (3.4), is positive, we can define u(x, t) replacing us(s(z), 7) with v()
and (0, 7) with — E(7) + v(z) in the formal rappresentation for the
solution of the problem. Now it is easy to show (see [5]) that u(z,t)
so defined satisfies (2.1)-(2.6).

Moreover, it is known that the initial boundary problem (2.1)-(2.5),
for given Lipschitz continuous and positive s(¢), admits a unique
solution [6].

It is so proved that problem (2.1)-(2.6) is equivalent to the problem
of finding a continuous solution of the integral equations (3.3), (3.4).

II. Ewistence and uniqueness.

Now we prove that the system (3.3), (3.4) has a unique solution
for 0<t<T where T is sufficiently small.
We consider

Xg,u = {o(t) € C[0, T1: o], = max |o(t)| < M}.
o<iKT

On the set X, we define a transformation

7 = B(v)
as follows

t ¢
(3.5)  #(t) =2 f N.(s(2), t; 8(7), 7)0(z) dr —2 f N.(s(t), t; 0, 7)v(z) dv —
0 t 0
— 2B(0) N, (s(t), 1; 0, 0) — 2 f N,.(s(%), t; 0, 7) B(z) dv +
0

b
+2[6(s0), 45 & 0)9/(6) d&
0
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where
t

(3.6) s(t) = b —|v(v) dv .
0

We shall prove that there exists a fixed point of G.
Chosen a T such that

<s(t)<=b, O<i<T

NI o
[S<J VS

(3.7)

we have that |v],<M implies immediately
(3.8) |s() —s(z)|<M(t—7), O<T<It

and, from (3.5),
(3.9) |3lo<k + cM2T?
having posed T'<1, M>1. k is a constant depending on |E|, |¢[, b,

and ¢ is a constant depending on b only.
Thus chosen a set X, with e.g. M = 2k and T such that

1
T<c4k

then T maps Xy, into itself.
Now we prove that T is a contraction.
For any v,, v,€ X5, let us consider the difference v,— v,.

Denote

(3.10) l,—vello=1¢, e<2M.
From (3.6) we have,

(3.11) |8:(2) — sa(t) | <&ty [[Si—8ufo<e, O<i<T.



A Stefan problem for the heat equation ete. 125

From (3.5):

(3.12) 61—172=2f[Nx(sl(t),t;sl(r),T)vl(r No(84(2), 15 85(7), 7) va(7)] d
0

—2[[W.(s1(0) 15 0, T)0u(x) — Na(salt), 13 0, 7) ()] dr —
—2E(0)[N, (31 t),%; 0, 0) - N,,,(Sz(t), t; 0, 0)] -

_2f[Nx, si(t)t; 0, 7) — N, (8,(2), £; 0, 7)1 E(r) dr +

+2J‘[G 31 at7§70) ( )s t3 ‘570)]"’ dé .

To estimate the first integral on the right-hand side of (3.12),
say I,, we consider that:

(313) I, = f Mr( 3 8:(7), 7) 0y(v) dv +
—I—f 8a(t) — 8(7) T) I(35(8)y t; 8a(7), 7) va(7) dv + 14

where I, denotes the sum of the first two terms on the right-hand
gide of (3.13) but with s,(r) and s,(tr) replaced by — 8,(7), — 8,(7)
respectively.

We can write

t

(3.14) Ilz—f [sl(t)_s‘(’)—32(t)_82( )[ (52(0), 15 82(7), 7) 0y(7) d7 +

t—1 t—1T

t 1]
n f 1O =5 [Py 0), 15 54(1), 7) — T(sa(0), 85 82(0), )] oale) v —
[\]

t
—[#O=2 P, 1 5021, 7) ) — o) + 5.
0
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From (3.14)

t
¢ fou(n) — v,(n)|dny
(3.15) |11|<o{f' G Mar+
(1]

t
+f e [1_exp[(sl<t>—sl<r))2_(sz<t>—sz<r>)2” 2+

(t—17)* 4(t—1) 4(t—1)
0

+f sdr} + |[I1| < o{ Mett 4 Moet? + Mett} + |I;] .

Here and in the following ¢ will denote a constant depending on b
and possibly on M. The estimate for |I;| is obtained by means of
the mean value theorem

(3.16) |I;| <cMett .
Finally
(3.17) || <eMeT* .

The second integralin (3.12), call it I,, is easily estimated as follows

| L] <2I|Nx(31(t)7 t; 0, T) - Nx(sz(t)a t; 0, T) [vi(7)] dr +
0

3

+ f IV, (sa(t), £ 0, 7) [v,(7) — vy(7)] dr <
0
t t

<2M|s,— 8, f |N..(5(t), t; 0, 7)| dv + 2 f |V, (s:(8), t; 0, 7)| dv
0 [}
with
min (8, 8,) <S<Max (8, 8,)
that is

(3.19) || <eeT .
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Estimates like these hold for the third and the fourth terms on
the right-hand side of (3.12), from which we obtain

(3.20) \, + 1| <c|B|,eT .

For the last integral, say I, we have (see [4])
(3.21) L] <ce|g], TF .

From (3.17), (3.19), (3.20) and (3.21) we obtain
(3.22) 5, — a0 < eTH| vy — 020 -

Thus, there exists a time T'<T such that ¢I*< 1, then (3.22)
implies that G is a contractive mapping in the norm of C[0, T'].

Therefore we proved that there exists a unique fixed point o(¢)
of G in Xz, and then o(¢) is the unique solution of the integral
equation (3.3), with s(¢) defined by (3.4).

REMARK 3.1. Note that in the case in which s(¢) is monotone non-
decreasing (this happens for example for ¢(x) >0, E(f)>0, 0 <Et)<A
(see [3])) we can apply the proof of § 3 step by step, to obtain a
solution u(x, t), s(t) (or v(¢)) for all times [4].

Now we prove

THEOREM 2. If (T, s, u) solves (i)-(iv) then s € C,[0, T) N C(0, T).

ProOF. Recalling [7] we can assert that s € C*(e, T') for any £ > 0.
Moreover, performing the limit for ¢ — 0 in (3.3), we can easily prove
that

(3.23) 2(0) = ¢/ (b)

that is §(¢) is continuous at ¢ = 0.

REMARK 3.2. Let us define

(3.24) w(@, 1) = j (€, 1) dE .
8(t)
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By strightforward computation one verifies that if (T, s, u) solves
(2.1)-(2.6) then (T, s, w) solves

(3.25) Weg— Wy = — § in Dy
(3.26) w(@, 0) = f p&)dE, O0<w<b

b
(3.27) w(0,1) = —B({t), O0<t<T
(3.28) w(s(t), 1) =0, 0<t<T
(3.29) w,(s(t),1) =0, 0<t<T.

Thus we proved existence and uniqueness of the solution of prob-
lem (3.25)-(3.29), which is a problem with Cauchy data assigned on
x = s(t), which differs from those studied in [8] where the right-hand
member of the parabolic equation was not allowed to depend on §.

4. Proof of Theorem 3.

LEMMA 4.1. Assume (A)', (B)’ and let (T, s, ) be the solution of
problem (i)-(iv), then

(4.1) [th5(t)|<e, O<t<T<T.

Proor. Replacing assumptions (A), (B) with (A), (B)', we can
repeat the arguments of sec. 3 to prove a contraction on the set

X; = {o(t) € Hy[0, T1: vy <H, T<T}

where v(t) is defined by (3.3), (3.4).

This implies s € H, [0, 1.

The estimates of ||v||; and |v,— v,|; are obtained following the
methods of [9].

LEMMA 4.2. Under the hypotesis of Lemma 4.1 we have

(4.2) max |u.(@,t)|<ct-t  0<t<T.
)

o<ae<s(t
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Proor. In [10] it is proved that the solution z(x,t) of the first
boundary problem in D, for the heat equation has a bounded second
order derivative z,,, when 2(s(t), t) = 0, 2(0, t) is Lipschitz continuous,
2(x, 0) satisfies assumptions like (A)'.

It can be shown that in our case (0, t) € H; and that it is possible
to modify the estimates of [10] to prove inequality (4.2). Details are
omitted for sake of brevity.

Let (T, s1, %), (T, 85, ;) be two solutions of problem (i)-(iv), with
assumptions (A)’, (B)’, corresponding to the data ¢,, F,,b and ¢,,
E,, b respectively. We perform the transformation (for 7 =1, 2)
(4.3) y=uwls;y, wiY,t) =ui(s:9,8), F:(y) = @i(by)
leading to

(4.4)  wiy= — 87 Wiy + Y857 W,  on  Dp, T = min (T,, T,)<T

(4.5) wi(y, 0) = ¢u(y) , 0<y<1

(4.6) wi,(0, 1) = —s,(0)[8:(2) + 1)), O<t<T
(4.7) w1,t) =0, o<t <T
(4.8) si(t) = —s7i(twy,(1,1), o<t <T.

Obviously problem (4.4)-(4.8) is equivalent to (2.1)-(2.6).
Let us introduce the following notation

8(t) = s(t) —s(t), O(t) = &) — (1)
(4.9) Wy, t) = wy(y, t) — wy(y, t)
Apy) = Gu(y) — ¢(y)

AE(t) = Ez(t) - El(t) 9 AE(t) = Ez(t) - El(t) ’
(4.10) _ _
j6], = max (o), 6], max |§(x)

TS

W(y,t) defined by (4.9) solves:

W,= A(t) W+ B(y, ) W, + F(ya t) in Div
(4.11)

W(y, 0) = Ae(y) , o<y<1
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W, (0,1) = —sy(AE + §) — 0(H,+ 8,) = G(t), O0<t<T

(4.12)
w@,t) =0, o<t <T
where
Ay =s°

B(y, 1) = yéi8y"
Fy, t) = — 0{(81 + 82) 87287 Wayy + ¥87287282,,} + SysTiw,, .
We are going to study the difference

(4.14) 8 =8,— 6= — s W,(1,1) — s7 8, wy, (1, t)

for which we need an estimate of W,(1,1).
We split W into the sum

W=W,+W,
where W, solves problem:
(4.15) Wy= A(t) Wy, in Dz
with conditions (4.12), and W, solves:
(4.16) W= A({t) Wy, + By, t) Wy, + Fo(y,t), in Dp

with zero initial and boundary conditions.

In (4.16)
(4.17) Fy(y,t) = F(y,t) + B(y, t) Wy, .

As to W,, we split it again into the sum W,= 2z, 4 2., where 2,
is the solution in the half plane x > 0 of
(4.18) 2y = A(8) 244y
with

2%(y,0) =0, 21,(0, 1) = G(t) ’
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while 2, solves the same equation (4.18) with
(4.19) 2,(y,0) = Adp, 2,0,1) =0, 2(1,1) =—2(1,1).
Introducing the fundamental solution for the operator 0/0f —

— A(t)(02/0y?), say Iu(y,t; &, 7), by means of the parametrix method
of E. E. Levi, we have for z;:

t
(4.20) a9,1) = — 2[ Ty, 5 0, DG(v) dr .
0

From (4.20) we have immediately the estimate
(4.21) a1, ) <et(|6] .+ [AE],) -

An estimate like (4.21) holds for z,,(1, ?).
Now we congider z, as the restriction to [0, 1]X (0, ') of the solu-
tion of

(4.22) 2y = A(t) 2y, in (—1,1)x(0, 7
(4.23) 2y, 0) = Ao, —1l<y<1
(4.24)  2(—1,t) = 2,(1,1) = —2z(1,1), o<t<T
with
- { Ap(y) y>0
dp(—y), y<o0.

We can estimate 2,,(1,?) knowing #z,(y,?) on 0D;, by means of
Lemma 3.1 p. 535 of [11].
Making use of the estimate on z,:, we obtain

(4.25) leas(L, 0)| <e{| Al + 2(| 6]+ | 4] )} -
From (4.21) and (4.25) we get the estimate

(4.26) |Wa(1, )] <cl| Ap], + 1] 8] + t] AZ].] -
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Moreover, applying the maximum principle in Dz, we get also the
estimate

(4.27) | Wiy, t)| <el| Adg|+ |8]:+ |AE|.].

Finally, let us consider W, as the restriction in [0, 1]X (0, T) of
the solution of

(4.28) Wae= A(t) Wa, + F(y, )  in (—1,1)x(0,T)
(4.29) Wa(y, 0) = Wy(—1,1) = Wy(1,?) =0
with

- By, t) Wyu(y,t) + Fol(y, ), y>0
(4.30)  Fly, 0= { Bl—y, ) Wauly, 1) + Fo(—1,8), y<0.

Using the methods of [12], sec. 4 we obtain the estimate

t

(4.31) max |W,,(y, t)|<c { f(t — 1)~ max |W,,(y, t)|dr +
vel—1,1] v
0

+ 4(]8). + AT, + llA<pI|1)}

which gives, with (4.26),

(4.32) |Wo(1, 8)| <e{tt] 8] + | dg|.+ | AB|} .
From (4.14)
(4.33) 18] <e{|dp|. + #|AB|, + t¥] 0] <}

which proves (2.7).

5. Behaviour of the free boundary.

It has been proved in [3] that if one assumes positive data ¢(x),
E(t) with ¢'(z) <0 and 0 < E(t) < 4, then s(t) is monotone non decreasing
in ¢ and $(¢) is bounded so that a solution can exist with arbitrarily
large T.
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In this section we want to study the problem of the continua-
tion of the solution and to analyze the behaviour of the free boundary
when the sign restriction imposed in [3] are no longer valid.

We will assume besides of (A)’, (B)' that

(5.1) p(r) <0
(5.2) Bt)<0, E)<0.
We first prove

LeMMA 5.1. Let (7, s, ) be the solution of (i)-(iv) with assumption
(A), (B)'. Let the data satisfy (5.1), (5.2), then

(5.3) u(r, 1) <0, $(t)<0.
Proor. From (5.1) it is ¢'(b)>0, that is since $(¢) is continuous,
(5.4) $(0) = — u,(b, 0) <0 .

Congider the solution corresponding to

(5.5) ) = ple)— 1 (h—2)

for which §,(0) < 0.
Assume that there exists a first time #, such that §,(f,) = 0, and
then

(56) un,(sn(in)’ in) =0.

From the maximum principle in D7, it is wu.(®,?) <0, that is,
a8 Un(Salln)y Tn) = 0, (sa(fn), %) is an isolated maximum for u,, and
the parabolic Hopf’s Lemma [13] ensures u,_(s.(.), I,) > 0, contradict-

ing (5.6).
Then

(5.7) U2y 8) <0, 8,(t)<<O

and performing the limit for n —co we obtain (5.3).
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REMARK 5.1. If one excludes the trivial case in which § =0,
corresponding to data F = ¢ =0, then immediately

(5.8) §t)<0, O0<t<T.

THEOREM 4. Let us consider two sets of data (E,, @1, b), (s, @2, b,)
for problem (i)-(iv), and assume that both of them satisfy assump-
tions (A)’, (B)' and (5.1), (5.2).

Let (7., 81, %), (Ts, 8, u;) be the correspondent solutions and
assume:

(5.9) E,>E,, @.>¢, b, > b,
by

(8.10) [tput) + 11050, 0<a<y,
x

by
[totn) + 118y > 0.
o

Then
(5.11) si(f) < sa(t), t<T,
where T, = min {Ty, T,, sup i: s,(8) > — Ey(?)}.
Proor. Lemma 3.1 ensures
(5.12) Uir(0,1) = — Bi(t) —$,(8), i=1,2.
Thus we can consider (T, 8;, %), (Ts, S5, %,) as solutions of two

boundary problems with assigned flux, and then (see [14], Lemma 2.10)
(5.11) holds.

We conclude this section with the following

THEOREM 5. Let the hypothesis of Lemma 5.1 hold.
Then there exists a finite time 7T, such that:

(5.13) lim §(t) = —oo.
t—>To—
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ProoF. The existence of a solution of problem (i)-(iv) with ar-
bitrarily large T implies (see [14], Cor. 2.12) that

t
(5.14) f f |u(w, t)| do dt = f \B()| dv < + oo
0

D:

for all ¢ > 0, which is contradictory with (5.2).
Now if we suppose that a time I exists such that lim s(¢) == 0 then
t—>t
(5.15) lim §(t) = — oo .

t—t

Indeed if (5.15) is not true then
lim u,(s(t),t) and lim u,(0,?)
Y1 t—1

exist and are bounded, and then w is continuous in (s(Z), #) (and equal
to 0).
That implies

s(t)
(5.16) B(f) =1lim f u(@, t)do =0

t—t g

which cannot hold because of (5.2).
Of course we excluded the trivial case E = 0.
The theorem is proved recalling [15], Theorem 8.
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