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w-Satisfiability, »-Consistency Property,
and the Downward Lowenheim Skolem Theorem for L, ,.

RuUGGERO FERRO (¥)

SUMMARY - A new notion of consistency property, called w-consistency prop-
erty, for I, ; is introduced. This notion has the advantages that not only
sets of sentences of L, in an w-consistency property are w-satisfiable,
but also sets of sentences in L, , that are w-satisfiable are in an w-con-
sistency property, and that there is always a sufficient supply of new
witnessing constants available. These results easily yield a version of the
downward Lowenheim Skolem theorem for L, .

SUNTO - Viene presentata una nuova nozione di proprieta di consistenza
per L, ;, detta proprietd di w-consistenza. Questa nozione ha i vantaggi
che non solo insiemi di enunciati di I, , in una proprieta di w-consistenza
sono w-soddisfacibili, ma anche insiemi di enunciati di L,;, che sono
w-soddisfacibili sono in una proprieta di w-consistenza, e che c¢’¢ sempre
disponibile una scorta sufficiente di nuovi testimoni. Da questi risultati
segue facilmente una versione per L, ; del teorema di Lowenheim Skolem
discendente.

1. Introduction.

In [3] it was pointed out the need for a new notion of consistency
property for L, , infinitary languages, ¥ an uncountable strong limit
cardinal of denumerable cofinality, different from Karp’s notion of
k-consistency property.

(*) Indirizzo dell’A.: Seminario Matematico, Universita di Padova.
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Indeed the notion used in [4] has the drawback that a set of
w-satisfiable sentences may not belong to any consistency property.
For instance the set consisting of the w-satisfiable sentence:

& {[(‘v’v,+1—P(v,+1, 941)) & (Vfu,+2 Vis(P®s42y Vigs)
VP(W;,5y Vspa) V040 = 'v,~+3)) & (Vv,-+4 V0,5 V0546
(P(1449 9115) & P(01155 Vi40)) = Pl(01145 Vi)
& (V0,47 30;,8 P(v;,7, Viys))
& (V{vi104n: €0} — & {P(V; 10,0 Viy101n): NE })

& (.1 § <j} & {P(vsy v:12): §<j})] i € 0}

does not belong to any consistency property, [3].

In [3] there was also an analysis of the reasons for this draw-
back.

To overcome this problem in[1] E. Cunningham introduced the
notion of chain consistency property. In the same paper she com-
pares her notion and Karp’s one remarking that something is gained
but something is lost.

Namely, with the notion of chain consistency property she proves
that (Theorem 2.2 in [1]) a sentence is w-satisfied in an w-chain of
models iff the singleton of that sentence belongs to a chain consistency
property.

The hardest part of this result is the left to right direction of the
implication which is proved obtaining first the downward Lowenheim
Skolem theorem for L, , via the notion of B models for which she
derived a completeness theorem with respect to the B axioms and
rules (Theorem 2.4 in [1]). More specifically what is needed in the
proof is that a sentence not containing B,’s is valid in B models iff
it is w-valid in w-chains of models.

Indeed the reasons for adopting such a sophisticated machinery
are well explained by E. Cunningham herself in [1] when she con-
siders the difference with Karp’s notion of k-consistency property
in which «there is always a sufficient supply of new witnessing con-
stants available ».

Somehow, recoursing to B models is a way of recapturing the supply
of new witnessing constants, and of having to distribute them cor-
rectly on the way.
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In this paper the author propose a new approach with a different
notion of consistency property, call it w-consistency property, that
takes care of the need felt by Karp of a sufficient supply of new
witnessing constants and, at the same time, is closer to the notion
of w-satisfiability yielding the same result as Theorem 2.2 in [1] without
having to go through B axioms, completeness and downward Lowen-
heim Skolem theorem. Actually the downward Lowenheim Skolem
theorem for L, , is an easy consequence of the other results. Indeed
each set s of sentences in an w-consistency property is in some lan-
guage L, (see below) leaving uncompromised all the witnessing con-
stants in U {C;: ¢ > n}.

In the clauses of an w-consistency property dealing with disjunc-
tion and existential quantification some technicalities are needed to
handle the problem of maintaining the information got from a sen-
tence already analyzed.

In 2. we present the notion of w-consistency property.

In 3. we prove the model existence theorem going through the
details of the construction of the Hintikka set in the Hintikka type
proof.

In 4. given an w-satisfiable set S of sentences, we describe an
w-chain of models that contains S.

In 5. we conclude with the now easy proof of the downward Lowen-
heim Skolem theorem for L, ,.

2. w-consistency property.

For the notation that we are going to use we refer to[2] from
which we depart in that there are no second order variables in what
we are doing now.

For the notions of w-chain of models and of w-satisfiability we
refer to [4] and [2].

We assume, without loss of generality, that our sentences and
sets of sentences are such that no variable occurs in more than one
set of variables immediately after a quantifier.

Since & is a strong limit cardinal of cofinality o and it is greater
than o, we may assume that ¥ = U {k,: n € o}, where 2**<k,,,. Let
L, have no individual constants.

Let C,, n € w, be sets such that |C,]| =k, and for all m,new
if m £ n then C,N C, = 0.
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Let L, be the language obtained from L, by adding U {C;: ¢ < n}

a8 individual constants.

These assumptions and notations will hold throughout this paper.
Let us now define the notion of w-consistency property for L, .

2 is an w-consistency property for L., with respect to {C,: i € w}

if X2 is a set of sets s of sentence such that |s|<k and there is an n
(depending on s) such that all the sentences in s are in L, and all the
following clauses are satisfied.

Co)

1)

02)
C3)

04)

05)

086)

If Z is an atomic sentence then either Z¢s or — Z ¢ s, and if
Z is of the form ¢~ t, ¢t a constant, then Z ¢ s;

Suppose |I|<k

a) if {¢;, =d;:iel}cseX with ¢; and d; constants then
sU{d;,=c¢;:iel}el;

b) if {Zi(c;), ¢;=4d;: iel}cse X, where Z;(¢;) are atomic or

negated atomic sentences and ¢,, d; are constants, then s U
U{(Z(d;): iel}el;

If (——F;:ieljcseX and |[I| <k then sU{F;:ieI}eX;

If (& F:icl}cseX and |I| <k and there is m € w such that
for all ieI 0 < |F,|<k, then sU (U {F;:iel})eX;

If {Vo,F;:ieI}cse X and |I| < k and there is m € w such that
for all ¢l 0< |7,|<k, then for all new we have that sU
{Fm:ff): fev®ei DU (0, h<n},ieI} e X;

If {—&F;:iel}cseX and |I|<k and there is mew such
that for all i€l 0 < |F,| <k, then there is a function g, ge
x{F;: i eI} such that for any {— V#,F,:jeJ}cs such that
[|J] < %, and there is an m'e w such that for all jed 0 < |7;] <
<k, and there is a partition <{J,: p € w) of J such that (for
all p € w there is a function f,, f, e¥{%:#¢»} ¢ with the property
that {— F,(@;/f,): j€d,, p<n}cCs and s U {— Fi(7,/f,): jeJ,}€X
where n is the least natural number such that all the sentences
in s are in L,)] then for all p € » we have that

sU{—g(@): i eI} U{—Fyw,/f,): jed,peX;

If {(—Vo,F,:iel}cseX and there is » the least natural num-
ber such that |I|<k, and for all eI 0 < |v;|<k, and all the
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sentences in s are in L, then there is a partition <I,: p e w) of I
such that for any 1 —1 function f,, f,e @€ ¢, if [{—V7,F;:
jed}cs, and |J|<k,, and for all jeJ 0< |y <k, and
JNI=@, and there is a partition {(J,: ¢gew) of J such
that there are 1—1 functions f,, f,ev®< ¢,, such that
{F,@,/f.): j€dsy g<n}Cs and s U {— Fy7,/f.): j €} € X for all
gew] and if range (f,) N range (f,,,) = @, then for all pew
SU{—F@ff,): i €L} U{—FyT;/fnis):  €EJunyn} €2,

3. Model existence theorem.

MODEL EXISTENCE THEOREM. If § is a set of sentences of L, ,,
|8| = ky <<k, and S €2 an w-consistency property with respect to
{0;: i € w}, then S is w-satisfiable in an w-chain of models. Moreover
the n-th structure of the chain has cardinality at most k,.

Proor. By a good split of a set s of less than % sentences we
shall mean a partition {(s,: me w) of s such that |s,|<k,, every
sentence of the form either & ¥ or — & F in s, has |F|<k,, every
sentence of the form either VoF or — V%F in s, has |v|<k,.

Let us define, by induction on =, sets s, €2 of sentences in L,,
[82] <Kn, good splits <{s,.: me w) of each s, such that s, ;.= Sp,m
for m<n and $,.,,, D8, for m>n, and for all pew sets s, of
existential sentences in s, , and 1—1 funetions f,, from U {p:
— V% F € 5%} into C,,,_, such that for ¢ all and j less or equal to » if
45 j and ¢ + p = §j + ¢ then range (f;,) N range (f;,,) = @, such that
for all ge w

82U {— P(Tp/U {fsp: 0 +p =g, 1<n}):

— Vo FeU{s?:i+p=gqi<n}}eX
and

{—F(@p/V {f1,p: s +p =g, 5<n}):
— Vo PeU{sl:i+p=gqi<n}, g<n}Cs,.
Let s, = 8, {8,m: M € ®) be any good split of s,, and for all pe w
$2=0 and f,, = 0.

Suppose that s,, <{Sp,m: M € w), sy, fi,» have been defined for all
p ew and for all k¥ <n, with the above mentioned properties.
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Let

8' =8, U {V0rF: V3 FEU {8,;: i <n}} U
Ufe=die=deU{s,:i<n}}u
U {Z: Z is an atomic or negated atomic sentence in s, ;, ¢ <n}.
Clearly s, C 8,, |s;| <k., and all conjunction and quantification sets

in s, have cardinality at most %,.
Define:

s =3,U{(—g(F): —&Fes,}, where gex{F:—&Fes,}
and ¢ is such that for all g e w

8V {—g(F): —& Fes,} U{—F(Ts/U {fin: ¢ +p =g, i<p}):

— Vo FeU{sl:i+p=gqi<n}}elX.
Such a g exists by C5) since U {s}: i<n, p € w} is a subset of s, of
cardinality at most k, of existential sentences of the form — V7,F
with |Us|<k,, and U {s?: 7 + p = ¢, <n}: ¢ € w) is a partition of
U{st:i<n, pEw}, and U {f,,: 7+ p=g¢q,i<n} are 1 —1 functions
from U {op: — Vo Fe U {s?: i+ p +¢q, i<n}} into C,_,, and for all
JEw:
8. {_F('EF/U {fir:t+p=gqi<n}): —

— Vo PeU{s?:i+p=gi<n}}eX

and

{_F(ﬁp/u {fmz: i+p =q,'£<"}):

— Vo FeU{s:i+p=gqi<n}, q<n}Cs,

by inductive hypothesis.

Let s7,, be a partition of the set {— V#,F: — Vi,F €3,,,; such
that for any 1—1 function f,,,, from U {T,: — Vo, F €s.,,} into
Cnyp —range (U {f;,, % +qg=mn-+4+1,i<n}) we have that for all
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P Ew:

$O U {— F(Bffnsns): — VB F €82,,} U
U {— F(0p/U {fia: t +g=mn+14p,i<n}):
— VT FeVU{si:i+qg=n+1+pi<n}}eX.
Such partition exists by C6) since U {s?: i<n, p € w} is a subset of
s of cardinality at most %k, of existential sentences of the form
— V0 F with |0g| <k,, and U {s?: ¢ + p = ¢, i<n}: ¢ € 0> is a par-
tition of U {s?:i<n,pew} and U {f,,: 7 +p=g¢q,9<n} are 1—1
functions from U {Zz: — VT F € U {s7: ¢ + p = ¢, i <n}} into C,_, and
for all e w
SPU{—F(Tp/U {fip: i +p =gq,i<n}):
— Vo FeU{sl:i+p=gqi<n}}eX
and
(—F(@e/U {fi,: 7 +p =g, i <n}):
— Vo, Feu{s?:i+p=gqi<n},g<n}cs,csy
by the results of the previous point.

Thus let s?,, be such a partition and f, ., a choice of functions

as above.
Define

8P = §W U {— F(p/fny1,0): — VO F E€83,1};
s =sPU{d=c:c=des}U{Z(d): Z(c),c=dEs,
and Z is an atomic or negated atomic sentence in s,};
W =3P U{F: ——Fes,};
s =sP U (U{F: &Fesy});

$© = 59 U {F(Bsffr): VB F €8, freir U{Ciz i<n}} .

Define s, ., = s‘,f), {S$py1,m: M€ w) any good split of s,,, such that
if m<n then s, ,,, = $,,, and if m > n then 8, 1., 3 8y,m.
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To complete the definition by induction we have only to remark
that all the conditions on s,, {s,,,: m € w), 82, f.,, are preserved.

Indeed it is easy to see that s, ., € 2, due to the conditions of an
w-congistency property, and furthermore the sentences in s,,, are in
Ln+1’ a’nd Isn+l[<2k”<kn+l'

Moreover <{S,.1m: ™ € w) satisfies the due condition by definition.

Also notice that not only for all p ew

82 U {— F(¥y/fns1,0): — VOeF €875} U
UA{—=F @V {f1,p: i +q=mn +1 +p}):
— V5 FeU{si:i+q=n+1+p}leX,

but also for all g€ w

81U {—F(T)F/U {firit+p=0qi<n + 1}):
— Vo FeV{ss:i+p=gqi<n+1}}eX

due to the conditions C1), C2), C3), C4) of an w-consistency property,
and for all ¢,j<mn 41 if ¢54j and 4 4+ p =47 + ¢ with p and ¢ in w
then range (f;,) N range (f;,) = @ by construction, and

{(—F@e/O{fip:i+p=0q,i<n +1}): —V,Fe

U{st:i+p=gqi<n+1},g<n+1}csPcs®csPcs,,.

Thus for all p € w even s;,, and f,,,, satisfy the conditions.
Remark that for all n €  we have that s,Cs,,.

Now let s, = U {s,: n € w}.

Let us point out the properties of s, relevant to our purpose.

a) Not both an atomic sentence and its negation are in s,, for
otherwigse they would belong to some s, which belongs to 2 and this
would contradict condition CO). For the same reason, sentences of
the form ¢ ¢, { a constant, are not in s,.

b) If ¢ = d belongs to s,, and hence to s, for some n € w, then
d = ¢ belongs to s,., for some n’' > n, and hence to s,. Furthermore,
if Z(¢) is an atomic or negated atomic sentence which belongs to s,
and ¢ = d also belongs to s,, then both would belong to s, for n € w,
and so Z(d) would belong to s,  for some »’ > n, and hence to s,.
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¢) If a sentence of the form — VF is in s,, and hence in s,
for some » € w, then also F is in s,, being in s, for some »n' > n.

d) Similarly if a sentence of the form & F belongs to s,, and
hence to s, for some » € w, then also each F belonging to ¥ belongs
to s,.

e) If a sentence of the form V7,F belongs to s,, and hence
to s, for some » € w, then for any m > » and for any funection f from
7p into the constants in U {C,: i<m} also the sentence F(7z/f) belongs
to s,, for Vo F would belong to any s, with m > »n’ for some n' > n,
and F(vy/f) would belong to s, , for m > n' and hence to s,,.

f) If a sentence of the form — & F belongs to s,, and hence
to s, for some n € w, then there is an F in F such that — F belongs
to s, for some n' > n, and hence to s,.

g) If a sentence of the form — V#,F belongs to s,, and hence
to s, for some » € w, then it belongs to s, for some p € w and n’' > n
and therefore there is a function f from %, into C,., such that
— F(vg/f) belongs to $,:,,.1, by the construction of this, and hence
to s,.

Thanks to these properties s, can be used to define an w-chain
of models which will w-satisfy 8.

For any ¢ and d in U {0,: i€ w} let ¢ ~d if either c =des, or d
is ¢. ~ is an equivalence relation on U {C;: i€ w} as it can be easily
deduced from property b) of s,. Let ¢ = {d: ¢~ d}. Let 7; = the
least natural number such that there is decnN C;. Let

6,:{6: 7:2:-7:}.
For any n-ary predicate P in K, , define the corresponding n-ary
relation P = {{C,, ..., €.>: P(¢y, .., ¢,) €8,}. This is well defined since
if ¢,~d,, ..., ¢,~d, and P(e, ..., c,) €s, then also P(d,, ..., d,)Es,

thanks to n applications of the property b) of s,.

Pet P, = PN (C,)"

Let <C,, {P,: P is a predicate in K,,}> be the i-th structure of
the w-chain of models 3/ adequate for the given language L, ,. Even-
tually expand these structures to the language L, by interpreting any
constant ¢ in U {0;: i € w} in .

Now, using the properties of s,, an easy induction on the rank
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of the sentences in s, shows that any such sentence is w-satisfied in
the w-chain of models /. We just add, as a remark, that the w-satis-
fiability of the sentences of the forms either V7.F or —VoyF is ob-

tained by assigning f(v) to any v in 7, where f is one of the functions
mentioned in e¢) and in g) of the properties of s,, and observing that
such assignment is bounded because the ranges of such f’s are in
U {C;: i<n} for some n € w.

Thus all the gentences in s,, and in particular those in 8 (cs,),
are o-satisfied in the w-chain of models M that we described, and
the universes C; of the structure of M have cardinality at most
k;, as it was to be shown.

4. Existence of an w-consistency property for a set of -satisfiahle
sentences.

By an immediate subsentence of a sentence F' we mean the sentence:
G it Fis —@,
G if F is &G and Geq,

G(v/f) if F is VUG and f is any function from % into the constants.
By a subsentence of a sentence we mean either the sentence itself
or an immediate subsentence of a sentence which was already proved
to be a subsentence of the given sentence.
A wealk subsentence is either a subsentence or the negation of a
subsentence.

THEOREM 1. Let S be a set of w-satisfiable sentences of L,,, with
|8| < k. Let C; be mutually disjoint sets such that |C,| = &, for each
i € w. There is an w-consistency property 2’ with respect to {C;: i € w}
such that Sel.

Proor. Let |8| =k,. Let M be an w-chain of models that w-sat-

isfies S.
Let us define, by induction on =, sets s, of weak subsentences

of § in L, with |s,|<k,, and w-chains of models M, which are expan-
sions of M to the languages L, such that, M, |=¢s, as follows

so=48, M,=M.

Suppose that we have already obtained s, and M, for h<n.
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Let

={e=d:c=des,}U{Z: Zes, and Z is an atomic or negated
atomic sentence} U {— —F: — —Fes,—s,_,} U {&F: either&F e
€8,— 8., and |[F|<k, or &Fes,, and |F|=k,} U {V5F:

VosFes, and [Up] <k,} U {—&F either — & Fes,—s,_; and
|F| <k, or —& Fes,_, and |[F| =k,} U {— Vo, F: either — V7, F e
€8,— 8., and |Up| <k, and there is @, a bounded assignment
to T within the n-th structure of M,, that w-satisfies — F in
M,, or —VvyFes,_, and n is the least natural number such
that |vy| <k, and there is ar, a bounded assignment to 7, within

the n-th structure in M,, that w-satisfies —F in M,}.

Let f, be a 1 —1 function from U {By: — Vo, ¥ €s,} into C,, this
function exists since | U {p: — VT, F €s,}| <ks.
Let

@, = U {@Gp: — VU F es and @y is a bounded assignment to ¥, within
the m-th structure of M, that w-satisfies — F in M} .

Define M,,, as the expansion of M, to the language L,,, obtained
by interpreting each constant ¢ belonging to U {f.(v5): — VUzF s T}
(which is a subset of C,) in @,(f,*(¢)) and each constants in
Co— (U {fa(@s): — VT F €,}) in any fixed element of the universe of
the first structure in M.

Let

gneX{F: —&Fes)}

such that — g, (F) is w-satisfied in M,.
Let

Sppp=8,U{d=c: c=des}U{Zd): Zc)es,, ¢c=des, and Z is
an atomic or negated atomic sentence}U {F: — —F es,}U
U{F: FeF and & Fes} U {F@/fr): VozFes, and fre
rUF{0;:i<n}}U{—g,(F):—&Fes,} U{—F(vg/f,):— Vs Fes,}.

At this point it should be remarked that all the constants in any
sentence in 8, are interpreted within the n-th structure in the w-chain
of models M,; thus we can correctly speak of w-satisfaction and it
is easily seen that i, +1]=% $n,, and that |s,,,|<k.,,. Notice further
that s, Cs,,, for all n € w.
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Let

X={s:s8Cs,,nEW}.

CrAmM. J is an w-consistency property with respect to {C;: i€ w}.

Indeed if s € 2 then scs, for some n € w. Thus s contains only
sentences in L, and |s| <|s,| <k, < k. Furthermore M, |=*s and there-
fore sentences of the form ¢+ ¢ cannot belong to s and also an atomic
sentence and its negation cannot both belong to s. Thus CO0) is sat-
isfied.

Ag far as conditions C1), C2), 03), C4) of an w-consistency prop-
perty are to be checked, it is easy to see that there is »’>n such that
the set s’ which should belong to X once s € 2 due to one of these
conditions is indeed a subset of s, and therefore it does belong to X'

To check C5) remark that the choice of g, is fixed and, since
8, D 8, if m’ >n, it works properly even in the rest of the construction.

Finally it suffice to say that the entire construction was explicitly
done to satisfy C6).

Thus the proof of the theorem is complete.

Since the union of w-consistency properties is still an w-consistency
property, we can also state the following:

THEOREM 2. The set of w-satisfiable sets of sentences in L, ;, with
cardinality less than k is a subset of an w-consistency property with
respect to {C,: ¢ € w}.

5. The downward Lowenheim Skolem theorem for L, ,.

In what we have done so far it is implicit an easy proof of the
following version of the:

DOWNWARD LOWENHEIM SKOLEM THEOREM FOR L, .. If s is a set
of sentences of L., |s| <%k and s is w-satisfiable, then there is an
w-chain of models with the universe of the n-th structure of cardi-
nality at most %, that w-satisfies s.

Proor. By Theorem 1 there is an w-consistency property with
respect to {C,: i€ w} to which s belongs. By the model existence
theorem there is an w-chain of models that w-satisfies s such that the
cardinality of the n-th structure is at most %,.
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