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On the Uniform Paracompactness.

UMBERTO MARCONI (*)

0. Introduction.

Uniform paracompactness was defined by M. D. Rice in[R] (this
concept was actually used in a previous paper by H.H. Corson [C]).
In[H,],[F], Tamano’s theorem on paracompactness has been given
a uniform analogue.

Countable uniform paracompactness has been discussed in[H,],[H,].
In this work, we plan to discuss uniform u-paracompactness. In §1
definitions and basic properties are given.

In § 2 uniform analogues of Morita’s product theorems for yu-para-
compactness [M;] are obtained; finally, in §3 countable uniform
paracompactness is discussed, obtaining an analogue of Dowker’s
theorem.

1. Definitions and basic properties.

We will denote by #X a uniform space, by X the associated
topological space, by fX the finest uniform space on the topological
space X. Furthermore puX will denote the paracompact reflection
of uX and p#uX the coarsest uniform space for which the uniform
maps from 4X to metric spaces of density u are uniform.

A filter base F of subsets of 4X is said to be weakly Cauchy if for
every uniform covering U, of uX there exists an element U €U such
that UN F «0 for every FeF.

(*) Indirizzo dell’A.: Seminario Matematico, Via Belzoni 7, 35131 Padova.
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Let A be a family of subsets of X; denote by #,the family of all
finite unions of elements of £. A directed family is a family 4 such that
#& = #,. A family A is said to be uniformly locally finite if there
exigts a uniform covering U such that every U € U meets 4 only for
a finite number of elements of A.

Let u be a cardinal number. Consider the following conditions
on uX:

1) every weakly Cauchy filter base of cardinal < u has a cluster
point;

2) every directed open covering £ of power < y is uniform;

3) every open covering /£ of power < u has an open uniformly
locally finite refinement.

‘We have the following obvious implications: 1 <=2 and 3 = 2.
Later we will prove that 2 = 3.

DEFINITION 1. A uniform space uX is said to be uniformly u-para-
compact if it satisfies the above condition 1.

In [M,] a topological space X is said to be u-paracompact if every
open covering of X of power < u has an open locally finite refinement.

PrOPOSITION 1. If X is wniformly u-paracompact, then X is
U-paracompact.

ProOF. Let A be an open covering of power < u; #,, being a
uniform covering, has a locally finite open refinement 3. For every
B e $, consider a finite subset Az of A such that Bc U #Az;. Then
the open covering

{BNA:Be®, Ac Az}

is a locally finite open refinement of .
I don’t know if a T,; u-paracompact space is uniformly u-paracom-
pact in the fine uniformity. This occurs if X is a normal space.

PROPOSITION 2. A mormal space X is u-paracompact if and only if
fX is uniformly u-paracompact.

Proor. If X is a normal u-paracompact topological space then
every open covering of power < u is normal in the sense of Tukey
(IM;] th. 1.1).
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REMARK 1. There exist countably uniformly paracompact spaces
that fail to be normal. Let X be a countably compact T;; non normal
space, for example o, X (w, + 1). If X is a compatible uniform space,
uX is countably uniformly paracompact.

For the proof of 2 =~ 3, we need a lemma. (I am indebted to
A. Hohti for a suggestion which led to this lemma).

LEMMA 1. If a covering # is locally finite, there exists an open cover-
ing B, with |B| < |A|, such that every element of B meets only a finite
number of elements of .

PrOOF. Let U be an open covering of X such that every member
of U meets only a finite number of elements of #£. For every finite
subset F of A put Vg=U{VeVU:VNAx0 iff AeF}. Then
B = {Vg: F efinite subsets of A} satisfies the required properties.

PrOPOSITION 3. Condition 2 = condition 3.

ProOOF. Let £ be an open covering of X of power < u. By proposi-
tion 1 and theorem 1.4 ch. VIII of [Du], it has an open locally finite
refinement B, with |B| <|A|. By lemma 1, there exists an open cover-
ing C, with |C| < u, such that every member of C meets only a finite
number of elements of $B. Since C, is uniform, & is uniformly locally
finite.

PROPOSITION 4. If uX is uniformly u-paracompact, every uniform
covering of power < u belongs to pruX and p*uX has a point finite base.

Proor. By [V] it sufficies to prove that every uniform covering
of power < y has a point finite uniform refinement. If U is a uniform
covering of power < u, it has a uniform open refinement U of power
< u (argue as in the proof of th. 1.4 ch. VIII of [Du]). By uniform
p-paracompactness, U has an uniformly locally finite refinement.
Therefore, by [Sm] th. 4.5, U has a locally finite uniform refinement.

From the above proposition we get the following

COROLLARY 1. uX s uniformly u-paracompact if and only if every
directed open covering £ of power < u belongs to puX.
2. Uniform products.

As for u-paracompactness ([M,] th. 2.1) uniform u-paracompactness
is preserved under products by compact spaces. When considered as
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uniform spaces, compact (T,) spaces are of course equipped with
their unique admissible uniformity.

THEOREM 1. If a uniform space uX is uniformly u-paracompact,
and Y is compact, then uX XY is uniformly u-paracompact.

ProOOF. Let ¥ be a weakly Cauchy filter base of power < u. Since
the first projection p,: uX XY — uX is a closed mapping, the filter

F,= {pJ(F): FeF}

is a weakly Cauchy filter base of closed sets, with |F,| < u. Therefore
there exists a point p e uX such that ({p} X Y) N F =0 for every
F e . The compactness of ¥ ensures the existence of a point ye€Y
such that (p,y) € F for every F € ¥.

As usual, let I denote the closed unit interval, .D the discrete two-
point space {0, 1}. It is well-known that a normal space X is u-para-
compact if and only if X xI# is normal, or equivalently, X X D# is
normal ([M,]; [D] for » = w). We plan to give analogous character-
izations of uniform p-paracompactness.

DEFINITION. We say that a uniform space wX satisfies property P
for a compact space Y if whenever A and B are disjoint closed sets of X X Y,
there exists a uniform covering G of uX XY such that for every Te G
the sets ANT and BN T are far (uniformly separated) in pfX X Y.

REMARK 2. By compactness of ¥ the uniform covering G of the
above definition may be assumed of the form:

B={UxY: UecU}

for a suitable uniform covering W of wX.

THEOREM 2. Let uX be a normal uniform space. The following con-
ditions are equivalent:

1) uX is a uniformly p-paracompact space;

2) pruX satisfies property P for every compact space of weight u;
3) uX  satisfies property P for I+,

4) wX  satisfies property P for D».
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ProOF. 1 => 2. Let Y be a compact space of weight u. Let B
be a directed basis of power u for the open sets of Y. Let 4 = {da:
o € u} be a basis of power < u consisting of continuous pseudometrics
of Y, such that every open covering of ¥ has ds-Lebesgue number 1,
for some o€ pu. Denote by I' the set of all triples (dx, H, K) with
dy(H,K)>1, dse A, H, K € $; of course |I'| < u. Let A, B be closed
and disjoint subsets of X X Y. For every v € X put

Alx] = {ye XY: (xv,y)e A}, Blorl={yeY:(z,y)eB}.
For every y el let
Vy= {xre X: Alx]c H, B[z]c K, where y = (du, H, K)} .

From the compactness of Y follows that the family VU = {V,: y e I'}
is an open covering of uX of power at most u.

Therefore there exists a uniform covering U of closed sets such that
every U e is contained in a finite union of elements of U, that is
UclV, for a suitable finite subset Fy of I. For every UecW the

Y€Fy
open covering of U

{.V’.'l a) U, ooy V-‘yﬂn U: 'y,' GFU}
is induced by the finite open covering of X:
CIIU: {X\U, K/l, ceny Vy": yi EFU} .

By the normality of X, Uy is a uniform covering of the space pfX.
By corollary 1, covering U may be taken belonging to pruX.
Let

C={UXxY: UeU}.

For every V,e U, there exist a pseudometric dye A and two open
sets of Y, say H,, K,, such that for every €V, we have A[z]c H,,
Blz]c Ky and dy(Hy, Ky) > 1. I Fo={y;,...,yn} let dg=d, V...V dy,.
Let oy be an admissible pseudometric of pfX such that the covering Uy
has oy-Lebesgue number 1. Let Te G, T = UXY for some U €.

Let (%, 93.)eANT and (w,,y,)eBNT. If op(a,,a,) <1 there
exists some y; € Fy such that «,, 2, €V, and therefore y, € A[»,] c Hy,,
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Y, € Bla,]c Ky,. Therefore dy(y, ¥.) = dy,(¥1, ¥.) = 4, (H, K) > 1. Thus
(0w X dg) (%1, Ya)y (X3, %,)) =1 and therefore AN T and BN T are
separated by a uniform covering of pfX X Y.

2 = 3. Obvious.

3 => 4. Obvious, because D* is a closed subspace of I«
Before proving that 4) = 1) we need the following:

LEMMA 2. Let B a subset of X XY and Y, a subset of Y. If B and
X XY, are separated by the covering U X U, then they are separated by
the covering {X} X V.

PrOOF. Let WX VU = {UsXVp: Ux€ W, Vg€ V}. Thus

8t (X X Ty, WX V) = X XSt (X, V) = 8t (XxT,, {X} xV),
St (B, {X} X V) = XX (U {Vs: BN (X XVp) #0}) .

If the stars meet, there exist Vj, Vz € U, VyN V%0, such that
Ve NY,#0 and (X XVs) N B#~0.
Let y € V;N Vy and let x€ X such that ({&} XVs) " B+0. Then

(@, y) € St (B, WX V) N St (X XT,, WX V),

against the hypothesis.

PrOOF OF 4 = 1. For every a € u, let py: D* — D the projection
on the a-th coordinate.

Let 0 be the point of null coordinates.

If A= {As: a € u} is an open covering of uX of power u, the open set

Q = J 4aXp3X0)

1973

is a neighborhood of X,= X x {0}.

Therefore there exists a uniform covering U of 4X such that for
every UeUW the sets X,N(UXY) and (XXYI\ Q)N (UXY) are
far in pfX X Y. By lemma 2 there exists an open covering Uy, of D#
such that

St (U x {0}, UX Vy) cJ 4aXp;10) .

a€u
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Let F be a finite subset of x4 such that

N p;'(0) c 8t (0, Vo) .

Let y e D# such that p.(y) = 0 exactly for ae F. If xe U, then
(@, y) ey 4AaX p,*(0) and therefore €| Aa.
12 4

*EF
Then the directed covering A, is uniform and the proof is complete.

From the proof of the above theorem we can deduce the following
result.

COROLLARY 2. A mormal uniform space uX is uniformly p-para-
compact if and only if for a suitable (and thus for every) compact space Y
of weight u and for a suitable (and thus for every) compact subspace Y,
of Y the following condition is satisfied: for every closed subspace K of
X XY disjoint from Xo= X X X,, there exists an open covering of the
form W= {U,xVg}, where {U} is a uniform covering of uX and,
for each o, {V3} is a uniform covering of Y, such that

KNSt(Xy, W)=49.

Covering {U,} may be taken belonging to pruX.

Proor. Sufficiency is proved in the same way as the implication
4 = 1 of theorem 2.

Necessity: the same theorem ensures the existence of a uniform
covering U of p#uX and, for every U €U, of an open covering Uy,
of Y such that

KENSt(UXY,, UXVy) =90

for every U €.

We claim that K N 8t (X,, W) =0, where W= {UXV: UeW,
V € VUyp}. In fact, if (x, y) € St (X,, W), there exist U e W and V € Uy,
such that VNY,# 0 and (v,y) e UXYV.

Therefore (x, y) € St (U XYy, UX VUy) and so (w,y) ¢ K.

Recall that if X and »Y are two uniform spaces, the semiuniform
product X % vY is the uniform space whose uniform coverings are
those coverings which are normal with respect to the coverings con-
gidered in the above corollary 2.
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If pruX admits a point finite basis, the coverings of this form,
{U,x V3}, are a basis for the uniform coverings of p#uX % vY (see [F]).
Therefore, by proposition 4, theorem 2 may be stated in a much nicer
form, which generalizes results found in [H,], [F].

THEOREM 3. Let uX be a normal uniform space. The following con-
ditions are equivalent:

1) uX is uniformly p-paracompact;

2) For every compact space Y of weight u and for every closed
subspace Y,CcY, whenever A and X XY, are disjoint closed
subsets of X XY, they are uniformly separated in X % Y,

3) If A a closed subspace of X X I#(X X D#) disjoint from X X {0},
A and X X {0} are uniformly separated in uX % I#(uX % D»).

Proor. It sufficies to prove 1 = 2. By corollary 2, there exists a
covering W = {U, X V3}, where
{U,} is a uniform covering of p#uX and, for each «,

{V5} is a uniform covering of Y, such that
ANSt(XXY,, W)=290.

If § is a uniform star refinement of ‘W, we have St (4, 8§) N
N StH(X XY, 8) = 0.

3. Countable uniform paracompactness.

The characterization of uniform countable paracompactness has a
form which is more expressive than the general case. Equivalence
1 <> 2 of the following theorem is a uniform analogue of Dowker’s
theorem in [D].

THEOREM 4. Let uX be a normal uniform space. The following con-
ditions are equivalent:

1) uX s countably uniformly paracompact;

2) For every closed subset B of uX # I disjoint from X,= X X {0},
B and X, are uniformly separated in uX x I.
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3) X is countably paracompact and for every zero set Z of X
disjoint from X there exists a uniform covering U of uX such
that Z N clgy U= 0 for every UeU.

PrOOF. 1= 2. Follows from theorem 3. 2 = 1. Let f: Do —1T
be the map f(t) = > (t,/2¢*), where ¢ = (,),,-

=0
_ Consider the map f: XX Do — X XTI so defined: f(z,t) = (z, f(1)).
f is continuous and closed and furthermore if A is a closed subset of
XxDe disjoint from X,= XX {0}, f(4) is disjoint from f(X,) =
= X x {0}.
Since f(4) and f(X,) are separated in uX % I, A and X X {0} are
separated in X % De. The conclusion follows from the implication
3 = 1 of theorem 3.

1 = 3. Obviously X is countably paracompact (proposition 1).

Let Z be a zero set of fX\X. Z = Z(f) for same f e C(fX), f = 0.

Let A,= {wreX: f(x) >1/(n 4+ 1)}. The countable open covering
of uX, £ = {A,: necw} is uniform because # = #A,. Furthermore,
for every new, Z Nclgy A, = 0.

3 = 1. Let £= {4,: ncw} be a directed open covering of uX.
From the countable paracompactness of the normal space X, there
exists a countable open covering of cozero sets, {coz (f,): » € w} where
each f, is continuous and bounded, such that coz (f,) c 4, for every
n € w; we may also assume that coz (f,) c c0z (f.+,), for every new. Let
Z=0) Z(;fﬁ), where ]‘f denotes the extension of f, to fX. There exists

n€w

a uniform covering W of «X such that Z N cly, (U) = @ for every
U €9UW. Therefore, by the compactness of fX, for every U €U there
exists an index ny € w such that Z(f,)) N U = @; thus A is uniform.
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