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On the Connection between the Real and the Complex
Interpolation Method for Several Banach Spaces.

J. I. BErTOLO - D. L. FERNANDEZ (*)

SuMMARY - The objective of this paper is to exhibit some connections bet-
ween the real and the complex interpolation method for 2» Banach spaces.
A version of the Lions-Peetre interpolation method for 2» Banach spaces
and some properties of the complex method involving multiple Poisson
integrals are presented. Applications to spaces with a dominant mixed
derivatives are given.

Introduction.

The study of the intepolation spaces of several Banach spaces by
real methods has been made by Yoshikawa [15], Sparr [14] and Fer-
nandez[4], and by complex method by Lions[7], Favini[3] and
Fernandez [5].

The aim of this paper is to exhibit some connections between the
real and the complex interpolation methods for several Banach spaces
and to give applications to the spaces with a dominant mixed deri-
vative.

First we give a version of a real interpolation method among 27
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tuto de Matematica - UNICAMP - Caixa Postal 6155 - 13100 Campinas -
San Paolo (Brasil).

The second author was supported in part by a grant from the CNPq-
Brasil (Proc. 111.1600/78).
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Banach spaces along the lines of Lions-Peetre[8]. These spaces thus
constructed are similar to some studied by one of the authors in [4]
and [6]. We recall the definition of the complex method for 2* Banach
spaces and then give some new properties of these spaces along the
lines of Calderén[2] and Peetre[13]. Using the Hausdorff-Young
theorem for L? gpaces with mixed norms, as given by Benedek-Pan-
zone in[1], and borrowing some ideas from Peetre[13] we give a
connection between the real and the complex interpolation space
among 2" Banach spaces. As a by—product we show that for Hilbert
spaces the two interpolation spaces coincide. Our development is
carried out in the context of the LT spaces with mixed norms of
Benedek-Panzone [1].

As an application of the theory we give some relationships between
the Lipschitz spaces of Nikol'skii[11] and of potential spaces of
Lizorkin-Nikol'skii [10].

1. Generalities on interpolation for 2" Banach spaces.

Let us denote by [J the set of k¥ = (k,, ..., k,) € R* such that
k; = 0 or 1. We have [J = {0, 1} when » = 1, and [0 = {(0, 0), (1, 0),
(0,1), (1,1)} when » = 2. The families of objects we shall consider
will take indices in [].

We shall consider families of 2» Banach spaces (H|k € [J) embed-
ded in one and a same linear Hausdorff space V. Such a family will
be called an admissible family (of Banach spaces (in V).

If E = (Ex|keO) is an admissible family of Banach spaces, the
linear hull z E and the intersection [)E can be introduced in the
usual way. They are Banach spaces under the norms

”x|1z,5=mf{%”%[|m|x=%mk; s.€ By, kel

and
|#] & = max {|a|g [k e O} .

The spaces > E and [ E are continuously embedded in V.
A Banach space E which satisfy

(MEcEc>E

will be called an intermediate space (with respect to E).
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(Hereafter c will denote continuous embeddings).

A pair of Banach spaces (E, I'), intermediate respect to the admis-
sible families E = (E.|k € ) (in V) and F = (F|k € ) (in W) respec-
tively, has the interpolation property if for every linear mapping from
> E into > F such that

T|Ey: B, —F, (kel)

it follows that
TE:E—~F

(we agree that — will denote bounded linear mappings).

REMARK. Observe that 7: B, — F,, k€, implies 7: > E — > F.

2. The real interpolation spaces (E; O; P).

Let E = (E,Jke) be an admissible family of Banach spaces.
For t = (t1y ..., t,) >0 and &k = (ky, ..., k,) €0 we set t*F =tk ... tn
For yc [ E we define

J(t; y) = max |y |z, -

Observe that J(1,...,1; y) = |y|~e and for each ¢ fixed, J(¢; y) is
a functional morm in [)E.

Now, let us denote by L{ the L® space, on R} =R, X...XR,,
with respect to the Haar measure d*t = di,/t, ... dt,/t,. If F is a
Banach space, LL(F) is the LE space of the strongly measurable func-
tions g: R} —F such that |g(t)|r€ L{. For notations and results
on L? gpaces, with mixed norms see [1].

With the above notation we have the following proposition.

ProPoSITION 2.1. Assume that 0< O = (0,,..,0,) <1 and
1<P = (pyy.eyPa)<oo. If w:R}—(\E is a function such that
[(t)|| g € L, k€1, then the following conditions are equivalent

2.1(1) t-od (t; u(t)) € LE
and

2.1(2) t-ou(t)e LX(B,), kel.
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ProoF. Indeed, the following inequalities hold:

=0 u(t) | 5 <max t*=O|u(t) | g, <t~ OJ (t; u(t)),
k

and

t=0J(t; u(t)) <max t*=®|u(t) |z, .
k

Now, we introduce the spaces (E; @; P).

DEFINITION 2.2. We define (E; @; P) to be the space of all elements
x € > E for which there exists a function u: R} — () E, with |u(t)| zg € Ls,
which satisfy 2.1(1) or 2.1(2) and such that

2.2(1) x = |u(t) d*t (in S E).
R?

ProPOSITION 2.3. The space (E; ©; P) is an intermediate Banach
space under any one of the following equivalent nmorms

2.3(1) [#]6:p = int[[t=OJ (¢; w(t))| 2z ,

2.3(2) |#]e:p = inf max||[#*=Cu(t)| Lo, »

where the infimum is taken on all w which satisfy 2.2(1).
It will be convenient to work also with an interpolation space
slightly more general than the spaces (E; @; P) just introduced.

DEFINITION 2.4. Let E = (Exlked) be an admissible family of
Banach spaces. Given 1<Py= (p}, ..., ps), P, = (pi, ..., P}) < oo, let
us set P = (P, = (Di,y oy PRk = (Fay ..oy kn) €00). Now, if 0< 6O =
= (01 ..., 0a) <1, we define (E; O; P) vo be the space of all x€ Y E
for which there is a function w: R} — (| E with w € Ly(Ey), k € O, such
that 2.2(1) holds and the following conditions are satisfied

2.4(1) t*=Ou(t) € LI(E,) , keld.
We equip (E; ©; P) with the norm

24(2) ”.{UHQ;P = inf I’ﬁaD;X ]]tk‘gu(t) "LI:’C(EA:) .
u
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We see at once that the following proposition holds.
ProposiTiON 2.5. If P= (P, = Plkel) it follows that

2.5(1) (E; @; P) = (E; ©; P).
The spaces (E; @; P) and (E; @; P) have the so called interpolation

property. For the proof and further properties of these spaces see
Fernandez [4] and [6].

3. The complex interpolation spaces [E; &].

We shall recall briefly the notion of the complex method of inter-
polation for 2» Banach spaces. For the proofs see Fernandez[5].
Let E = (E.k €[0) be an admissible family of Banach spaces.

3.1. The spaces of all > E-valued functions f(z) defined, continuous
and bounded on the n-strip 8” (product of » unit strips)

S={z=s+1itj0<s<l, teR}

which are holomorphic on the interior of §*, with respect to the norm
of z E, and such that f(k 4 it) € E, and are E\-continuous and boun-
ded for all ke[ will be denoted by H(E).

The space H(E) endowed with the norm

3.1(1) 17z = max {[f(k + it) | g,k € O}
becomes a Banach space.

3.2. For 0<Od=(0,,...,0,) <1, we set

3.2(1) [E; O] = {x e > E|3f € H(E), f(O) =} .
This spaces is a intermediate Banach space under the norm

3.2(2) |] t&: 01 = int {|f|zf(©) = =} .

Also, the spaces [E; @] have the interpolation property.
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ExeMPLE 1. Let P, = (P}, ..., P§) and P, = (Pi, ..., P}) be given
with 1<P,, P;<oco. Consider (P)reg the sequence of admissible
powers associated with P, and P, (P, = (P}, ..., P, ..., Pi) where
k; = 0 or 1), and set L?* = L™(X, u), ke . Then

[(L**)gen; @] = L

where 1/P = (1— 0)/P, + O/P;.

EXEMPLE 2. For 8 = (8, ..., 8,) € R?, let HSP(R") be the space
of 4 e 8‘(R*) such that

|wullgse =[F*T] (1 4 |os?)"2 Fuzr < oo

j

If (S:Jke0) is a family of admissible parameters associated with
8o = (85 oy Sg) and 8y = (81, ..., 87), that is Sp = (51, ...) Siyy -vy St
where k; = 0 or 1, and (Pi|k ) is a family of admissible powers

associated with P, and P,, where 1<P,, P,<oo. We have
[(HP(R")gery; ©)] = HSF(R")

where 8§ =(1—6)8,+ 68, and 1/P = (1—6)/P, -+ @P,. For the
proof and details see [5].

4. A characterization of [F; @] involving the Poisson kernel.

4.1. The Poisson kernels for the unit strip § will be denoted by
Py(s,y) and Py(s,y). They can be obtained from the Poisson kernel
for the half-plane by mapping conformally the half plane onto the
strip. Explicitly these kernels are

sen s

1
41(1) Polsy y) = 2 cos hawy — cos s ’

sen 7rs
cos hmy + cos s

£1@2) Pi(s,9) =3

4.2. For k= (ky, ..., k,) €, let us set the k-Poisson kernel for the
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poly-strip 8»:

1.201) Pu(S,y) = :HlPk,(sj, v;)

here S = (81, ..., 8,) With 0<s;<1 and ¥y, = (Y4, ..., ¥a) € R".

PropPoSITION 4.3. For all fe H(E) and 8 = (81, ..., ) with0 < 8 < 1
we have

L30)  log [ ma< 3 [1og |1+ )]s Pus, 0 dt
€ R

ProoF. Let g, be a bounded infinitely differentiable function such
that

gi(t) >1og | f(k + it) | g, -

Let F' be an analytic function such that
Re {F(2)} = 3 f 7u(t) Pulz, t) dt .
ke R

Such a function exists and Re{F(k 4 it)} = g,(t). Furthermore, the
differentiability of g, implies that F(z) is continuous in 0<S8<1.
Consequently

exp {— F(2)} f(2) € H(E)
and since

exp {— F(k + it)} f(k + it) | 5 < exp {— g:(O)} | {(k + 9?) | g <1,
it follows that

lexp {— F(2)} {(Z) |y <1 -

Consequently
[exp {— F(8)} f(8)|(g:s1<1
and
[708) ] &: s1<exp F(8) .
Hence

log [f(8)] 1< Re F(S) <3 [gu(t) Pu(S, 1) dt .
€0 7
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Takink now a decreasing sequence of functions g, , converging to
log||f(k + it)| ., k € O, respectively, and passing to the limit we obtain
the result.

COROLLARY 4.4. For fe H(E) and 0< 8 = (8y, .., 8,) <1, we have

8(k)
L4 J®]mas< 1 { 5 fllf(k + i) 5 Pu(S, 1) dt}

where s(k) =[] {1 —k; + (—1)#*1s} = []s(k;), and
j i
1.42) i) lmsi< 3 Rf 10 + it) | Pa(S, 1) .
ProoF. Wg observe that
ka(S, Hat—=sk) (kel).
From this and from Jensen’s inequality it follows that

s(k) exp[ log ||f(k + it) | 5. Px(S, t) dt} f"f(k + it) || g Pr(S, t) dt

(k)
for all k. Now, from 4.3(1) and these inequalities, we obtain

108) s 1 < oxD {kzn f log |f(k + 1) |5 Pe(S, ©) dt} _
Rﬂ

ke

= Hexp{ (k)Jlog [1(k 4 it) |z Pr(8, t) d }

kel

k)
<TI (exp{ B flog [k + it) | & Pi(S, t) dt}) <
Re

. 3(k)
=1L {@ﬁ[llmo +it) |5 Pi(S, ) dt} ,

this gives 4.4(1).
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It remains to prove 4.4(2). The following inequality holds

exp{ > a,,} < Y s(k) exp {a./s(k)} .

ked ked

This follows by induction from the well known case n =1:
ea‘,+a,< (1 _ 8) ea.,/(l—s) + seh/s .

Let us set

ar = [1og [f(k -+ it) |, Pa(S, )t
Rn

in the above inequality. Again, by 4.3(1), and the above inequality
we get 4.4(2):

[1£(8) || te: sy<exp {k;D flog (% 4 it)]| g Pr(S, 1) dt}<

R»

< > s(k) exp {-—1——

¥el s(k)mlog [k + it) | & Pr(S, ) dt}<

<ke§[jj fllf(k + it) | & Pr(8S, t) dt .
Rn

PrOPOSITION 4.5. Let a €[E; @] and f € H(E) be such that f(®) = a.
Suppose that

4.5(1) Hk-Lit)e L%E,)  (kel)

where (Qilk € O) is a family of admissible parameters associated to Qq
and @, and such that 1 << @Q,<oco. Then

4.52) Jallo< € max 0k + i) | secan
ProOF. Due to corollary 4.4 we have
lale:e; = [I1(O)] [E:@1<kezu R_[Hf(k + it) |5 Pr(O; t) dE<
<k§jﬂﬂk + i) || 2z | Pu(@; 1% <

<( 2 |65 1)) max [ + it) s0vcas
ke ke
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PROPOSITION 4.6 Let f be a continuous and bounded > E-valued
function on the polystrip S* which is analytic on the interior of S* and
such that

5.6(1) fk - it)e Lo(B,)  (keD)
where (Qx|k € ) are admissible parameters, with 1<, < co, and asso-

ciated 10 Qo = (¢5y .-y 45) and Q@ = (qi, ..., q7). Then, if f(O)=a
follows that a €[E; O].

ProoF. The assertion will be done if we show that there is a
Cauchy sequence (a;) in [E, @] such that a; —a in > E, as j — co.

Let (p;) be a sequence of non-negative continuous functions on
R» such that

M) [paa—=1;
Rr
(i) pit)=0, if |t/>1/j

Now, let f be given as in the hypothesis, and let us set

(o) = [k + it) ) @t

Rn
and

a,=1,(0) = [{(6 + it g, )t
Rﬁ

We shall show that f; € H(E) and a; €[E; @]. First, we observe that f;
is > E-holomorphic in S». Also, it is bounded:

[£i(=) llzn<f||f(z + it)| se@i(t) dt < sup [f(w)] 2k -
R wEeS™

From Minkowski’s inequality, we have
fi(k + it) € LO(E,) , ked.

Since ¢, € L%, k€[], the Holder inequality implies that f;(k - it) is
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E.-bounded:
111k + it) 1, = [ 06 + 50) | sy ps(t)
R»

<[F(k 4 it) | orcmy | s o: -
This inequality also implies that f;(k + 4t) is E,-continuous. Thus,

it follows that f;e H(E) and consequently a, = f,(®) €[E; O].
Now, the inequality

as—alze=|| [0 +inpia—[apoa]|
Rn Rﬂ
< [ 116 + it — /@) sep.t)at
lt<1/i
implies that a; —a in Y E, as j — oo.

It remains to show that (a;) is a Cauchy sequence in [E; ®]. We
shall use the inequality 4.5(2):

lan—an]Ee01<C max [(fa—Fu) (k + it) || 202z <

<omax | ||Rj [k + i(t + ) = f(k+ i8) mpale) | g, +

LQk} <

<Omax{ [[f(0k+itt +2) =10k + i) |sompa(o) da +
€ Rn

|| 105+ i+ ) — 10 + 0 mgue) do
Rn

+ [ + it + 2)) — 1k + i8) s p(a) dorf <
Rn

<omax{ [[f(k+i(t+ @) — 1k + it [zonypa(e) do+
kel

|z|<1/n

+ [+ (¢ + ) — 1k + 80)[s9xzo pu(a) da}

|e|<1/m

Now, given ¢ > 0, there is an integer N such that

IF(k + i(@ + 1)) — f(k + it) |paem < ¢~ (keO)
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if |#x|<dé=1/N. Hence, for n, m>N it follows that
@ — @] (£;01< C MaxX {e f«p,,(t) dt 4 sf(pm(t) dt} <20Ce.
ltI<1/m [t|<1/m

The proof is complete.

5. The Hausdorff-Young theorem, for L” spaces with mixed norm, and
spaces of type P.

We recall the Hausdorff-Young theorem in the form given by
Benedek-Panzone [1].

THEOREM 5.1. Let Ff be the Fourier transform of fe S (R"), and
P = (pyy .oy Pn) Such that 1 <p,<Pp_1<...<py<2. Then

5.1(1) | F 1z < C(P)|fze

where 1/P 4+ 1/P'=1 and C(P)=1. If 1<P<2 and the components
of P are not monotonically non-increasing then 5.1(1) does not hold
for any C(P).

Now, following Peetre[13] and the above theorem we set.

DEFINITION 5.2. Let E be a given Banach space and P = (Py, ..., D»)
an n-tuple with 1 <p,<...<p,<2. If for some constant C(P) it holds
that

157 |ery < CP)|florey (1P 4 1/P' = 1)

for all fe LY(E), the space E will be called of type P.

When p, =...= p,=p theorem 5.1, reduces to the usual Haus-
dorff-Young theorem, and the definition 5.2, coincides with Peetre’s
definition 2.1 in[13].

ExEMPLES 5.3.
5.3(1) Banach spaces are of type 1 =(1,...,1);
5.3(2) Hilbert spaces are of type 2 =(2,...,2);
5.3(3) (J. Peetre) the space LP(R™) is of type P if 1< P<2;
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5.3(4) 1If E, is of type P, (ke[J), where (P,Jked) is a family of
powers associated with P, and P,, then ((Ei[ke(); @; P)
is of type P, where 1/P = (1— 0)/P,+ O/P,.

Indeed, by hypothesis we have

F: LP(Ey) — L™ E,), (1P, +1/Py=1).

Thus
F: ((LP(E))e; ©5 D) — (L™(By); 05 P)) .
But
(L™(Bx))x; O3 P) = (L*((Ex); O3 P))
and

(LF(B))s; ©; P) C L7 ((Ha)e; O; P)) .
5.3(6) If F is reflexive then Z and the dual spaces I’ are either
of type P.
6. A connection between the real and the complex method.
Ag in the case n =1, we know that
(E; ;1) c[E; O] c (E; 5 o0)

where 1 = (1,...,1) and oco= (c0,..., o0). We shall give a generaliz-
ation of this result.

THEOREM 6.1. Let E = (B, |k € [J) be an admissible family of Banach
spaces and (P = (Pilke)) a family of admissible powers associated
with P, and P,. Now, if K, is of type Py, ke, then
6.1(1) (E; ©; P)C[E; @]c (E; O; P').

PrRoOF. We follow the ideas of [13] (see also [5]). Let a € (E; ©; P)
and w = u(t) € L¥(3 E) such that

a= f u(t) dyt
Rﬂ
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with
t*~%u e LE(E,), Eed.
Let us set

Ule) = Mu(z) = f =0 u(t) dyt

Ry
:f...ft{l“’l e B0 (1 ) Aty . ol
0 0

the m-dimensional Mellin transformation of w.
We see that U(z) is a > E-valued holomorphic function with

a=U(O)=U(by,...,0,).
But, by the change of variables #; = exp (— s;), we get
Uw 4+ iy) = f 1Y 450 4y(1) dt
R

:fe_‘i”"’e(“’_g)"v(s) ds
Rn

where v(s) = u(exp (—s)). But
e*—0) 3 y(s) € L¥(Hy)
and since E, is of type P, is follows that
Uk + iy) € LP(H,) .

By proposition 4.6 it follows that a € [E; @].

COoNVERSE. Let a€[E; ®]. Then, there is u € H(E) such that
a = (@) = u(b,, ..., 0,). Moreover u(k - iy) is E-bounded and conti-
nuous, for any ke[]. But, here we can replace u(z) by u(2) exp (2— 6)2
Thus we can suppose that

w(k 4 ty) € L™(E,) .



On the connection between the real and the complex ete. 207

If we set

U(x) = (27)-" f @O ity (s | i) dt
Rn

(the inverse of the n-dimensional Mellin transformation) we shall have
a—= f U(t) dyt
R%

and

t*=® U(t) e LE*(E,) (keO).
We see the 2.2(1) and 2.4(1) are satisfied and thus a € (E; @; P') as
desired.

When the elements of an admissible family are Hilbert spaces
we have the following result.

THEOREM 6.2. Let H = (H,|k € [) be an admissible family of Hil-
bert spaces. Then

(H; ©;2)=[H;0].
ProoF. Since Hilbert spaces are of type 2 =(2,...,2) we have

(H;0;2)c[H;0]c (H;0;2).

7. Applications.

If M= (my,..,m,)EN* and 1< P = (Pg, ..., Pa) < 00, let us
consider the Sobolev Nikols'kii spaces (see[11]):

WML — WMLRe) = {u e §'(R) |D*u € IA(R"), a< M},

and for S = (8;,...,8,) the potential space of Lizorkin-Nikols'kii
(see [10]):

HS? — FSP(R7) — {u € SR |F* [T (1 + Joy[2)¥2 Fu e L"(R")}
i=1

We see that WP = BOP = [P,
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Now, given M = (my, ..., m,) € N, let (My);.g be the family
of admissible parameters associated with M = (m,,...,m,) and
0=(0,..,0) (that is M, = (my,, ..., mz,), With m;, = 0 or m;). Let
us set

By = (W¥F)ien; 05 9) ,

where 1 << P = (P1y eory Pu) < 00, 1<Q = (g oory §) <00, 8 = (814 .00y 85)
and @ = (0, ..., 0,) with 0, =s;/m;, 0 << s;<m;, j=1, ..., %

On the other hand we know that the spaces WP and HMP are
isomorphic via the Mihlin-Lizorkin theorem ([9] and [10]). Thus,
we have

HSP = [(WMeP), ;O]

where S, M, and P are given as above.

The Mihlin-Lizorkin theorem implies also that W% is isomorphic
to L. Thus, if 1<p,<...<p;<2 and P = (p,, ..., p,), the spaces
WML ig of type P.

Now, by theorem 6.1 we have

7.0(1) B$P c HSF; (1< Pa<...<P1<2; P = (Pyy ..., D))
and

7.0(2)  HSOCBYYG  (2<Gi<..<€a< 00, @ = (q1, ey dn)) -
Moreover, theorem 6.2 implies that
HS%= B2,

The embeddings 7.0(1) and 7.0(2) hold for also P = 1 and P'= oo,
but not by theorem 6.1.
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