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An Existence Theorem for a Stochastic Partial
Differential Equation Arising from Filtering Theory.

G. DA PrATO - M. JANNELLI - L. TUBARO (¥)

1. Introduction.

In this paper we consider the following stochastic partial differential
problem:

{ dut, 1) = U,y(t, 2) dt + h(@)u(t, v) dW (1)
(1.1)

where h is any polynomial of degree » and W(t) is a real Wiener process.
Our method consists in performing a transformation of the problem
g0 to get a deterministic equation w.p.1. In fact, putting

(1.2) oty @) = exp [— h(x) W(t)Ju(t, o)
it is easy to see that v formally satisfies the following problem w.p.1:

(1.3) { g = Vas+ B(L, 2) 0.+ p(t, 2)0

0(0, @) = uy(x)
(*) Indirizzo degli AA.: G. DA PrATO: Scuola Normale Superiore di Pisa;

M. IANNELLI e L. TuBaro: Dipartimento di Matematica, Libera Universitd
di Trento, 38050 Povo (TN).
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here
(1.4) B, @) = 2W ()b (x)
(1.5) y(t, @) = W(t)hao(x) + W()*hy(2) — 31 (x)

In the next section we will solve problem (2) by semigroups methods
in order to get a solution to problem (1.1) by performing the «inverse »
transformation

u = exp [AW(t)]v

We remark that the same procedure adopted for problem (1.1)
allows to treat the more general problem

(1.6) au = (MU + b, -+ cu)dt + (gu,+ hu)dW(t)
' w0, @) = uy(a);

a few details about it will be given at the end of section 3.

Problem (1.6) has been studied by Fleming-Mitter ([4]) using
methods of dynamic programming. In a previous paper [1] we have
studied a general method which applies to problem (1.6) assuming
that h is bounded.

Part of the results of the present paper have been reported in [2].

We are grateful to prof. Bove for useful discussions.

2, Here we solve problem (1.3). It can be written as an abstract
Cauchy problem in the space H = L?*(R)

(2.1) %:3 = C)v, v(0)=u,.

where C(t): Dy, C H — H is an operator family with constant domain
(2.2) Y = H?(R) N L*(R; x*»dx) (1)

(1) H2(R) is the usual Sobolev space and L3R, 2*"dx) denotes the space
of square integrable functions with respect to the measure zi"dx; here n is
the degree of the polynomial h.
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defined by putting
(2.3) C(t)v = v, + Bty @), + y(t,x)v Vvel

In order to proceed for any te [0, T'] we consider C(f) as the sum:
of the following two operators

{ Do,(:)z Y
(2.4) 0,(t) =
Ci(t)v = v+ y(&, x)v

Do,y = H\R), (¢, LR
(2.5) Cz(t)z—{ «w={v € H'R), f(t,r)v e LAR)}

Cy(t)v = (1, )0,
We have:

LeMMA 1. For any te [0, T] Cy(t) is the infinitesimal gemerator of
an analytic semigroup on H.

Proor. The proof can be found in [5] pag. 274. In fact here y(¢, o}
is bounded from above with respect to « as it is polynomial of even
order and the leading coefficient is negative (?).

REMARK 2. We remark that the graph norm induced in Y by the
operator C,(t) is equivalent to the norm:

+ oo + co
o] =f'o:,dx —l—f(l + xmyvide, VoeX.

— 00

LEMMA 3. For any fized te [0, T] and ¢ > 0 there exists K, ,> O
such that

(2.6) loz(t)'vllzw <Km]'v]§ + e|01(t)v|';‘, [w.p.1]

Proor. First we note

+ oo
(2.7) |0,(t) ] = 4W*(2) f hiul do

— 00

(2) We actually remark that C,(t) is a self-adjoint operator.



220 G. Da Prato - M. Iannelli - L. Tubaro

Integrating by parts we have:

+ o0 + oo + o0
fhiu:dx = —fzh,h,,uxu dx -—fhﬁ W th AL

Now it is
+ oo + oo + o0
f2h Bty AT <~ fhzug dx 4+ th:,u dx
+ o0
fhiu”udm <= f sudr 4 Efu” dx
so that
+ oo + oo + oo + o0
fhiu: dr < 4fh§,,u2 dr - 23]%3,, dv 4 le hiu?dx

Denote by a(¢) a suitable constant such that

hl.<a(e) + ex**  hi<a(e) + 4o

hence
+ oo + oo
fh’uzdm < se”um,dm + x4nu=dx] 1+ (1 + Bae) [urde

so that (2.6) follows from (2.7) and Remark 2.

We further remark that, though not necessary for the sequel, it
is possible to prove that the constant K,, can be chosen inde-
pendently of ¢.

LeMMA 4. For any te [0, T], O(t) is the infnitesimal generator of
an analytic semigroup. Moreover for any « € 10, 3[ there exists a con-
stant K such that

(2.8) [C(t)o — C(s)v|a< K|t —s]|*|v]y  [W.p.1]
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ProOF. The first statement follows by observing that C,(f) works
as a perturbation of () (see for instance Kato [5], pag. 500). Finally
(2.8) can be easily checked, taking in account that the Wiener pro-
cess W(f) is w.p.1 pathwise holder-continuous with any exponent

x €10, 3[.
The previous results show that the assumptions of theorem 4.2
of [3] (3) for the existence of a solution to problem (2.1) are verified.

Hence we can state the following result:

THEOREM 5. For any u, € H there exists a unique classical solution
to problem (2.1). That is there exists a unique function

v e C([0, T']; H) N C*(10, T]; H) N C(10, T]; Y)

such that (2.1) is verified. If moreover uo€ Y then ve C([0, T]; Y) N
A C([0, T1; H).

3. Now we are ready to prove the following result on the equa-
tion (1.1).

THEOREM 6. For any u, € H = L2(R) there exists a process u which
solves (1.1) in the following sense:

i) weC([0, T1; Li(R)) N C(10, T1; Hi,)  [w.p.1]
ii) for any @ € C5(R) it is
d(uy @) = (Usay @) dt + (hu, )dW(1)  for t>0;
if moreover u, € H then
Uo € C([01 VN Hl200)

and ii) is verified also for t = 0.

Proor. To show the existence of a solution take v, the solution
to problem (2.1), and put

u(ty ) = exp [h(z) W) o(t, @)

(®) The theorem is an improved version of the well-known result of Tanabe.
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It is straightforward to check property i). For ii) consider (u(?),¢),
@ being in OF(R); remark that

(3.1) (u(?), ) = (v(2), exp [A(-) W()19) x5

by applying Itd formula at the right hand side of (3.1) it is easy to
verify iii).

Concerning the more general problem (1.6) we consider the follow-
ing assumptions:

a € CyR); b,ce C,(R), geCiR)
h any polynomial of order =

20 —g2>e >0

Then (1.6) can be solved with the same procedure for problem (1.1)
by using the following transform

w(t)

o(t, @) = ult, (W(t), )) exp [ f h(p(&), z) ds]

where ¢ is the solution of the following problem

d
% =g(p) @(0,2)=uw.
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