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ReEND. SEM. MAT. UnNiv. Pabpova, Vol. 65 (1981)

Bifurcation of Closed Orbits from a Limit Cycle in R2.

VINICIO MOAURO (*)

1. Introduction.

The theory of bifurcation for differential equations is motivated,
as is well known, by the problems which arise in Celestial Mechanics,
Fluidodynamics, Nonlinear Oscillations, Biomathematics and many
other fields. After Poincaré and Liapunov set the bases, many scien-
tists like Hopf, Andronov, Leontovich, Bogoliubov developed very
extensively such theory by giving results which found many impor-
tant uses in physics and engineering (for references see e.g. [1]).

In this paper we will be concerned with a particular bifurcation
problem considered by Andronov et al. in [2]. Precisely let

&= Pu,,9),

(4) _
y=0Qu, vy,

be a one parameter family of differential systems in R?, u € (— g, j),

a> 0, P,Q e C"(— g, i) X R? R*], h> 4, and let us suppose that

9??=P(0,w,?/)=31’(50,?/),

(4o) .
7=0Q(0,,9) =:Q(,9),
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has a closed orbit L, which is not an equilibrium position. We want
to consider the problem of existence of closed orbits for (A4.), which
tend, in a suitable sense, to L, as u tends to 0. This is the so called
problem of bifurcation of periodic solutions from a periodic solution.
Such problem is not analogous to Hopf bifurcation (bifurcation of
periodic solutions from an equilibrium position) essentially because

1) The existence of a closed orbit of (4,) does not imply, in
general, the existence of a closed orbit of (4,), in the neighborhood
of L,, for |u| small enough, whereas in Hopf bifurcation one can sup-
pose that the origin is an equilibrium position also for the perturbed
systems;

2) The orbit L, could be semistable, that is attracting for inside
orbits and repulsing for outside orbits or viceversa.

Andronov et al.[2] consider the previous problem for two kinds
of analytical systems (4,) and they look for the zeros of the so called
displacement function relative to L,, by using Newton’s polygon.
For these two kinds of systems, different conditions, expressed by
means of the coefficients in Taylor development of the displacement
function, are satisfied. Such conditions lead them to obtain interesting
results expressed by means of Ths. 71, 72, 73. The first two theorems
are concerned with one kind of systems and are relative to the cases
in which L, is an attracting, repulsing or semistable limit cycle for
the umperturbed system. The third one is concerned with the other
kind of systems and only the case in which I, is an attracting or
repulsing limit cycle is considered.

In [3] a general definition [III, Def. 1.1] of bifurcation for a family
{BM,} of invariant sets is given, that is a bifurcation occurs at u = 0
when a new family of invariant sets {M,} arises such that M, N M,
is empty and M; tends, in a suitable sense, to M, as u tends to 0.
Also in [3] a theorem [III, Th. 1.3] is given in which bifurcation
phenomenon is related to a drastic change of stability properties of
the family {M,} at u = 0. This result was used in [4] to study the
attractivity properties of bifurcating periodic orbits in Hopf bifurca-
tion. There, the sets M, are taken coincident with the origin for
every u and the trasversality condition assures the change of stability
properties at u = 0.

The aim of this paper is to show how it is possible to approach
the problem of bifurcation of periodic orbits from a periodic orbit by
using the point of view adopted in [3, 4]. Therefore we prove that
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under suitable conditions (which are satisfied in the cases considered
in [2]) there exist families {M,} of invariant sets for which there is
a drastic change of stability properties at 4 = 0. Then, the mentioned
theorem, given in [3], ensures the existence of bifurcating sets {M,}
which are, in our case, annular regions, close to I,, which have as
boundary periodic orbits of (4,). Also the same theorem gives us
informations about attractivity properties of the sets M;,. Such prop-
erties will coincide with the properties of bifurcating closed orbits
if the annular regions, which constitue M,", shrink to just one closed
orbit. This happens when the hypotheses of Ths. 71, 72, 73 of [2]
are satisfied. Thus, the results given in [2] can be interpreted as par-
ticular bifurcations of families of invariant sets under drastic changes
of stability properties through u = 0. Our procedure seems, there-
fore, to replace fruitfully the computational methods used in [2];
further it allows us to complete the analysis made in [2]. In fact
we are able to solve also the bifurcation problem which arises when,
for the second kind of systems considered in [2], L, is supposed to
be a semistable limit cycle.

2. Preliminaries.

Let
= @(t)

(2.1)
Yy =p(t)

be the equations of the periodic solution of (4,) corresponding to L,
and 7> 0 the smallest positive period of (2.1). Let us introduce as
in [2] a system of curvilinear coordinates (n, s) in the neighborhood
of L, by setting

& = @(s) + ny'(s)

$€(—o00, + 00), %E(—(S, 0),
Y = p(s) —ng'(s)

with 6>0 sufficiently small. Under the condition (¢'(s))®+
+ ('(s))2 > 0 for every s €0, ), the orbits of (A4,), for || small enough,
near to L, have equations n = n(s) with n(s) satisfying the equation

an
(2.2) s = Bl ny )
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where R(u, n, s) € C* is a function, periodic in s with period z, such
that R(0, 0, s) = 0. In particular the orbits of (4,) near to L, will
be given by the solutions of equation

(2.3) % = R(0, n, 8) = Ry(s)n + Ry(s)n2+ ... + RBu(s)n* -+ o(n?) .

Let n(u, n,, 8) denote the solution of (2.2) satisfying the condition
w(Uy Mo, 0) = ng. If |u|, |ne| are small enough, n(y, n,, s) is defined
on [0, 7] and therefore one can introduce the displacement function
V(u, no), relative to L,, by putting

V(g 1) = nluy ng, 7) —np .

Then the orbit of (A4,) corresponding to =, will be periodic if and
only if u, n, satisfy the equation
(2.4) Viuy, ne) = 0.

As Ve C* we can write
(2.5) V(e M) = @1t + @100 + oov + anomg + Dy 1)

with @ of order higher than & in (u, n,).

DEFINITION 2.1 [2]. The closed orbit L, of (4,) is said to be a limit
cycle of multiplicity k € {1, ..., h} if the coefficients of the development
(2.5) satisfy the condition

al,o = a0 — ak_l’o = 0 ) alc,()# 0 .

If k=1, L, is said to be a simple limit cycle.

It is easy to see that a limit cycle of odd multiplicity is attracting
or repulsing, whereas it is semistable if its multiplicity is even. To
evaluate the multiplicity of a limit cycle, let us develop the solution
(0, e, 8) in terms of n,:

(2.6) (0, Mo, 8) = Uy (8) g 4- -.. - Up(8) 1] +- o)
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and substitute (2.6) in (2.3). Then the functions u.(s), I =1, ..., k,
have to satisfy the system of differential equations

du
”(%}'—RAS)'“U
du
Tigiz Ul(vg’ ul,-u,u’l) l>2,

(U, is the coefficient of n{ in the right hand side of (2.3) after substi-
tution of (2.6)) with the initial conditions

The multiplicity of L, will be the index of the first function w,(s),
k=1, ..., h, which is not periodic of period 7, if it exists. In par-
ticular we have

w(6) = exp | [R50 ] = exp [ [[2loto), 9 + €400, ) 5

and it will be periodic of period 7 if

T

[TPLps), v(6) + @Ulo), ps)] ds =0,

0

that is, if the characteristic index of L, is null. In such a case we
have

(2.7) 10 =U(T)—1=0.

In the following we will suppose that (2.7) holds, that is L, is not
a simple limit cycle. In fact if a,,5 0, then equation (2.4) can be
solved with respect to m, in the neighborhood of (0, 0) and, for |u]
small enough, (A4,) has in the neighborhood of L, just one closed orbit
which is a simple limit cycle with the same attractivity property of L,.

In [2] some results (Ths. 71, 72, 73) are given about the existence
and attractivity properties of periodic orbits of (4,) when (4,) coin-
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cides with one of the two following systems:

& = P(x,y) — uQ(z, y) ,

(2.8) .
Y= Q($y ) +,U'P(x7 Y),

& = P(®,y) + pp1(®, ) + p* po(@, y) + ...,

(2.9)
¥y =Q(®,9) + pq:(®, ) + p*¢:(2, y) + ... .

The functions P, @ are supposed to be analytic and in (2.9) the func-
tions p,, ¢; are defined as follows:

pi(@, y) = F(a, ?/)Fa,c(m’ Y), ¢:(@, y) = F(a, ?/)Fqlz(wy Y)

where F(x,y) is an analytic function such that

Fp(s), p(£)) =0,  [F(p(s), p(£)]*+ [F,(p(s), p(5)]*>0
Vsel[0, 7).

Such results are obtained by using the Newton’s polygon in the
analysis of the zeros of the corresponding displacement function and
they hold because for system (2.8) we have

ov

(2.10) =g

(0,0)50,

whereas for system (2.9) the condition

oV

(2.11) (o, =0, Ay, = m

(0,0)5£0

is satisfied.

REMARK 2.2. In Hopf bifurcation the displacement function rela-
tive to the origin satisfies condition (2.11) because of trasversality
condition.

We want now to recall the results given in [3] about bifurcation
from a family of invariant sets for systems (4,). Let us denote by
J(@i) one of the two intervals [0, &), (— @, 0] and consider a family
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of compact sets {M M, c R? such that

puSuued(p) )
1) YueJ(@), My is Ayinvariant;

2) max {o(x, M,): x€ My} —0 as u — 0, where x = (z,y) and
o denotes the usual distance.

DEerInNITION 2.3 [3, ITI, Def. 1.1]. u = 0 is said to be a bifurca-
tion point for the family {M ”}:ﬂe s tf there ewists u* € (0, g) and a new
family of compact_sets {M Y250 J(1*) C I(fE), such that

a) Vuped(u*\{0}, M, is Au-invariant, M, N M, = 0;
p) max{o(x, M,): x€ M,} -0 as u—0.

THEOREM 2.4 [3, III, Th. 1.3]. Let {MM}MEJ(,;) be a family of com-
pact sets satisfying conditions 1) and 2). Suppose that M, is Aq-asympto-
tically stable [resp. A,-completely unstable, that is A,-asymptotically stable
in the past] and M, is Ay-completely unstable [resp. Ay-asymptotically
stable] for every w e J(a)\{0}. Then p = 0 is a bifurcation point for
the family {Mu} and the family {M,} of Def. 2.3 can be determined such
that M; is Au-asymptotically stable [resp. Au-completely unstable] for
every € J(u*)\{0}.

REMARK 2.5. Theorem 2.4 holds also if the sets M, are not com-
pact but their complements R2/M, are compact for every ueJ(j).

Let us suppose now that

Vu € J (i) there exists a closed orbit L, for (4,) such that
(2.12)
max {o(x, L,): x €Ly} —0 as u—>0.

Then, denoting by O, the disk whose boundary is L, and by C,
its complement R?/Cy, we can identify in Th. 2.4 the family {M,}
with one of the families {Cy}, {Cu}, {L}. In this way, it is possible
to prove the following corollaries.

COROLLARY 2.6. Suppose (2.12) holds. Let Ly be Ag-altracting [resp.
Aq-repulsing] for outside orbits and Yu € J(a)\{0} let L, be A -repulsing
[resp. Ay-attracting] for outside orbits. Then p =0 is a bifurcation
point for the family {C },csm and the family {M,} can be determined
such that Yu € J(u*)\{0} M; is Ay-asymptotically stable [resp. Au-com-
pletely unstable] and M,; is an annular region outside of L, bounded
by two closed orbits of (Ay,).
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COROLLARY 2.7. Suppose (2.12) holds. Let L, be Ay-attracting [resp.
A-repulsing] for inside orbits and Vu € J(@)\{0} let L, be A -repulsing
[resp. A ,-attracting] for inside orbits. Then p = 0 is a bifurcation point
for the famzly {C, },,e @) and the family {M,} cam be determined such that
Yu ed(u*) \{0} M 18 Au-asymptotically stable [resp. Au-completely un-
stable] and M 18 om annular region inside of Ly bounded by two closed
orbits of (4,).

COROLLARY 2.8. Suppose (2.12) holds. Let L, be Ay-attracting [resp.
Ag-repulsing] and Vu € J(@)\{0} let Ly be Au-repulsing [resp. A -atttract-
ingl. Then pu =0 is a bifurcation point for the jamily {Lﬂ},,eJ(,,) and
the family {M,} can be determined such that VuedJ (,u*)\{O}
Ay-asymptotically stable [resp. Au-completely unstable] and M 8 con-
stituted by two annular regions, one inside of L, the other o'ne outside
of Ly, each of them bounded by two closed orbits of (Au).

The proof of Corollaries 2.6, 2.7, 2.8 can be obtained by using the
same arguments as in [3, III, Th. 2.2].

3. Results.

In this section we will consider families of systems (4,) for which
either condition (2.10) or condition (2.11) is satisfied. As we observed
in Remark 2.2, in Hopf bifurcation the displacement function relative
to the origin satisfies condition (2.11) because of trasversality con-
dition. Such condition implies an exchange of attiactivity proper-
ties of the origin at a critical value of the parameter and, by Hopf’s
theorem [5], the existence of periodic orbits bifurcating from the
origin. Hereafter we will show how (2.10) and (2.11) play in our
bifurcation problem the same réle as Hopf’s trasversality condition.
Precisely (2.10) assures the existence of a bifurcation function u(n,)
which gives us the solutions of equation (2.4). On the other hand
(2.11) assures, except a critical case, the existence of a family of
closed orbits {L,}, L, — L, a8 u — 0, whose attractivity properties
change at u = 0. The periodic orbits of (4,), near to L, and different
from L,, are given by a new bifurcation function, whose existence is
assured always by (2.11). The number of bifurcating orbits from L,
and their attractivity properties will depend, as in Hopf bifurcation [4],
on the properties of the above bifurcation functions.
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3.1. Suppose first that (4,) satisfies condition (2.10). Then (2.4)
can be solved with respect to y in the neighborhood of (0, 0) and we
have the following theorem which is analogous to Hopf’s theorem.

THEOREM 3.1. Suppose that (A,) satisfies (2.10). Then, there exist
y>0, 6 >0 and a function p(n,) € C*[(—y, y), (— 6. 8)] with u(0) =
= p'(0) = 0 such that for p € (— 0, 6) and n, € (— y, ) the orbit of (Ay)
corresponding to n, is periodic if and only if p = u(n,).

It is easy now to give a more direct and easy proof of Ths. 71, 72
of [1]. Let us denote by U,(L,), ¢ > 0, the e-neighborhood of L,.

THEOREM 3.2 [2, Th. 71]. Suppose that (A,) satisfies (2.10) and
L, is a limit cycle with even multiplicity k. Then there exist &, > 0,
o > 0 such that one of the two following situations occurs:

a) Vu >0, u<<py, (Au) has evactly two closed orbits in U, (L)
and Vu <0, |u| <to, (Au) has no closed orbits in U, (L,);

b) Vu> 0, u<< g, (Au) has no closed orbits in U, (L,) and Vi < 0,
|| < poy (Au) has exactly two closed orbits in U, (Ly).

Further, Ve € (0, &) there ewists p* e (0, u,) such that Vu e (— p*, u*)
the above periodic orbits belong to U,L,) and they are simple limit
cycles for u = 0.

Proor. Let u(n,) be the bifurcation function which exists because
of Th. 3.1. By deriving k times the identity V(u(n,), o) = 0 we get

(31)  uW(0)=0,s=1,..., k—1; ©O0) = — 202 ¢

Up,1

Therefore the function u(n,) has a minimum [resp. a maximum] at
Ng =0 if a0/, << 0 [Tesp. au,0/d, > 0] and there exists & € (0, y)
such that u(n,) is strictly increasing [resp. decreasing] in [0, &) and
strietly decreasing [resp. increasing] in (— g, 0]. Thus situation a)
[resp. b)] occurs if @e/de: << O [resp. axofdo: > 0] With u, € (0, u(e))-
Also the above monotonicity properties of u(n,) imply that for |u|
small enough the periodic orbits of (4,) are as near as we want to L,.
Finally, let us prove that for |u| small enough, x5« 0, the periodic
orbits of (4,) near to L, are simple limit cycles. Suppose, for example,
that as/ae: << 0 so that situation a) occurs (the case a;,/ay, >0 can be
discussed in a similar way). Let u € (0, u,) and let » > 0 be the k-th
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positive root of u. We want to look for the zeros of V(u, n,) of the
type mo(u) = ve. We have

V(py mo) = V(v%, ve) = v*d(v, ¢)
with

d(v, ¢) = ap,1 + a1,1v¢ + aroc*+ v2di(v, ) .

The equation d(», ¢) = 0 can be solved with respect to ¢ in the neigh-
borhoods of (0, ¢) and (0, —¢) with ¢ positive k-th root of — ay./as,.
Therefore there exist two functions e¢;(v), ¢,(v) defined in a neighbor-
hood of »= 0 such that ¢,(0) = ¢, ¢(0) = —¢, d(», c;(v)) =0, d(»,
¢s(v)) = 0. Then, for u positive and small enough we have two zeros
of V(u,n,), that is n{’(1) = ves(v), 0 (p) = ve,(v) with » positive k-th
root of u. Such zeros have to correspond to the two bifurcating
closed orbits which exist when situation a) occurs. By evaluating
the derivative 0V /on, for n, = n{’(u), ¢ = 1, 2, one easily proves that
it is non null for x4 > 0 small enough. Therefore such orbits are simple
limit cycles and this completes the proof.

THEOREM 3.3 [2, Th. 72]. Suppose that (A,) satisfies (2.10) and L,
is a limit cycle with odd multiplicity k. Then there exist g, > 0, uo >0
such that

(3.3) Vu € (— oy to) y (Au) has exactly one closed orbit in Us(L,) .

Further, for every ¢ € (0, &) there exists u* € (0, uo) such that Vu e
€ (— p*, u*) the previous periodic orbits belong to Ue(L,) and they are,
for w0, simple limit cycles.

Proor. As k is odd and (3.2) holds, there exists g € (0, y) such
that the bifurcation function u(n,), existing because of Th. 3.1, is
strictly increasing [resp. decreasing] in (— &, &) if @/, << 0 [resp.
@r,0/@o,1 > 0]. Therefore (3.3) holds for a suitable y,€ (0, u(s)). The
rest of the proof is analogous to that of Th. 3.2 by taking here » equal
to the k-th root of u for every ue(— uo, to)-

Now we want to interpret these results by using Corollaries 2.6, 2.7
of Th. 2.4, Suppose that % is even and situation a) of Th. 3.2 occurs.
The two closed orbits which we have for 4 > 0 have to be one, say Ly,
repulsing, the other one, L,, attracting. If L, is attracting from
outside, [resp. from inside], we have from Corollary 2.6 [resp. Corol-
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lary 2.7] that there exists an attracting annular region outside [resp.
ingside] of L, bounded by two closed orbits of (4,). In our case, this
annular region has to shrink to just one closed orbit coinciding with L.

When %k is odd, say L, the unique closed orbit which we have for
every u, |u| small enough, in the neighborhood of L,. Such orbits
have to have the same attractivity properties of L,, otherwise other
closed orbits should arise because of Corollaries of Th. 2.4. There-
fore, in such case pu = 0 is not a bifurcation point for the families

{Cuy {0}y {Lu}-

3.2. Suppose now that for the family of systems (4,) condition
(2.11) is satisfied. As we pointed out, such a condition is verified in
Hopf bifurcation. Therefore one can think that it is possible to
proceed as in Negrini and Salvadori’s paper [4] to study the existence
and the attractivity properties of bifurcating orbits. Actually, this
can be done when L, has a multiplicity bigger than 2. In fact, in such
a case we can prove the existence of a family of closed orbits for
which there is a drastic change of stability properties at u = 0.

THEOREM 3.4. Suppose that condition (2.11) holds and L, has multi-
plicity bigger than 2. Then there exists ji € (0, @) such that for every
€ (— fy fA)NJ0}, (Au) has a simple limit cycle L, which tends to L,
as u tends to 0 and for which the attractivity properties change through
u=0.

Proor. Because of (2.11) and a,, = 0, there exists u* e (0, i)
such that for every ue (— u*, u*) V(u, no) has a root of the type
ne(p) = pe(u). Indeed, we have V(u, uc) = u*d(u, ¢), with d(u, ¢) =
= ¢ + A+ udi(p, ¢), and the equation d(u, ¢) = 0 can be solved
in the neighborhood of (0, —a,,/a:,1). Of course, ny(u) tends to 0 as u
tends to 0 and it is easy to show that (0V/0n,)y,—n,u) = 1,14t + o(u).

REMARK 3.5. Under condition (2.11), if L, has multiplicity equal
to 2, then the displacement function has the form

V(g M0) = @101 + G0 u® 4 az,o”ﬁ + (s 1)

with w(u, no) of order higher than two in (u, n,) and a,,7 0. Let
us consider the three cases aj ;— 4d,05,0>0. In the first case V(u, n,)
is sign-definite in the neighborhood of (0, 0) and therefore (A4,) has
no closed orbits for u4+ 0 and |x| small enough. In the second case
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by looking for the zeros of V(u,c) of the type uc(u), we can prove
the existence of two closed orbits of (4u) for w0 and |u| small
enough which tends to L, as u —0. As L, has multiplicity two,
Theorems 42 and 43 of [2] imply that they are the only closed orbits
of (A,) in the neighborhood of L, and they are simple limit cycles.
Finally, the third case is critical and the existence of closed orbits
of (4,) for u+ 0 will depend upon the function y(u, n,).

REMARK 3.6. Under the hypotheses of Th. 3.4, condition (2.12)
holds with gz replaced by g. Further, the attractivity properties of L,
change through 4 = 0. Therefore, if we suppose that L, is attracting,
repulsing or semistable, we can use Corollaries 2.6, 2.7, 2.8 to state
the existence of periodic orbits of (A,), bifurcating from {L,}, in
the neighborhood of L,.

Now under the hypotheses of Th. 3.4, we want to get results to
establish the exact number of closed orbits of (4,) in the neighborhood
of L, and their attractivity properties. For ue (— g, 4), we have

V(uy mo) = [mo—n0o(p)] V(,u’ M)

where ¥ e C*1 is such that V(u, ne(u)) # 0 for u = 0. Therefore the
periodic orbits of (4,) different from I, will correspond to the zeros
of V(u, n,). As we have by (2.11)

ov
7(0,0) =0 5;(0,0)7&0,

the implicit function theorem yields the following extension to our
problem of Hopf’s theorem.

THEOREM 3.7. In the same hypotheses of Th. 3.4, there exist 6 > 0,
e>0 and a function e O*[(—e¢, ¢), (— J, 6)] with @(0)= @'(0)=0
such that for any pe(— 96, 8) and n, € (—¢, &), N7 no(u), the orbit
of (Au) corresponding to n, is closed if and only if = j(n,).

The existence of closed orbits of (4,) in the neighborhood of L,,
different from L,, depends upon the properties of the bifurcation
function fi(n,), given by Th. 3.7. If we suppose that L, is a multiple
limit cycle with finite multiplicity bigger than two, then we are able
to say exactly how many closed orbits there are. Also the attrac-
tivity properties of such orbits can be settled.
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THEOREM 3.8. Let (2.11) hold and L, be an attracting [resp. repulsing]
limit eycle with finite (odd) multiplicity k€ {3, ..., h —1}. Then there
ewist g4 > 0, o > 0 such that one of the two following situations occurs:

a) for p>0, u <p,, evactly two closed orbits of (Au), different
from Ly, exist in Ue (Lo), one inside the other one outside of L,, whereas
for n << 0, |p| << o, we don’t have closed orbits of (Au) different from
Ly in Ue(Ly);

b) for u >0, u <y, we don’t have closed orbits of (Ay), different
from Ly, in Ues(Lu) and for u <0, |u| <o, exactly two closed orbits
of (Au), different from Ly, exist in U (L,), one inside the other one
outside of Ly.

Situation a) occurs when a;,> 0 [resp. a,,, < 0], whereas b) occurs
when ay,; < 0 [resp. a;,, > 0]. Moreover, for every €€ (0, &) there exwists
u* € (0, to) such that for every u e (— u*, u*) the above periodic orbits
different from L, belong to Ue(Ly) and they are simple attracting [resp.
repulsing] limit cycles.

Proo¥r. Suppose, for instance, that a,, > 0 and L, be attracting
(the other cases can be treated in the same way). Deriving k times
the identity V(i@(n,), n,) = 0 we have

1
(32)  A90)=0,s=1,.,k—2;  @=N0)=—7 o g

@y

Therefore ji(n,) has a proper minimum in n, = 0 and situation a)
occurs. To prove that the closed orbits of (4,), for u > 0, different
from ZL,, are simple attracting limit cycles, let us set for x>0
u = v*1 » > 0, and look for the zeros of V(u, n,) of the type n, = ve.
‘We have

V (¥, ve) = v*¥[ay,: ¢ + aroC* -+ @(v, ¢)]
with ¢(0, ¢) = 0. By setting

A(v, €) = ay,1¢ + az,0C* 4 @(v, €) ,
we have
—1

k;
d(070)=0 fOI‘O:O’ 0=j: _2_1,_1;

Qg0

d Tl ———
od (0,0) = ay,, od (o, +/— i) =—(k—1)ay,.

oc oc Qreyo
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Therefore the equation d(v, ¢) = 0 can be solved in the neighborhood

of
k=1 @ k=1 a
0,0 Tt S V2
(©0), (0’ “’?"’) ’ (O, “’“"’)

and we can determine, for yu > 0 and small enough, three zeros of
V(u, m) which correspond the first one to L, and the others to the
two closed orbits of (4,), different from L., one inside the other one
outside of L,. Finally, it is easy to prove that oV/on,<< 0 corre-
sponding to the last two zeros and therefore the closed orbits of (4,)
different from L, are simple attracting limit cycles.

Theorem 3.8 is a reformulation of Th. 73 of [2]. However, as we
pointed out in Sec. 1, its proof comes out from a different approach
of the bifurcation problem. Such approach suggests a new interpre-
tation of the result and, moreover, allows us to analyze also the case
in which L, has even multiplicity. In fact, by using always (3.2),
we can prove in an analogous way the following theorem.

THEOREM 3.9. Let (2.11) hold and L, be a semistable limit cycle with
finite (even) multiplicity ke (3, ..., h — 1) attracting for outside [resp.
inside] orbits. Then, there exist &, > 0, uy > 0 such that we have either

a') for u>0, u<<pu,, evactly one closed orbit of (Au), different
from Ly, exists in Ue(Lo) and it is outside of L,, whereas for u <0,
|u| < pto, exactly ome closed orbit of (A,), different from Ly, exists in
Ue,(Lo) and it is inside of L,;

or

b') for >0, u <<y, evactly one closed orbit of (A,), different
from Ly, exists in Ue(Lo) and it is inside of L,, whereas for u <0,
[u] < to, exactly one closed orbit of (Au), different from Ly, exists in
U, (L,) and it is outside of L.

Situation a') occurs when a;, > 0 [resp. a,, << 0], whereas b') holds
if a,,<0 [resp. a,,>0]. Further, for every ec(0,¢,) there exists
w* € (0, uo) such that for every u € (— p*, u*) the above periodic orbits,
different from Ly, belong to Ud(L,) and they are simple limit cycles,
attracting [resp. repulsing] if they are outside of L,, repulsing [resp.
attracting) if they are inside of L.
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REMARK 3.10. As we pointed out in Remark 3.6, if L, is attracting,
repulsing or semistable, then annular regions bounded by closed orbits
of (A,) bifurcate from the family {L,}. The further hypotheses that
L, has finite multiplicity assures that such annular regions reduce
to just one orbit.

A short version of the results of this paper was presented in [6].
I wish to thank prof. L. Salvadori for many helpful discussions.

REFERENCES

[1] J. K. HALE, Topics in Dynamic Bifurcation Theory, NSF-CBMS Confer-
ence, Arlington - Texas, June 16-20, 1980.

[2] A. A. ANxDrRONOV - E. A. LEOoNTOVICH - I. I. GORDON - A. G. MAIER,
Theory of Bifurcations of Dymamic Systems on a Plane, Halsted Press,
New York (1973).

[3] F. MARCHETTI - P. NEGRINI - L. SALVADORI - M. ScaL1A, Liapunov direct
method in approaching bifurcation problem, Ann. Mat. Pura Appl., (iv) (cviii)
(1976), pp. 211-225.

[4] P. NEGRINI - L. SALVADORI, Atiractivity and Hopf bifurcation, Nonlinear
Anal., Theory, Meth. and Appl., 3 (1979), pp. 87-99.

[56] E. Hopr, Abzwelgung einer Periodischen Losung von einer Stationdren
Losung eines Differential Systems, Ber. Verh. Sach. Akad. Wiss Leipsig
Math. Nat., 94 (1942), pp. 3-22.

[6] V. Moauro, Bifurcation of closed paths from a closed path in R2?, Proc.
of the International Conference on Nonlinear Phenomena in Mathematical
Sciences, Arlington - Texas, June 16-20, 1980.

Manoscritto pervenuto in redazione il 2 febbraio 1981.



