
RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITÀ DI PADOVA

JUTTA HAUSEN
Supplemented nilpotent groups
Rendiconti del Seminario Matematico della Università di Padova,
tome 65 (1981), p. 35-46
<http://www.numdam.org/item?id=RSMUP_1981__65__35_0>

© Rendiconti del Seminario Matematico della Università di Padova, 1981, tous
droits réservés.

L’accès aux archives de la revue « Rendiconti del Seminario Matematico
della Università di Padova » (http://rendiconti.math.unipd.it/) implique l’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=RSMUP_1981__65__35_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Supplemented Nilpotent Groups.

JUTTA HAUSEN (*)

1. Introduction.

In 1966, the same class of modules was characterized in two dif-
ferent papers using different terminology and notation [8, 10]. Col-

lecting results from [8, 9, 10] and using terminology from [5], one

obtains:

(1.1) THEOREM. The following properties of the projective mo-
dule G are equivalent.

(1) G is supplemented.
(2) G is amply supplemented.
(3) The Jacobson radical J(G) of G is small in G, GfJ(G) is

semisimple, and decompositions of GfJ(G) can be lifted to G.
In this note we consider analogous conditions for a not necessarily

abelian group G. Clearly, the analogue to the Jacobson radical is the
Frattini subgroup ~(G), both being the intersection of all maximal

subobject. A normal subgroup N of G is smacll if the only subgroup S
of G satisfying G = is S = G. If, given any normal subgroup N
of G, there exists a subgroup S of G such that G = N ~ S and N ~ T

for all proper subgroups T of S, then G is called supplemented; G is
amply supplemented if, given any pair of subgroups N and H of G
with N normal and G = there exists a subgroup S of ~ which
is minimal with respect to G = N ~ ~’. Replacing « subgroup » by « sub-
module », these definitions yield the module concepts of (1.1 ) .

(*) Indirizzo dell’A. : Department of Mathematics, University of Houston,
Central Campus, Houston, Texas 77004, U.S.A.
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The purpose of this article is to show that (1) and (2) above are
equivalent for any nilpotent group G, and to relate this property to
the smallness of P(6~). We will prove that, for such G, the equivalent
properties (1) and (2) are equivalent to each of the following; here G’
denotes the commutator subgroup of G.

(i) G/G’ is supplemented.
(ii) GIO(G) and Ø(G) are supplemented.
(iii) G is a torsion group whose maximal radicable subgroup

is supplemented and has the property that Ø(G)/e(G)
is small in 

(Of. (4.7).) If, in addition, G is reduced and periodic, then the
equivalent conditions (1) and (2) are equivalent to Ø(G) being small
in G, thus providing an analogue to (1.1). Note that, f or G a nilpotent
torsion group, is always the direct sum of simple groups. How-
ever, even if G is abelian and supplemented, decompositions of 
cannot, in general, be lifted to G.

These results will follow from our structure theorem (4.5) for nil-
potent supplemented groups: the nilpotent group G is supplemented
if and only if G is a torsion group whose Sylow p-subgroups are
extensions of abelian groups of finite rank by groups of finite exponent.
It follows that the class of nilpotent supplemented groups is closed
with respect to subgroups. This is not the case for supplemented
groups in general since every simple group is supplemented and not
all such groups are periodic; as was announced by P. A. Birjukov
in [3], every abelian supplemented group is torsion.

The material is organized as follows. Section 2 contains an aux-

iliary result we were unable to locate in the literature. In Section 3
we consider a certain class X of groups which contains all nilpotent
as well as some centerless groups, and furnish a criterion which is
sufficient for an X-group to be supplemented. Section 4 is devoted
to our structure theorem and various equivalent characterizations of
the nilpotent supplemented groups.

2. Preliminaries.

Throughout, G will be a multiplicative group. Notation and ter-

minology will follow [14] and [4]. Center, commutator, and Frattini
subgroup of G will be denoted by Z(G), G’, and ~(G), respectively.
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We write is a subgroup, and N«G if N is a normal sub-
group of G. A group is called artinian if it satisfies the minimum

condition for subgroups. For the structure of abelian artinian groups
see [4; p. 110, 25.1].

The following result will be needed. Here, Zn(G) denotes the n-th
term in the ascending central series of G [14; p. 2].

(2.1) For any non-negative integer n, there exists an

imbedding

PROOF. For a E Zn+2 ( G), the map

defined by

is a homomorphism into [14; p. ~, 1.1~] ; and

is a homomorphism from Zn+2(G) into Hom (GIG’, Zn+1(G)/Zn(G)). Since
is the kernel of 1p, the lemma follows.

3. Groups with small commutator subgroups.

Baer [1, 2] calls a normal subgroup N of a group G «Frattini
imbedded» if G = N. S for S a subgroup of G implies S = G. We
will use module theoretical terminology instead and call such N small,
in symbol

It is well known that every small normal subgroup of G is con-
tained in the Frattini However, y need not be

small [1; p. 612], nor need it be the product of all small normal sub-
groups ~2 ; p. 219].
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For convenience, we collect a few simple results on small normal
subgroups.

If N, if, and .K are normal subgroups of the group G then

If G is nilpotent then G’ « G [14; p. 4, 1.8]. For the most part,
it is this property, rather than nilpotency, which we will need in our
proofs.

Throughout the following, p is some fixed prime.

(3.4) LEMMA. Let G be a p-group such that G’ « G. Then Q(G) =
= If N is a normal subgroup of G then N « G is and only if

and (NG’)jG’ has finite exponent.

PROOF. The smallness of G’ implies that every maximal sub-

group of G contains G’. Hence [4; p. 18, Exercise 4]

proving the first part. For the second part observe that, by (3.2)
and (3.3),

The latter being equivalent to

[6; 5.5] completes the proof.

(3.5) COROLLARY. If G is a p-group such that G’ « G then 
if and only if GIG’ has finite exponent.

Combining this with [14; p. 4, 1.8, and p. 9, 3.2] we obtain

(3.6) COROLLARY. If G is a nilpotent p-group then GpG’« G if
and only if G has finite exponent.
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Let N be a normal subgroup of G. A supplement of N (in G) is
any subgroup S of G such that G = N·S; a minimal supplement of N
is a minimal element in the poset of all supplements of N. The fol-

lowing connection between minimal supplements and small subgroups
will be called upon heavily.

(3.7) [10; p. 87, 1.3] is a minimal supplement of if

and only if G 
As mentioned earlier, a group G is called amply supplemented if,

given any normal subgroup N of G, every supplement of N in G
contains a minimal supplement. Clearly, amply supplemented groups
are supplemented. Concerning the converse, we have

(3.8) LEMMA. If all subgroups of the group G are supplemented
then G is amply supplemented.

The simple proof is left to the reader.
A criterion for a group to be amply supplemented is contained in

(3.9) PROPOSITION. Let 0 be a p-group such that, for every sub-
group X of G, X. Then G is amply supplemented.

REMARK. By (3.1) and (3.4), XP X’« X implies Ø(X)« .X. How-

ever, these two properties are not equivalent: the « Tarski Monster &#x3E;&#x3E;
whose existence was recently established by E. Rips [11] is an infinite
group of exponent p which is equal to its own commutator subgroup
even though the Frattini subgroup of each of its subgroups is trivial.

PROOF OF (3.9). Let N«G and such that G = N ~ ~S.
Put GpG’ === 0. Since G~~ is elementary abelian, there exist 
such that

Let Then and, furthermore,

Let Then
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where y E X’ and the ij are pairwise distinct. Since x E 0, each ex
ponent is a multiple of p. Let such that

Then, for some y’ E X’,

We have shown that X = XPX’ which, using the hypothesis to-
gether with (3.1) and (3.11), implies N r1 X « X. The conclusion now
follows from (3.10) and (3.7).

(3.12) COROLLARY. If G is a p-group of finite exponent such that
X’« X for every subgroup X of G then G is (amply) supplemented.

PROOF. (3.5) and (3.9).
For the following, let X denote the class of all groups G such that,

for every subgroup X of G, X’ « X. Clearly, every nilpotent group
belongs to N [14; p. 4, 1.8]. That * properly contains the class of
nilpotent groups can be seen from the group constructed by Heine-
ken and Mohamed [7]: this is a metabelian p-group (p any prime)
with small commutator subgroup and trivial center all proper sub-

groups of which are nilpotent.
A consequence of (3.2) is:

(3.13) Oe is closed with respect to subgroups and epimorphic images.
If S e 3i such that SIS’ is cyclic then

for some 8 c S and, hence, S = is abelian. By [13; p. 1408, Theo-
rem 2], an artinian group G is nilpotent if, for every non-abelian sub-
group S of G, Sj.S’ is non-cyclic. Thus:

(3.14) Artinian x-groups are nilpotent.
We are ready to prove the main result of this section.

(3.15) THEOREM. Let G be a p-group such that (i) for

every subgroup X if G ; and (ii) there exists an integer k such the G’
is artinian. Then G is supplemented.
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PROOF. A nilpotent artinian group is a finite extension of a radi-
cable abelian group of finite rank [12; p. 69, 3.14]. Thus, by (3.14),
any group G satisfying the hypothesis of (3.15) contains a radicable
abelian artinian subgroup such that G/e(G) has finite exponent;

for every subgroup T of G. Set 1~ _ ~ ( G) and let n
denote the rank of .R. We will induct on n. If n = 0 the conclusion
follows form (3.12). Suppose and the proposition holds for groups
with maximal radicable subgroups of rank less then n. Let 

By (3.13) and (3.12), GIR is supplemented. Thus, there exists .R~
c ~1 c G such that

and

using (3.7). In particular,

If N n M « ~Vl, (3.7) completes the proof. Suppose that N r1 M is
not small in M. Then there exists such that

Because of (3.16), R 6 T. Hence

and o(T) has rank less than n. The induction hypothesis implies the
existence of Q  T such that

and

which, because of (3.7) and

completes the proof.
Combining (3.8) and (3.15), we obtain
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(3.17) COROLLARY. Let G be a p-group such that X’ « X for

every subgroup X of G. If G is the extension of an artinian group
by a group of finite exponent then G is amply supplemented.

4. Nilpotent supplemented groups.

Throughout the following, G is a nilpotent group. In [6; 4.9] we
proved that supplemented nilpotent groups are periodic. Hence [14;
p. 19, 4.3], G is supplemented if and only if

is the direct sum (i.e. weak direct product) of supplemented nilpotent
p-groups, one for each prime p . In order to characterize the nilpotent
supplemented groups it therefore suffices to consider p-gro-ups.

For convenience of notation, fix p and denote by $ the class of
all nilpotent p-groups which are the extension of an artinian abelian
group by a group of finite exponent. Let denote the unique
maximal radicable subgroup of G [14; p. 20 f ]. Then if and

only if (i) Gp" = for some integer and (ii) is a direct

sum of finitely many copies of Z(p’).
Closure properties again will be of interest.

(4.1) PROPOSITION. $ is closed with respect to subgroups, epi-
morphic images, and nilpotent extensions.

° 

PROOF. Closure with respect to subgroups and quotient groups
follows from the corresponding properties of nilpotent and abelian
artinian groups. For closure under extensions, let N~ G such that
both N and are in ~. Then, by the part just proved,

The class of abelian ~-groups is closed with respect to (abelian) ex-
tensions. Consequently, Z(G) and The conlusion will
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follow once we show that has finite exponent. Since G is nil-

potent, G = Zm(G) for some integer m; and implies that, for
every abelian group A, all torsion subgroups of Hom (GIG’, A) are
bounded [4; p. 182 f, 1~’, 43.1, 43.3]. Combining this with (2.1) com-
pletes the proof.

(4.2) COROLLARY. If G is a nilpotent group such that 
then 

PROOF. The class of abelian ~-groups satisfies the hypotheses
of [14; p. 10, 3.8]. Thus, G is a poly-~-group, and by (4.1).

We can now determine the supplemented nilpotent p-groups. Note
that, by (3.2) and (3.7).

(4.3) Epimorphic images of supplemented groups are supplemented.

(4.4) THEOREM. A nilpotent p-group G is supplemented if and

only if G is the extension of an abelian artinian group by a group
of finite exponent.

PROOF. implies G supplemented by (3.15) and [4; p. 4, 1.8].
Conversely, using (4.3) and [6; 5.8], if G is supplemented.
Apply (4.2).

Using the remark at the beginning of this section, we can now
state our structure theorem.

(4.5) THEOREM. The nilpotent group G is supplemented if and

only if G is a torsion group whose Sylow p-subgroups are extensions
of abelian artinian groups by groups of finite exponent.

(4.6) COROLLARY. The class of nilpotent supplemented groups is

closed with respect to subgroups, epimorphic images, and nilpotent
extensions.

Different characterizations of nilpotent supplemented groups are
contained in

(4.7) THEOREM. The following properties of the nilpotent group G
are equivalent.

(1) G is amply supplemented.

(2) G is supplemented.

(3) GIG’ is supplemented.
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(4) Gle(G) and are supplemented.

(5) and are supplemented.

(6) G is a torsion group such that p(G) is supplemented and
is small in Gle(G).

(’7) G is a torsion group whose 8ylo"r p-subgroups are extensions
of abelian artinia,n groups by groups of finite exponent.

PROOF. (1) and (2) are equivalent by (3.8) and (4.6); the equi-
valence of (2), (4), (5), and (7) follows from (4.6) and (4.5); clearly,
(3) follows from (2), and (7) follows from (3) because of [6; 5.17], [4;
p. 11, 3.13] and (4.2). Only the equivalence of (4) and (6) remains
to be shown. For this, note that by (4.5) in either case G is a torsion
group. If G1) denotes the Sylow p-subgroup of G then

and there exists a natural isomorphism

inducing an isomorphism

Thus, Gle(G) if and only if, for each prime p,

By (3.6), this is equivalent to having finite exponent. Ob-

serving (4.8) and (4.5), we have shown that Gle(G) if

and only if G/e(G) is supplemented. Thus, (4) and (6) are equivalent
and the theorem is proven.

Under the additional hypothesis that G be reduced and periodic
we can state the following result containing the group version of (1.1).

(4.9) COROLLARY. The following properties of the reduced nil-

potent torsion group G are equivalent.

(1) G is supplemented.

(2 ) G is amply supplemented.
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(3) Ø(G) is small in G.

(4) O(G) is supplemented.

(5) The Sylow p-subgroups of G have finite exponents.

Given any subgroup B of the abelian supplemented group A,
there exists a minimal supplement of B which is a direct summand
of A (However, not every minimal supplement of B is necessarily a
direct summand. ) [6; 5.17]. This raises the question whether, in nil-
potent supplemented groups, minimal supplements can be chosen to
be (if not direct summands) at least normal subgroups. That this

need not be the case can be seen from the following

EXAMPLE. Let A = 0 b~ with a and b of order p 2, p a prime,
let y E Aut A such that

and let G = A ~ (y) semi-directly. Suppose that ~ is any minimal
supplement of A . Then #I is cyclic [6; 3.4], and M = (zy) for some
x E A. Assume Then, for each y E A,

which implies for all Hence contradicting the
fact that if is cyclic.
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