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Dirichlet Problem for a Linear Elliptic Equation
in Unbounded Domains with L’-Boundary Data.

J. CHABROWSKI

1. Introduction.

The main purposes of this paper are to investigate the Dirichlet
problem for the elliptic equation

(1)  Lu=— 3 Dy(ay@Du) + 3 b(2) Deu + o(@)u = f(x)

£,j=1

in a half-space and a complement of a bounded open set. We shall
refer to the second problem as the exterior Dirichlet problem.

Given an open set 2 c R, we denote by W2(£2) the Banach space
of functions % in L2*(£) having weak (distributional) derivatives Du
(1=1,..,n) in L*(0). A norm is introduced by defining

|w]prscer = [u(a)?de + [|Du(@)]do
Q2 Q

The closure of €7 (L2) in Wb2(Q) is denoted by W12(Q). A local space
Wi(Q) consists of functions belonging to W12(Q2') for every bounded
open set Q' such that Q'c Q.

To motivate our approach to the Dirichlet problem assume for

simplicity that L is uniformly elliptic and the coefficients a,;, b;, ¢

(*) Indirizzo dell’A.: Department of Mathematics, University of Queens-
land, St. Lucia Queensland 4067, Australia.
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and f are measurable and bounded on £. A function « is said to be
a weak solution of the equation (1) if w € WZ2(Q) and u satisfies

loc

i,i=1 i=1

) ” S au(@) DDy + 3 by(@) Do + c(x)m)] o :ff(x)vdx
Q

for every veWb2(2) with compact support in 2. Let e L¥(0£2)
and assume that there is a function ¢, € W2(Q) such that ¢ = ¢,
on 982 in the sense of trace. A weak solution in W22(Q) of the equa-
tion (1) is a solution of the Dirichlet problem with the boundary condi-
tion w = ¢ on Q2 if u — ¢, e WH2(2). The basic results concerning
the Dirichlet problem in W2-framework can be found in Ladyzhens-
kaja and Ural’ceva [16], Gilbarg and Trudinger [10] and Stampacchia
[24], [25]. In the above definition it is assumed that the boundary
data @ is a trace of some function belonging to W+2(Q). This condi-
tion is rather restrictive, because not every function in L?(0£2) is the
trace of some function belonging to W12() (see Lions and Mage-
nes [17] Theorems 7.5 and 9.4 Chapter 1). It is clear that the Dirichlet
problem with L2-boundary data requires a new definition. The first
attempt to define the Dirichlet problem with L2-boundary data has
been made by Mikhailov who in a series of articles [11], [18], [19]
and [20] examined this problem in a bounded domain under the assump-
tion a,;; € C(2) and b, ¢ € 0(2) (see also Nedas [22] and [23]). Similar
results were also obtained by Kapanadze [15]. The author and Thomp-
son [5] extended Mikhailov’s results to the equation with coefficients
satisfying some general integrability conditions. In the articles men-
tioned above the boundary 02 belongs to C2. For the Laplace equation
the Dirichlet problem with L2-boundary data was solved in bounded
Lipschitz domains (see Dahlberg [8], Jerrison and Kenig [12], [13]).
‘We mention here that Jerrison and Kenig also extended their results
to bounded non-smooth domaing for an equation with C®-coefficients
(see [14]).

The plan of this paper is as follows. In sections 1-6 we examine
the Dirichlet problem in a half space. The main result is an energy
estimate (section 3, the inequality (19)) for the equation Lu + Au = f,
where A is a sufficiently large parameter. Next applying the result
of Bottaro and Marina [3] we establish the existence of a unique solu-
tion to the Dirichlet problem with L2-boundary data for the equation
(1) with the condition ¢(x)>Const > 0. In sections 7, 8 and 9 similar
results are established for the exterior Dirichlet problem. Methods
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used in both cases are similar and presented in some details. We
point out that the assumptions on the coefficients a,; for the Dirichlet
problem in the half space are considerably weaker than the correspond-
ing assumptions for the exterior Dirichlet problem. This follows from
the fact that the boundary of the half space is flat. Among the papers
devoted to study the boundary value problems in unbounded domaing
we mention the work of Benci and Fortunato [2], in which the Dirichlet
problem with zero boundary data in a weighted Sobolev space has
been studied.
In this paper we make frequent use of the Sobolev inequality

e sy < 8 Dulpogy  for all we W@y,

1 1 1 _ 2(n—1) (n _ (n\}}
gx =5, ond S—m(éf(é\))-

The most significant feature of this inequality lies in the independence
of the constant § of the domain £ which makes possible to use it in
unbounded domains (see Federer [97).

where

2. Traces.

Let R} = {&; x€ R,, »,> 0}. We denote a point € R} by = =
= («', ©,), where &' = (z,, ..., ®,_,) € R,_,.

Throughout sections 2-6 we make the following assumptions about
the operator L:

(A) L is uniformly elliptic in R}, i.e., there exists a positive
constant y such that

y«ll§l2< i a;(x)€.&;

4,j=1
for all € R} and & e R,, moreover a,; € L*(R}) (i,j =1, ..., n).
(B) (i) There exist positive constants » and 0 < « < 1 such that
|@an(@'y ) — Qpa(@, Tp)| < %[, — T|™

for all #’€ R,_, and all x,, T, € [0, o).
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(ii) @€ CYRY) and |Dia,(v)|<#x;? for all '€ R,_, and
2, € (0, b], where »,, b and f are positive constants, 0<f <1, and
moreover D, a;, € L°(R,_, X[b, )) (i, k=1, ..., m, i5£n).

(iii) b;e L*(R}) (i =1, ..., n) and ce L°(R}) + LvR}).
C) [f(@)*min (1,,)dx < oo.

All congtants in this paper will be denoted by C;. The statement
« C; depends on the structure of the operator L » means that C; depends
on n, y, B, &, b, k, %, and the norms of the coefficients Da,;, a;;, b; and
¢ in appropriate spaces.

Let WiA(RY) = {u;ue W,‘l,?;(Rj,L and fdw fu )2dz' << oo for every
T > 0}. B

In the sequel we shall need the following elementary lemmas.

LeMMA 1. If we LA(R}) and sup fu (@', @,)2da’<< co for certain
0<2,<T Ry
T>0, then f[mm (ny )] Pu(w)2dz < oo for every 0<B < 1.

R+

Lemma 2. If we WEXR}) and [min(z,, 1) |Dul*dw < oo then for
all T>0and 0<y<1 Br

u(x)?
f d”"f @ —ap ™
Rp-y
18 bounded independently of 6 € (0, T'/2].
PrOOF. Integrating by parts

[@—or de. oy = E=0 [ua, i —
4 -1

Ra-1

- fdw (”" 6)1—7D,.u(x)-u(x)dm'.

By

Denoting the last integral by J and applying Young’s inequality
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we obtain

)<t ff ra— 8 rula)tde + y)j — 8y [Doufrde <

a Bpy Ryoy

x, — 6)~vu(x zdw—l-e(l y)f fac |Dpuftde .

RBp-y Bp-y

Taking ¢ = (1 — y)/4 the result follows.
We also need the following simple observation.

LevmA 3. Let ue WY(RY) be a solution of (1). Then for every
r>0
(3) f f[Du(x)zdw<0 [f fu(w)zdx —I—f ff(w)zdw] ,
2r Rp—y r By g r By,

where a positive constant C depends on the structure of the operator L and r.

ProOF. Let v = u®?, where @ e Cy(R}). Using v as a test function
in (2) we obtain

..z a,; D;uD;ud*de + 2 i a,;D;u-uD; D Ddr +
i,i=1 i,5=1

+
M

—|—f > b, Du-udrdr + | cu*d*dx =J‘fu¢2dw

+
Eﬂ

It follows from ellipticity of L and the inequalities of Young and
Sobolev that

[IDupdrdn<c| [ux@r + Do) do + [ 02da],
EY R} RF
where a positive constant C depends on the structure of the operator

L. Here we have used the fact that ¢ = ¢, + ¢, with ¢, € L» and ¢,€ L.
To complete the proof put @ = @,, where @, is an increasing sequence
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of non-negative functions in O (R;) with the gradient bounded inde-
pendently of » and converging as » — co to a non-negative function
¥ on R} equal to 1 for ,>2r and vanishing for z,<r.

THEOREM 1. Let u e WE(RY) be a solution of (1) in RY. Then the
following conditions are equivalent:

(Y) there exists T such that sup fu(w/, x,)2dx’ < oo,

<zn<T
0<zn Bpy

(IT) fmin (1, ,) | Du(z)|2de < oo.

+
Bﬂ

Proor. Let 0 <3, <1. Define a non-negative function % e C*
([0, o0)) such that n(z.) = @, for x,<28,, and n(z,) = 1 for z,>38,.
We may assume that n(z,) > 6 for all #,>6 and 0 < §<6,.

Let

{ w(@)(n(w,) — 8) D(x')?  for w, >4,
o(@) = 0 elsewhere ,

where @ is a non-negative function in Ci(R,.,). Since for every 6 < z,
v(*, ,) has a compact support in R,_,, it follows from Lemma 5 that
v is an admigsible test function in (2), hence

[>e]

(4) f i a;; D;uD;u(n — ) D2 dw +f f"ila,-,,Di“'“D"”q)zdw +
i,i=1 =
RBp-y

n—-1

—|~f f pn Dyt u- D@ de + Zf z a;D;u-u(n—0)PD; Pdx +

i i=1
6 Rpa 0 Ry,

—|—f fszuun 6)¢2dx—l—f feuz(n——d)@zdw:

=f ff-u(n——-é)@’dw.

3 Rp-r 3 By,
3 By,

Denote the integrals on the left hand side of (4) by J,, ..., J¢. It follows
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from the ellipticity of L that
(5) J1>y—1f f|1)u12(n—a)q>2dx.
6 By

By Young’s inequality

) |J4|<gf f[Du[2(n—6)¢2dw+le fuz(n—é)[Dd)Pdw,

6 Rpy 6 Bp—y

where a positive constant C, depends on y and || . Similarly

) IJsl<§f leulz(n—é) P du + sz fu?(n—é)cpzdx,

8 Ry 6 Byy

where a positive constant C, depends on |b;|,=. Now according to
the assumption (B %)

J :T fcluz(n — 0) D2 dx —|—j..° fczuz(n —0) P,
3 By 8 Bny

where ¢, € L°(R}) and ¢, € L*(R}). By Hoélder’s inequality

oo

, fw fczuz(n—a)<p2dm[<1|cz||u.[fofmzpzdx]* [f f[u(n—a)@]rdm]*',
8 Bn O Rpy 8 Ens
where 1/2* = 1/2 — 1/n. Now by Sobolev’s inequality

{ff[u(n—a)qs]z'dx}*gs[f f]Dule(n—a)zqssdm +

[4 Bp-y 4 Ru—l

+f fu*anlzdﬁdw +f fu”(n—ﬁ)zlﬂqjizdw]}’

d Rp—y 0 Rp—y
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where § depends only on n. Since we may assume that 7 — d<1
we obtain by Young’s inequality

®) |J.|<’i5_—1f f[Du|2(n—6)Q§2dw + 0, “ fm(n—a)@dx n

0 Ryy 3 Bp-1
+f ju2¢2dw +f fu )| DO de +f J'uz|pn|zq>zdw]
8 Ry 8 Rp-y 6 Ryy

where a positive constant C, depends on n, [¢],=, [+ and y.
By Green’s formula we have

o0 (=]

n—1 n—1
J, = % f S @ D (0?) D@2 das = —% f S D0 ®* D,y ut do
=1 =1

8 Ry 6 Rp-y
and by the assumption (B %)

(9) [J2|<G,[fb fw;”u“[D,.n[(D’dw—l—f [ Dan| #2do +

8 Rpy 8 Ryy

+] fwipanl D, ¢|2dw+f [w &*|Dzn]as]

3 By 3 Bpoy

where a positive constant C, depends on |ay,~ and x,. Integrating
by parts

= ;—J‘ fa,.,.(w', 8) Dy(u(2)?) D(@')2 D) d +

0 Rpy

+ f f [Gnn(®) — Gun(@, 8)] Do (@) - 1(2) Doy () (') iy —

0 Byy
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— % f Ann(@'y 8)u(2', 6)2 D(2')? dov’ — % f f Apn(@'y 8) u(2)2 D(')2 D2n(2,) do +

En-y 6 Rpy

—{—f f[a,,,,(w) — Ao (@y )] Dpu(w)-u(w) Dymlw,) D(x')2 da .

6 Bpy

By the assumption (B¢) we obtain

’f f[a’fm Qpp Q’/' 6)]D u- uD,,n@zda;

8 Rp—y

23,

<f fx(w,,—é)a | Dyl [u[d)2|Dnn|dw<7—}5_—lf f(wﬂ—6)|Du[2(Dzdx +

3 Ry_y 8 Bn,y

va[ ] Jimsor ] [ortiemos]

200 RBn—y 6 Rpy

where a positive constant C; depends on %, y and || Dy ». From the
last inequality we deduce the following estimate for J,

(10) [J3|< J.J‘(w,,-—élDuPQMm—i—CG[J‘ z', 6):D(x') 2 dx’ +

8 Rpy

—}—f fuz(lizdw —|~f f]Du[zdi?dm +f f 6)1 = dizdm},

8 hpy 280 Bp-y 8 Bp-y

where a positive constant C, depends on |@;.|[,=, ¥, %, | Din|,» and
[ Dwn| - Inserting the estimates (5)-(10) into (4) we obtain

(11) T f |Du[2(w,,——6)¢2dw<(}’,[ fu(w', 0): D(w' ) da’ -

0 Ray RBp-1

+T f|1)u|2q>2dx +f J'm(n—a)gbzdx +T juzdizdw +

280 Hp-1 6 RByoy 6 Ry
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)

—i—f fu2(x,,—- d)20-1 2 dy —I—fw fw;f’uzdiz dzv +

8 Bpy S By
+f ﬁuzlmikdx +f fuz(n — 6)| DD | da +f fﬁ(n —6)(15201:0] )
8 Ry 8 Ryy 6 Bp—y

If the condition (I) holds then by Lemma 1 the integrals

f J.x;ﬁmdw and f fuz(w,,——é)%‘—ldm

[ Ry-a 3 Byy

are bounded independently of 6. Now put @ = @,, where @, is an
increasing sequence of non-negative funections in C5(R,_;) tending to
1 as » — oo with the gradient bounded independently of ». Letting
» = oo in (11) it follows from Lemma 3 that

24, )
(12) )’;J‘ leuP(m,,—(S) dr < 0’,[ fu(ac’, 0)rdx +f f|Du|2dx -+

& Rpy Ry 28 Ry
—{—f fuz —0)dw —}—f f 2dx —}—f fu%x,,—é 2a-1qy |-
+f [azturas +f ffzn_a )9 .

6 Bp_y

The implication «I =II» follows from Lemmas 1 and 3 and the
Lebesgue convergence theorem.
To show that « II =~ I» observe that

Jaﬁa é Ry

+ ff,.,,(m d)u(x): d(x')? ]Dgn|dx+xf f(w,,—é)“[D,,uHuHDn[(Dzdw.

é By 0 Ry—y
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Now by Lemma 2 the condition (II) implies that the integrals

ff(x,,——é)za*uzdm, ffw;hﬁdw and ffmdm

O Rp_y 6 Ryy 8 Rpy

are bounded independently of §. Repeating the argument from the
step « I = II» the result follows.

REMARK 1. It follows from the proof Theorem 1 that the condi-
tion (II) implies:

for each 7'>0 sup w(@'y x,)2dr’' < oo .

0<e,<T
" RBp-y

As an immediate consequence we obtain

COROLLARY 1. Let u € W2(R;) be a solution of (1) in RY. Suppose

that one of the conditions (I) or (II) holds. Then there exists a function
@€ L¥R,_,) and a sequence 0y — 0 as v — oo such that

lim (u(e', 8,)P(a')dx’ = f o) V(@) da’
e n—1 Rp_y

for every ¥e L*(R,_,).

THEOREM 2. Let u € Wi(R}) be a solution of (1) in R;. Suppose
that one of the conditions (I) or (II) holds. Then there exists a function
@ € L*(R,_,) such that

lim [, 8)P(x')de' = f o) P(a') da’

-0
Bp-1 Bpoy

for every ¥ e L*(R,_,).
ProoF. Since fu(m’, 0)? dz' is bounded, say for 6 <d,, and a,.(z’, d)
Bp-y
continuous and bounded it follows from Corollary 1, that
i [an (@), 8, u(@, 8, V(@) do’ = [a,,(a', 0) (') V(') da' .
R,

»—>00
n-1 Bpoy
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It suffices to show the existence of the limit fu(av’, 8P (x')dx' at

Rp-1
6=0 for ¥ € Oy(R,_,). Let v(z) = (') (n(w,) — 8) for #, > 8, x'€ R,_,
and v(x) = 0 elsewhere, where 7 € C*([0, o)) is the function introduced
in the proof of Theorem 1. Taking v as a test function in (2) we obtain

ja”"(w’, Ou(x'y )V (x')da' =f f i a,; D,uD;¥(n— ) de —
§,5=1
Ry—y 0 Rp-y

—f fa,,,.w 8)u(2) ¥(a") Di(a,) do +f f S tin DouD ¥ ds +

3 Byy 3 Bpy

+ffib,.1),.ulp(n_a)dw+f fcuyf(n—a)dx+

=1
6 Ry 6 Rp

—|-f f[a,,,,(w’, ) — a2’y 0)] Dpu(x) P(2') D,yn do —f f}“]f(n —d)dx .
6 Rpy 6 Ry,
Since fmm (®n, 1) |Du|?dr < co and fa;“”u dr < oo for every 0<y <1

and Y’ has a compact support, the Lebesgue dominated convergence
theorem implies the continuity of

_[a,m(x', Su', ) W(z')de' at 6=0.

Bpy

Now

’ fu(w’, O VP(a)do' — | @)W (') da’ ) <

n—-1 Ryy , ’ 2 .
e
P(x '
—|—’fm,:v6 u(x’'y 8) M(,Odw—f " dx'

By the Lebesgue dominated convergence theorem and the previous
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part of the proof, the right hand side of the last inequality tends to
0 as § — 0 and this completes the proof.

Our next objective is to establish the L2-convergence of u(-, d)
to @ ag 6 - 0. To do this we first show that the norm of %(-, ) converges
to the norm of ¢. The result then follows by the uniform convexity
of the space L2.1

THEEOREM 3. Let uc WEX(RY) be a solution of (1). Suppose that
one of the conditions (I) or (II) holds. Then there exists a function ¢ € L*
(Ra_y) Such that

lim |[u(2’, 6) — @(2')]2da’'= 0.
a0

Proor. If ¥ e W"*(R}), then by the argument used in the proof
of Theorem 1 we obtain

fa,,,,(w’, 0z )¥(z', 0)da' =

Rp-1

_ f [Gn(®@) — pn(a’, 0)] Dy (@) P(@) Dury () d —

_ f Do(aan(@, 0) (@) Do(a) w(@) i + | S a.aDouDyyP dr +

i=1
+
Y By

£,i=1 =1

Bt &% B
—ff‘f’ndm EfF(Y’)dm,
&t 2y

where 7 is the function introduced in the proof of Theorem 1. Define

u(x'y @) for ©,>4,

v5(®) = u (m’ @ + 0
)
2

) for 0 <2, <4,
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it is clear that v®e Wu2(R}). Thus

{13) fa,,,.(w’, 0)p(x')u (w’, g) dx’ :jF(va) do =
n-1 d n N
=f flf’ (u (w’, T ;_ 6)) dx —|—f fF(u(w’, z,))de =R, + R,.

0 RByy 6 By

‘We shall show that

(14) lim R, =lim |a,.(2, 0)u(x’, 6)2dx
—0 >0 L
and
(15) limR,=0.
>0
Indeed

n n—1
lim B, = lim {f Y a;DuD;u(n — d)ds +f f SamDu-u-Dyndo—
-0 0—0 4,5=1 =1

By 0 Ry

_ f f D (@an(@’, 0) () D,(2,)) () dr +

8 By,

-I—f f(am.(w Cnn(@'y 0)) Dy u(@) - u(@) Do (@,) dov +-

6 Ry y

+f fglb,-l),.u-u(n—ﬁ)dx —|—ffcu2(,7_5)dw_f ff’u(ﬂ—é)dm}z

8 Rp—y 6 Rpy

—hm{ IfD (@nn(@’y 0)u(2) Don(@,)) u(w) do —

6 Rp_y

—f fa,,,,(x’, 0)D,u(x) -u(w)D,,n(w,,)dm} =

6 Bpy

>0

—limf fD (@un(@'y 0) Dy () u (e 2)dav_hm Wpn('y 0)u(2'y )2 der .
8 Bp_y

4
Rﬂ
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Here we have used the fact that  is a solution of (1) and the identity
(2) with the test function

a';)(n z,) —48) for x,>4,
v(@) = elsewhere ,

where 7 is the function introduced in the proof :of Theorem 1.
To prove (15) observe that

38
R, = J' f [@nn(®) — Gn(@, 0)]D,.u(w)-u(w’, s ‘5) Dyn(a,) do —

)
_J. J-D,,( Gpn(2'y 0) w0 (w’, In ;_ 6) D,.r)(m,,))u(x) dr 4+

8
n f f S’ 10(2) D (@) Doi(a,) u(w 2t ‘5) dw +

i=1 2
¢ 8
+f [ $ au@pa@pa(e, =32 ) gt ao +

s
-{-J- f i: bi(w)Diu(w)u(w’, Tn ;_ 6)?7(wn)dw +

=1
0 Rp—y

+fd [e@rut (e, =32 nton) o -
f Jron(es

0 Ry

)n( Ydo =3 J,.

=1

Uging the conditions (I), (II) and Lemma 1 one can show that
;‘iﬂJ, =0, j=1,..,7. We only restrict ourselves to the term J,.
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Integrating by parts the term J, can be written in the following form

J, :—f J.Z D, (x ,,n(w,.)u(w)u(w, "+6)dw_

é
_f f S t:a(@) Don(2,) u(@) D, u( Tn T ‘5)

0 By y

0 B, ,

Hence by the assumption (B i)

(16) |J]<C[ff""]u

b

+] [iuta

0 By,

(w,, w, 2+ a) ' de ’

where a positive constant C depends on x,, n and @m0 (2 =1,
n—1). By Lemma 1 the first integral on the right hand side tends
to 0 as 6 - 0. Now by Hoélder’s inequality

J fie e[ [ [t

0 By,
Du (w’, T ¥ 6)

[

It follows from the condition (I) that

Du( ! x,.—{—é)

2 (2, +6) . |}
L0,

'} é
/u(',‘c)2 2 IJ‘ dm" f ’ ’
< ' 8)rdw —1n2 8)* dw
f fw,, +6dm<021:£d. fu(w,é) 13— m os<161£6' (@', 8)

0 R, Ryy [} Ry-y

and consequently by the condition (II) the second integral on the
right hand side of (16) also tends to 0 as & — 0. It follows from (13),
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(14) and (15) that

lim |a,.(2', 0)u(x', 8)2de’ = |aua(a’y 0)p(x')2da’ .
’ @

30
Rp-y Bpy

To complete the proof observe that the norms
[ fa,.,,(w’, 0)<;v(ac’)2dw’]* and [ J.q)(w’)2dw’]}
Bp-y Ryy

are equivalent in L*(R,_,).

3. Energy estimate.

Consider the elliptic equation of the form
amn Lu + Au = f(z)

in R}, where A is a real parameter.

The results of section 2 suggest the following definition of the
Dirichlet problem.

Let @€ L*R,_,). A weak solution ue Wii(R') of (1) (or (17))

is a solution of the Dirichlet problem with the boundary condition

(18) u(x’', 0) = @(a') on R,_,
if
lm |[u(z', ) —p(x')]2da'= 0.
—>0
Rp-1

The main result of this section is the following energy estimate.

THEOREM 4. Let u € W2 (R}) be a solution of the Dirichlet problem
(17), (18). Then there exist positive constants d, i, and C independent
of u, such that

(19) J.min(l, @) Du(@)|tde + sup fu(w', 8y dw’ + [u(w)? dw <
R Byoy Bt

0<9<d

<0 [ fmin (1, z,) f(w)zd; +J.<p(w’)2 dﬂ?'] »

E: Bp-1
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for all A>4,, where a positive constant C depends on the structure
of L.

Proor. Since w e Wii(R}) is a solution of the Dirichlet problem

loc
(17), (18), sup f u(2’, 8)2das’ << oo for certain Jd, > 0 and consequently
0<0<8y Bpy

by Theorem 1 the condition (II) holds. All constants appearing in
the proof are indepenent of 4 and depend on the structure of L and
may vary from line to line. By the same considerations as in the proof
of the step « I = II» of Theorem 1 we show that

28,

ff|1)u|2(x,.—a)dx+1ffu2(n—a)dx<01[fu(x',a)zm'+

S Bpy 6 Ry y Bpy

+j-° j[DuPdw —l—f fuz(n —0)da +f J.uzda: —{-j? fuz(w,,—- 8)2-1dw +

8o Rp—1 6 Rpy 8 Rpy 8 Rn_y
+f [ozut ao +T [ron—s)az],
8 Ryy 8 By,

for 4 <d,, wherez is the function introduced in the proof of Theorem 1.
Letting 6 — 0 we deduce from the last inequality

24,
(20) f f]Du[me (1, »,)dw +Afu2mm(1 x,) do <

0 Byy

<0, [f(pzdm’ +f leu[zdw —|—fu”dw+ w?[min (1, z,)]2*-1dx +

Bpy 0o Bp-y B}

+ |w?[min (1, 2,)]-8dx —i—ffz min (1, w,.)dw] .

BY By
It follows from (20) and (3) (see Lemma 3) that
26,

(21) f f]Dqu,,da;—l—l w2 min (1, ,) do <

0 Byy
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< 03 [ J.(pzdm' + |utdx + uz(mln (1 wn))zaqu. +

Rpy R” ”

+ f ur(min (1, 2,))~? dw + f f2 min (1, @) dw] )

+
By y

Now . adding the inequalities (3) and (21) we get

(22) f |Du|* min (1, @) do + A [4? min (1, 2,) do <

&} Bf

<C4[ fqﬂdw + |u2de —|—f *(min (1, @,))% tde +

Ry E+

+ f wr(min (1, 2,))~?do + f f* min (1, #,) dw] i
By By

By a similar manner (see the proof of the step « I =-II» of Theorem 1)

we obtain

23)  sup |u(a, 6)2da:’<05[ j |Dujt min (1, 2,) do +

0<48<d
n—1 E;l;

4 2|2 min (1, ,) de + |u2de + |w(min (1, z,))* 1 dw +

+ + +
Rﬂ Rﬂ Rﬂ

+ [w2(min (1, 2,))-# do + J' /2 min (1, 2,) dx] i

zf Bf
Now inserting (22) into (23) we obtain

(24) sup u(@', 8)2da’ < Cy [f(pzdw + |utdx +

0<d<d
n—-1 Rp-3 n

—i—fuz(mm(l ®,))20-1dw 4 uz(mm (1, z,))-fdx —l—ffzdzv] .

Il+
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Now we make use of the following fact: for every 0 <po<land 0<d<1

1-¢

fu*(min (1, @a))edwr < d sup fu(w’, é)dx + !
) 1—0p o<6<da
Ry n—-1

+ d—l—efuz min (1, x,)dx .
B

Thus (19) follows from (22) and (23) provided A is sufficiently large
and d sufficiently small.

4. Dirichlet problem in R}.

We are now in a position to establish the existence of a solution
to the Dirichlet problem.

THEOREM 5. Let A>24,. Assume that b,e L"(R}) N L°(R}) (i =1,
<oy M) and that ce LNR}) + L>(R}). Then for every pe L* (R,_,) there
exists a unique solution of the Dirichlet problem (17), (18) in WEX(RT).

ProOF. Let {p.} be a sequence of functions in Cy(R,_,) converging
in L*(R,_,) to the function ¢. Put

fl®) for xeR, ,X (%, oo)

fm(a’) = 1
0 for xe R, ;X (0, —)
m

m=1,2,... It follows from [3] that there exists a unique solution
in W42(R}) of the Dirichlet problem

Lum + }*um == fm iIl R: ’

Un(®'y 0) = @u(2') on R,_,.
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By Theorem 4

f[Du,,——— Du,|* min (1, #,) do + 8111; (Uq— uy)?dx +
B: o<os n-1

+ [, — wgrde< 0| [min (1, @), — 10240 + [(g.— p2d]

BF Ry

for A> 4,, where C is a positive constant independent of p and ¢. Con-
sequently {u,} is the Cauchy sequence in the norm

[ f |Dul® min (1, @,) do + sup  [u(a, 6)*da’ + uadw]*
0<48<d

Bf" Bpy B:'

and the result follows.

THEOREM 6. Suppose that the essumptions of Theorem 5 hold and
moreover ¢(x)>Const >0 on RY. Then for every pe L*(R,_,) there
exists a unique solution to the Dirichlet problem (1), (18) in WEi(RY)
and moreover

0<4<d

(25) J’ |Dul2 min (1, z,) de + sup  [u(a’, )2de’ + [urdw<
RY

+
n-1 I!"

<0| [praw + [min (1, ) 1]

Ry-y B;:'

where C is a positive constant depending on the structure of the operator L.

ProoF. Let 4, be a sufficiently large positive constant. By Theorem
5 the Dirichlet problem

Luy + Aouy=f in R}
Uo=¢ on R, ,

has a unique solution in Wp:i(R?) satisfying the energy estimate (25).
On the other hand in virtue of Theorem 1.1 in [3] the Dirichlet problem

Ly = Ayu, in RY,

v=0 ongR,,



308 J. Chabrowski
has a unique solution in W»2(R}) and moreover
(26) ”'U”,%x.x(z:)<100”“0||1.’(x;) ’

where C is a positive constant. Thus the function w = u, } v is a
solution of the problem (1), (18) and it is obvious that

(@7) f]Du]zmma @) da + uzdo:<0[ f¢2dw' +J'mm 1, ) f? m]
)z” Rpy
where C ig a positive constant. To obtain the estimate (25) it suffices

to derive the estimate of the form (23) for sup fu(a;’, 0)2 do’ and then
0<6<d Ry,

use the final part of the argument of the proof of Theorem 4 and the

inequality (27).

The next result establishes the relation between the solution of
the Dirichlet problem in W2*(R}) and W¥2(R!). We point out here
that by a solution of the Dirichlet problem in W»%(R}!) we mean a
solution of (1) with the boundary condition in the sense of trace (see

Introduction).

THEOREM 7. Suppose that the assumptions of Theorem 6 hold, that
fe LxR}) and that there exists a function @, € WY(R]) such that
@@’y 0) = @(z') on R,_, in the sense of trace. Then the solution of the
Dirichlet problem (1), (18) in WiA(R}) is a solution of the same problem
in WBH(RY).

loo

ProoF. It follows from [3] that the Dirichlet problem Lu = f
on R} and u = (p on R,_, has a solution in W»2(R}) which is also a
solution in WE3(R}). The result follows from the uniqueness of the

loc

solutions in WY3(R} ,,) of the problem (1), (18).

5. Weighted estimate of the gradient.

It is well known that a solution of the Dirichlet problem for the
Laplace equation

’

Au=0 on R}
(@', 0) = @(z') on R,,,
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where ¢ € L*(R,_,) satisfies the following relation J‘;v,L]Du(au)|2 dx =
= 272||¢||3uz,.,- The question arises whether the mequahty fw,,]l)u ()2

dz <Const ||¢| 3z, , remains true for the solution of the problem (1),
(18) in WEX(R}) (see [26] p. 82-83). The following theorem contains
a partial answer to this question.

THEOREM 8. Suppose that ¢(z)>Const >0 on RY, ce L*(Rl) +
+ L*(RY), ;=0 (i=1,...,n) and f=0 on R}. Let w be a solution
of the Dirichlet problem (1), (18) in Wii(Rt). Then

(28) f | Du(2)|? da —l—fx,, dm<0f<p Neda',
B Bpoy
where a positive constant C depends on the structure of the operator L.

ProoOF. Let {1} be an increasing sequence of functions in C?([0, co))
converging to x, on [0, co) with properties: m(x,) = =, for x,<2d,,
n(w,) > 6 for x, > 29, and d<d,, |Dyy| and |D%p| are bounded indepen-
dently of ». 7, may be chosen to be constant for large x,. Taking

v(@) = 0 elsewhere

{ w(@)(n(x,) —6) for x,>46,
as a test function in (2) we obtain

f Z a”.D uD u —6)dx —i—f f Zl ain-Dtu'annvdx +
=1

i,j=1
By 6 Rp—y

—|—f fa,m(w’, 6)D,.u-u-D,,mdw—|—f J.[am,(w)—am,(w’,6)]D,,u-uD,,n,,dm+

6 Bpy 6 Rpy
—|—f fcuz(m—é)dw =0.

6 Bpy

‘We denote the sum of the second and third integral by J, and integrat-
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ing by parts we obtain

]J1|<01[ fu(m’, o) da’ +j.’° fu(w)%;ﬁdw—l-f fu(w)zda:],

Bp-y S By y S By,

where a positive constant C, depends on x,, ||@p.] =, sup |Dny| and
sup |D%p,|. Similarly the fourth integral J, can be estimated in the

iollowmg way

s <0, [ T.ﬂDuP(m,,——a)dm +f flpulsdx +

8 R,y 280 By
24,
+dfn£u2 @ — 8)2-1dus -{;!Bfu”da;]

where a positive constant C, depends on x,, [@nn|l ;= and sup]Dq,]
Finally using the ellipticity and the fact that ¢ is bounded below by
-2 positive constant we obtain

j,? J.IDulz(nv—é)dw +j:° fuz(nv— d)dr< C, [ fu(m” 8)rda’ +

8 Bpy 8 By y Ry s

+f fu’dw —i—f J.u2 v dw —i—f fuz(w —d)2-1dy 4

S Bpy 6 Ry, 6 By,

—l—f f[Du]”(m,.——é dx +f f[Du[”dm]

é By, 28y By-y

Letting » - co and  —0 we derive from the last inequality
leu]%,,dw—l— utw,de <, [ftpzdm’—l- wde +
” By Bn

+ [urar ~ﬁda,-+ wag—tdo + | Duls min (1, ,) do,

Bu a+
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where positive constants C; and (73 depend on the structure of the opera-
tor L. Now applying the energy estimate (25) we obtain (28).

REMARK 2. The estimate (28) can be extended to the nonhomo-
geneous equation provided f f(x)2x, dr < oo.

+
Rﬂ

6. Estimate of derivatives of the second order.

In this section we replace the assumptions (B?) and (B+t) by the
following condition

(D) a;€C0(R}), |Day(x|<#a;? on R, ,x(0,b] and Dia;;eL
- (R, x[b, 00)) (k,%,j, =1,...,n), where 0<f <1, b and x, are positive
constants.

THEOREM 9. Let u be a solution in WEX(RY) of the problem (1), (18).
Then

(29) f | D2 (@) [min (1, 2,) ] do <

R+

[ f]DuI?-mm ) Tp) Ao 4 u(a: tdx +J-f(w)2m1n 1, x,)d ]

where C is a positive constant depending on the structure of L.

PrOOF. Itfollowsfrom Theorem 8.8in [10] (p. 173) that w € W2*(R]).
We ghall first show that for every r > 0

(30) f [IDu 12dx<o” ﬂpulzderfuzderf [12da].

2r Rpy r Rp—y r By

Indeed, taking » = D,w, where w € W2(R?) with compact support,
a8 a test function in (2) and integrating by parts we obtain

(31) J‘ S DayDuDwiz +| S ayDyuDwds —
t.4=1 i,7=1
+

+
By ®y

—| 3 4. D,uDwaw —|euD,wiz = ——fkawdw.
=1

+ +
Bﬂ Ril
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Now let w = Du®?, where @ is a non-negative function in C}(R])
such that @ = 0 for #,<r and z€e R,_,.
Then

f i D.a;D;uD;u®dx + Zf i Diay;D;uDuD;D-Ddx +
i 0

1,j=1 »i=1

+ +
B} B}

+ ”E a;DyuDjudde +2| Y a;DguDuD; D Dde —
i.4=1 £.j=1

+ +
Rﬂ Rﬂ

—| So.p.uDpud?aw —2| S b,D,uD,uD, - Ddw —
i=1 =1
B} Y

— cuDkkudi?dx—2fcuDku-¢-Dk¢dw = —

+ +
Rﬂ }lﬂ

— f Dy u®? do — 2 f D, u®D, P dw.
+

+
R” }lﬂ

Applying the inequalities of Holder, Young and Sobolev we deduce
from the last equation that

[ID*ureran< o [|Duf(@* + |DO)) do +

+ +
B} B}

+ [ux(@* + |DB|?) de +ff=¢2dx] ,

+
Ry R

where a positive constant C depends on the structure of L. Now put
@ = &,, where D, is an increasing sequence of non-negative functions
in Oy(R}!) with supports in R, ,Xx[r, o), @»—>1 on R,_,X[2r, o)
and with |D®,| bounded independently of ». Letting v — co the ine-
quality (30) follows. To establish (29) let

(n(@n) — 8)3Dyu(x) @,>0,

w(r) =
0 elsewhere ,

where 7 is a function introduced in the proof of Theorem 1. By (30)
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w is an admissible test function in (31) and

f J‘ “z Dka/w_D,'uD,‘ku(")'—(s)a dx +

t.j=1
6 By,

+3J fﬁ Dyaon DiuDuD,y(n — 8)*do +

1.5=1
6 Byy

+f z a’ii-DikuDjku(n — o) dx +
H R"_li.;=1
+ 3f 3 440 DDy () — 8)2 Dy dov —
§2=1
6 Rp—y

]

—f fz b, D, uDu(n — 8) dow — 3f 3 b, D,uDyu(n — 8)*Dyybende —
f=1 =1

6 Byy S Bp-y

——f fcuD:u(n —0)*dr — 3f fouDku(n — 08)2D N0y dx —

6 Ry y 3 Ry

—f ffD,ﬁu(n —0)*dw — 3f fka“(ﬂ — 6)2 Dyl d .

6 Ry 8 By y

We may assume that 7 — 6<1. Applying the inequalities of Young,
Hoélder and Sobolev we easily derive from the last inequality the follow-
ing estimate

zjg. J“Dzulz(w"—é)3dx<0[f J.|Du[2dm +]S f|D2u|2dm+

6 Ry y 280 Bp 28y Ba-1

+T. f]Du[2 (2, — 0)2x P du —}—f J.|Du|’ (p — 6)*do +
d p 28y Rp-1
+[urde + [f2(n —8)da] ,

L2
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where C is a positive constant depending on the structure of the opera-
tor L, and the result follows.

7. Exterior Dirichlet problem. Preliminaries.

Let 2 c R, be a complement of a bounded closed set with boundary
00 of class C2. In Q we consider the equation (1). Let x € Q, we denote
by r(x) the distance from z to 2.

We make the following assumptions

(4,) There exists a positive constant y such that

yUEr< i a;i(®)&:&;

i.5=1

for all z € 2 and £ € R,; moreover a,; € L°(2) N CY D) (4,j =1, ..., n).
We also agssume that |Da;(x)| < »r(z)~* (¢,j = 1, ..., n) in some neigh-
bourhood N of the boundary 082, where » > 0 and 0 < « < 1 are cons-
tants and that Da,;€ L°(Q — N) (k,4,j =1, ..., n).

(4,) b;e L°(Q), fe L¥(R2) and ce L°(R2) + L*(Q) (¢ =1,...,n).
It follows from the regularity of the boundary 902 that there is
a number J, > 0 such that for é € (0, J,] the domain £, = .Qn{w;

m‘i% e —y| > 6} with boundary 9£2,, possesses the following property :
YE

to each z,€ 0 there is a unique point ws(x,) = ®, — ov(x,), where
v(x,) is the outward normal to 92 at x,. According to Lemma 1 in
[10] p. 382, the distance r(z) belongs to C2(Q — Q) if J, is sufficiently
small. We extend r(x) to £ as positive function of class C*(2) and
denote this extension again by 7(z). We may assume that N c 2 — Q...

Let xs denote an arbitrary point of 0Q2s. For fixed 6 € (0, é,] let

Ae:aQ‘,ﬂ{m; lw—(b‘dl<8},

Bc = {x; xr = ﬁd + (S'V,,(ia), 5’:'5 eAs}
and
as,

dSy o |Be|’
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where |A| denote the (n — 1)-dimensional Hausdorff measure of A,
and vs(xs) is the outward normal to 0£2s at #s. Mikhailov [19] proved
that there is a positive number y, such that

a8,
2 gt
(32) Yo' < dSo<7’o
‘We will use the surface integral

M(3) = [u(@)yas.,
a9,
where u € W};3(£2) and the values of u(x) on 92 are understood in
the sense of trace.
Let R, be a positive number such that R, — Qs c {|z| < R} for
every B> R,. Set

Q= 020N {jo| <R} and Qyr= 2yx{jx|<R}

for all B> R,.
In the sequel we shall need the following estimate: if u € Wi2(Q)
and u is a constant in [0,1), then

(33) j@-—(%ﬂ dw<M[ o fu(dew + 65'”f“($)2d3z +
Q4.8

0.8 025,14

+ 65‘”f|Du(w) |2 (r(2) — 6) dw] ,

2,-0,,

for 6 € (0, 8,/4], where M is a positive constant independent of 6 and u.
This inequality can be established by the same argument as in the proof
of Lemma 2; in the proof we use the inequality (32).

Moreover it is easy to see that if M(4) is bounded on (0, §,] then
for every ue€[0,1)

u(w)?
(34) f oy o< M,

R
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for all 6€(0, §/2], where M, is a positive constant independent of
J and wu.

THEOREM 10. Let w be a solution of (1) belonging to W2i(2). Then
the following conditions are equivalent

(I,) M(6) is a bounded function on (0, d,],

(II,) f|Du(w)]2r(w) dr<oo for every R>R,.

Qr

ProoF. We only sketch the proof because it is identical to that
of Theorem 1 in [5]. Fix an R > R, and let @ be a non-negative func-
tion in C7(R,) such that D(x) = 1 for |¢|< R and ®(z) = 0 for |z| > 2R.

Suppose that (I,) holds. Thus u € L?(£2;) for every R > R, and
(34) holds. It is clear that

v(@) =

u(w)(r(z) —0) D(x)* on 2,
0 elsewhere

is an admissible test function in (2) and

(35) i a;; D;uD;u(r — 6) P2 de + nE a;Diu-u-D;rdde +
i.j=1 i.4=1
2, 2

+2J. S a,Du-u(r —8)OD,Gdw + | 3 b.Du-u(r — 8) D*dw +

1.5=1 =1
Q4 Qs

+ Jeu(r — 8) D2 dux =ffu(r——— 0) D2 dx .

Q4 2

By Green’s formula (see [21], p. 139) we have

1 n
(36) - z a,-,D,-(’uz)Dﬂ‘¢2d$ -
29 1.4=1

1 L 3

= —— z a“D,-TD,?uijzd.’av—-l— z Di(aleir¢2)uzdw

269 i) 2 )2
) 20
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and

1.§=1
Qs Q4,2 4,21

37) 1 i D.-(a,.,.D,.r(Ii2)u2dw‘<01[ fu%lw + u2r~adw].

By the ellipticity condition and the inequalities of Young and Sobolev
we derive from (35), (36) and (37) that

f|1)u|2(r—5)<p2dm<0[ sup M() + [ur(r — &) da +-
24 0<8<2, 25,3r

—+ |utdx + |u2r->dx + f%lav] .

Qs.2r (o7 RY ) 24,20

Now choose ¢ = ®,, where {®D,} is an increasing sequence of non-
negative functions in COF(R,) converging to 1 for |z|<R with |D®,|
bounded independently of v». Letting 60 and » — co the result
easily follows.

Now suppose that the condition (II,) holds. By (35) and (36)
we have

n 1 n
1 > ay;DirDyrur®@*de = — = | Y Dya;Dyrd*)utde +
2 £.j=1 2 £,j=1
Qs Qs

+| 3 ayDubur—8)@dw + 2| 3 ayDiu-uir —0)PD,Bdw +
£.5=1 £.j=1
Q5 Q4

+f§ b;D;u-u(r — ) D2dx + |eu(r — 8) D2 dx ——ffu(g —8) D2 dx .
i=1 :
Q4

Qs Q24

Using (33) and the inequalities of Young, Holder and Sobolev, it
is easy to see that M(J) is bounded on (0, J,].

Our next objective is to prove that 4 has a trace on 002 in L3(00).
We first state the following preliminary result, which is easy to prove
(see Theorems 2 and 3 of Section 2).

THEOREM 11. Let e WiA(Q) be a solution of (1). Assume that

one of the conditions (I,) or (IL,) holds. Then there ewists a function
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@ € L*082) such that

lim [u(a(@)) g(@) aS. = [pl@)g(@) @S,
0 g0 o0

for every g€ L*(082).

To prove that #(ze) — ¢ in L2(32) we show that [u(zs)? dS, —
Fxe!
— f @(w)?dS, and the result follows from the uniform convexity of
02

1(29).
Fix R > R,, for 6 € (0, 8,] we define the mapping @°: Q,, — Qs ., by

x for € Q;,.r
ws(2) + (v — ws(w))  for w € Qp— 250z,

where xo(x) denotes the nearest point to x on 9Qs and a%(w) = u,,(x)
for each # €0Q2. Moreover r(2%(x)) >4/2 and &° is uniformly Lipschitz
continuous. Note that if u € W2(Q2) then u(x®) € Wh2(£0,z) for each
R>R,.

To prove L?-convergence of u(xs) we shall need the following tech-
nical lemmas

LemMA 4. If r}f and rtg € L3(Qy) then
lim f F(wo(2)) g(@) r(@) do = 0 .
d—>0 250,

LeMMA 5. If geL?(Qz) and r*fe L*(2z) and suppose that fg(w)zdS
18 bounded on (0, d,], then Loy

lim f f(20()) g(@) dwr = 0 .
2—-0

d—>0

Let L} = L*(08, d8,) with inner product (norm) denoted by <+, ),
(I-1l) and L = L*(0R, g(x)dS,) with inner product (norm) denoted
by <'y'>2 (“ . ”2)7 where

g(z) = z a;(x) D;r(x) D;r(x) .

1.5=1
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THEOREM 12. Let u € W;i(2) be a solution of (1) such that one of
the conditions (I,) or (II,) holds. Then there is a function @ € L:(00)
such that w(ws) comverges to ¢ € L3(29).

ProoF. The proof is similar to that of Theorem 4 and is the repeti-
tion of the argument given in the case of bounded domain (Theorem 4
in [5]).

Since |||, and | -||, are equivalent it sufficient to show that there
is @ € L} such that %l_)llol w(®s) = @ in L. By uniform convexity of

L} it suffices to show that };_{Il [w(@o)||2 = ||@].-
0
Let YeWb2(Q) and Y =0 on Q — Q,;. Set

F(¥(x)) = i ay;(@) DyuD;¥-r— i Dy(a,; D;r-¥)u +

Z.j=1 2,j=1

+ i by(@)D;u-Pr + c(x)u¥Pr —f-u-W-r.

By Green’s theorem we find that

(py Wyo = [Pz .
Q

Let @ be defined as in the proof of Theorem 10, then
w(2%) ()2 € Wh2(Q) and u(2%) D(z)2 =0 on 2 — Qyp.
Consequently we obtain

L@, w(x0), ———fF(u(x") D?) dw :fF(u(w")) dw %—fF(u(m) D(x)?) do
2 o

-2, Q

for § € (0, &), since #*(x) = x on Qs and P(w) =1 on 2. We show
that

m [F(u@)do =0

i
30 2-0,

(38)
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and

(39) lim [F(u(o) B()?) do = lim Ju(z,) |3 = lim <p, u(z)), = |g3,
8—>0 2, =0 80

since 2%(x) = wy,(x) on 09.
The relation (38) follows from Lemmas 4 and 5. To establish (39)
we use (2) with a test function v given by the following formula

B w(@)(r(x) — 0) D(x)* for xe€ Q,,
I ) for xe Q—Q,.

Theorem 12 justifies the following definition of the Dirichlet problem.
Let g e L2(202). A weak solution € W3i(2) of (1) is a solution
of the Dirichlet problem with the boundary condition

(40) u(r) = @(xr) on 092,

if

(14) lim |[u(zs()) — @(x)]2dS, = 0.
3—>0 Py}

8. Energy estimate for the exterior Dirichlet problem.

Assume that the distance function r(x) is extended into £ in such
a way that

(B) reC¥Q), rz) >0 on 2, |Dr(z)|<R,r(») and |D?r(x)| <R, r(x)
on 2N (x| > R,), where R, is a positive constant.

Let @€ L2(22) and congider the following Dirichlet problem in
Wiao(82z).
(42) Lu +Au=f on O,
(43) u=0 on|z]=R

(44) w=¢ on 082,
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where A is a real parameter. If A>1, (4, sufficiently large) then by
Theorem 6 in [5] there exists a unique solution. The boundary condi-
tions (44) is understood in the sense of L2-convergence and by (43)
we mean that u¥ € W12(Qy) for every function ¥ e (1(2;) such that
¥ =1 in some neighbourhood of |#| =R and ¥ =10 on Q— Q.

LEMMA 6. Suppose that r satisfies the condition (E) and let u be a
solution in W32(Qg) of the Dirichlet problem (42), (43) and (44). Then

there exist Ay > 0 (sufficiently large) and d > 0 (sufficiently small) such
that

0<d<d

(45) f |Du(@)|2r(z) dw + f w(@)?r(@)de + sup M(0)<
Qg Qg

a2

<0 [playas, + [i@rr@ ],
Qr

for all R> R,, where positive constant Ay, d and C depend on the struc-
ture of the operator and are independent of R.

Proor. The energy estimate (45) was essentially proved in [5].
We repeat the proof to show that the constants C, d and 4, are indepen-
dent of R. Let

B w(w)(r(®) —0) on 44,
o(@) = 0 elsewhere .

By Green’s theorem

(46) S ay, DuDu(r— 8)dw - A ur(r — 8)dw =
1,=1j
Q4.8 24.r

1 » "
-1 f 3 auDirD,reas, +| 3 DiauDiryuds—
R, . o ¥

—| 3 0. D,u-u(r — 8)ydw — | eur(r — ) dw —}—ffu('r—~6)dm )
=1
Q4,8 6.8 Q4.r
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Now applying Hélder, Young and Sobolev inequalities we obtain

(1) f]DuP(r——é)dw + A [ur(r — 8) dw <

Q4.8 Q5.7

c, [M(a) + [wr — ) aw + [urr—edw +

Q4.1 2-Q,,

+[w((Dr| + D27l do + [ — ) o],

Q4.7 Q.r

where a positive constant O, is independent of R. On the other hand
we have

(48) M(6)<02[ f|Du[2(r——5)da:—|—/l ur(r — ) do +

Q0.r Q6.r
—I—f (r—8)dx + |ur—odr + u®(|Dr| 4 |D2r|) d —I—fﬁ(r—é)dx]
24.r Q2-Q4, 26,8

Letting 6 — 0 in (47) we obtain

(49) f’Dulzrdw-}_}, u2rdw<01[ f‘P(x)zde’f* wrrds -+
LQr Qr

+ |utr-odx + u2(|Dr| + |D2r|) dw —}—ffz r—é)dm]

2-0,,

It follows from (48) and (49) that

(60)  sup M) <G [ [urrds + [ux(Dr| + [Dr) da +
0<d<<d On O

G+ fu2r->dx —l—ffzrdm —{—f(pdS ]

2-0,,

where C, and C, are positive constants independent of R. Now observe
that by the assumption (F) we have

fu2(|Dr| + |[D2r|) dm<u2fu2da: + 2R1fu2rdw y

Qr Qr, 2r
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where x, = sup (|Dr| 4 |D?r|) and
2r,

f utdr<d sup M(6) + |udr<d sup M(9) + urdx ,

0<d<d 0<8<d

g, Qp,—Qa QR
where o; = inf r(x) and consequently
.QR.—'.Qa

(1) fu2(|Dr| + |D?r|) de<s,d sup M(J) + (ﬁ —|—2Rl) fuzrdw.

F 0<0<d 2] 3

R R

Similarly

ai—«
(52) fuzr—“dx< sup M(d) —I—a;"‘fu2dw<
1—a g<s<a
2-0,, 2r,—0,

dl—oc
< sup M(d) + oc“““fuzrdw .
1— & g<s<a g

Choosing d sufficiently small and 2, sufficiently large the result follows
from (48), (49), (50), (51) and (52).

9. Existence of a solution of the exterior Dirichlet problem.

It is clear that one can deduce from Lemma 6 the existence of a
solution of the Dirichlet problem (42), (43) and (44) in W3(Q).

loc

As an immediate consequence of Lemma 6 we obtain

THEOREM 13. Suppose that the distance function r satisfies the condi-
tion (H). Let ¢ € L*(082) and Jf(m)%(m) dx < oo. Then for every A=A,

there exists a unique solution of the Dirichlet problem (42), (40) and (41)
in W2(2) and moreover

loc

(53) J.IDu(w)]zr(w) 4 u(x)r(z)de + sup M(6)<
2 Q2

0<8<a

<C [a gf (@), +J fl@pr()da|,

where a positive constant C depends on the structure of the operator L.
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Proor. For fixed R > R, consider a solution v of the problem
(42), (43) and (44) and set vx(w) = 0 for |z| > R. It follows from the
energy estimate (45) that there exists a sequence vy tending weakly to
a solution of the problem (42), (40) and (41).

From now on introduce the following assumption on the distance
funection r

(F) The distance function 7(z) on 2 — 2, is extended to a function
in 0*(Q) such that r(#) =1 on 2 N (|z|>R,).

It is obvious that condition (#') implies ().

THEOREM 14. In addition to the hypotheses (A,) and (A,) assume
that b,e I*(Q2) (¢ =1,...,n), ce L) + L*(2) and ¢ > Const. > 0
on Q. Let p € L*(02) and r*f € L*(2). Then there exists a unique solu-
tion u of the Dirichlet problem (1), (40) and (41) in W2(Q) and moreover

loo

f]Du(w)Pr(w)dw +fu(w)2r(x)dx + sup M(8)<
Q2 2

0<d<d

<o i #(@)2dS. + ! flayri)do|

where a positive constant C depends on the structure of L.

The proof is similar to that of Theorem 6 and therefore is omitted.
We only point out that we again use here the results of Bottaro and
Marina [3].

Under our assumption a solution in Wp3(2) of the problem (1),

(40)-(41) belongs to Wpi(2). By the same argument as in the proof
of Theorem 9 one can establish the following estimate of the derivative
of the second order of a solution in W23(Q) of the problem (1), (40)

and (41). :

THEOREM 15. Suppose that the assumptions of Theorem 14 hold.
Let u be a solution in W23(Q) of the problem (1), (40) and (41). Then

loc

f|D2u(m)|2r(x)3dx<C’[ ﬁDu[zr(cv) dx —}—fu(m)"dw —{—jf(w)*d:c] y
2 2 2 Q

where C is a positive constant depending on the structure of the operator L.
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‘We mention here that the estimate of the derivative of the second
order of a solution of the exterior Dirichlet problem in W“(Q) was
obtained by Acanfora [1].

10. Case ¢>0.

To establish the existence and the uniqueness of a solution of the
Dirichlet problem we have assumed that ¢>Const > 0. If the coeffi-
cient ¢ is only non-negative one can also construct a solution but
belonging to a different function space. Namely introduce the space
Wr2(R}) equipped with the norm

[ IIDu(x)IZ min (1, 2,) dz + u(m)zdx]*

+
Ey

and similarly for the exterior Dirichlet problem the space Wi2(Q)
with the norm

[ f}Du(w)]zr(x) —i—fu(alr:)2 dx]*,

Q2 Q2

where 7 gatisfies the condition (). By Theorem 7 a solution of the
Dirichlet problem (1), (18) belongs Wl'z(R:') and by Theorem 14 a
solution of the exterior Dirichlet problem (1), (40) and (41) belongs
to Wr(Q).

Now denote by D(R}) (D(f)) the completion of Cy(R}) (C3(2))
with respect to the norm

[ [ipu@)zda]’ ([gf[pu(xnzdw]*) :

+
Ry

By Sobolev’s inequality D(R;)c L*(R}) (D(R2)c L**(2)), whence
D(R}) c Li,(R}) (D(Q) c L, (2)).

THEOREM 16. Suppose that the assumptions (A) and (B) hold. Let
fe L}RY) and @€ L¥R,_,) and moreover assume that b, € L*(R})
(t=1,..,n), ce LV'*(R}) and ¢(x)>0 on Rf. Then there exists a solu-
tion u to the Dirichlet problem (1), (18), belonging to the space Wl'Z(R“;) +
+ D(E3).
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Here the boundary condition (18) is satisfied in the following
sense:
for every R> 0

(54) lim j [w(’, ) — p(a')]2da’ = 0 .
a0 |z'|<®2

ProoF. Consider the Dirichlet problem

Lu +Aw=f in R},

u(z'y 0) = ¢@(z') on R,,,

where the boundary condition is understood inthe sense of L2-conver-
gence (see section 3). If A, is sufficiently large then by Theorem 5
there exists a unique solution u, belonging to the space Wl’Z(RI).
On the other hand by the result of Chicco [7] the Dirichlet problem

Lv = Ayu, in R}

v(2',0)=0 on R, ,

has a solution in D(R;). It is clear that v 4 u, is a solution of (1),
(18) in W»2(R}) 4 D(R?). The L*-convergence in the sense (54) follows
from the fact that

ve Wbh2((lo'| < R)x (0, T)) for each R>0 and T > 0.

In a similar manner one can establish

THEOREM 17. Suppose that the assumptions (A,) and (4,;) hold.
Let @€ L*02) and moreover assume that b;e Ln(Q2) (1 =1,...,n),
ce L*2(Q) and c(x) >0 on Q. Then there exists a solution of the Dirichlet
problem (1), (40) and (41) in W12(Q) + D(RQ).
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