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REND. SEM. Matr. Univ. Papova, Vol. 65 (1981)

Comparison Results of Reaction-Diffusion Equations
with Delay in Abstract Cones.

SHATR AHMAD (*) - A. S. VATSALA (*¥)

1. Introduction.

Differential equations and differential inequalities containing funec-
tionals is of great importance in problems of biomathematical medi-
cine, chemistry, heat flow and population growth. Many of these
applications lead to an equation, which is of parabolic structure, in
the sense that the equation would be parabolic if the function in it
were replaced by a known function. A special case of this, which is
known as reaction diffusion equation occurs in studies of population
genetics [2, 9], conduction of nerve impulses [2, 4], chemical reac-
tions [1, 3] and several other biological questions [1, 8].

In this paper we give comparison theorems related to parabolic
differential inequalities with delay and flow in variance results for
the parabolic differential equation with delay in a Banach space.
We have also included a generalization of the classical Miiller’s the-
orem. Our results are generalizations of the results in [5]. See also [7]
for different type of comparison theorems concerning parabolic dif-
ferential inequalities with delay in R".

2. Preliminary results.

Let 2 be a bounded domain in R» and let G = [t, — 1, 1] X Q2
and H = (¢,, o0) X 2, t,>0. Suppose the boundary oH of H is split
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into two parts 0H,, oH, such that 0H = 0H,U ¢H,, {t,} X 02 c 0H,,
and 0H,N oH, = 0.

Let E be a real Banach space with |-|. A one %k is a proper sub-
set of E such that if v, w e k, A € R+, then v 4+ w, Av € k. Throughout
this paper we will consider a closed cone & and its interior k° and we
assume that %° is nonempty. The cone k induces a partial ordering
on E defined by u<viff v—u ek and v < v iff v —u e k°.

Let k* be the set of all continuous linear functionals ¢ on E such
that ¢(u)> 0 for all u € k, and let %) be the set of all continuous linear
functionals ¢ on F such that c¢(u) > 0 for all u e k°.

Let 7 >0 be a given real number and C = C[[— 7, 0], ] and
Co = C[[—7, 01X 2, E] denote the Banach spaces of continuous func-
tions with the norm of ¢ € C, ¢(-, x) € Co given by

lolo = max ()] and  |lo(-, )| = max |g(s, z)|

respectively.
A vector v is said to be an outernormal at (¢, x) € 6H,, if (t, # — hv) €
€tx Q2 for small h > 0. The outernormal derivative is then given by

ou e (it @) — u(t, x—hy)
5y (0@ = lim 3

We shall always assume that an outernormal exists on 0H, and the
functions in question have outernormal derivatives on 0H,.
If ue C[GUH, E] and u(t + s, ) € Co for te [t,, o) and also if
8e[— 7,01
the partial derivatives ou/of, w.(= ou/0x), u,.(= 0*u/0x?) exist and
are continuous in H, then we shall say that (¢, #) belongs to class Z.

From now on we denote u(t -} s, x) as u(-, x).
8€[—7,0]
We state below Mazur’s theorem which is needed in our compar-
ison theorems.

THEOREM 2.1 (Mazur). Let k¥ be a cone with nonempty in-
terior k°. Then

(i) w ek is equivalent to ¢(u)>0 for all ¢e k*.
(ii) w € 0k implies that there exists a ¢ ek, such that c(u) = 0.

A function fe C[[ty, 00) X 2 X EX ErX E*' X Co, K] is said to be
quasimonotone nondecreasing in # for fixed #, #, ¢ belonging to
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[to, 00), 2, Co respectively, if for any «, v € E, u,, v, € B*, Uy, v, € E*
such that u<v, ¢(u) = ¢(v), e(us) = ¢(v,,) for i =1, ..., n, and

> YViO(Usa,— Vs s) <0 for ceky

i,d=1

implies
c(ﬂty Xy Uy Uy Uy P w)) <O(f(t, Ty Vy Vg Vo P, x)) .

For the case K = R" and k = R%, the quasimonotone condition
on f implies that f.(t, @, u, Ue, Uz, (-, ®)) = f:(t, @, u, i, ul,, @(-, z))
for each 4, 1<i<N.

A function fe€ CO[[ty, 00) X QX EXE"X E" X Co, E] is said to be
monotone nondecreasing in ¢(:,z) if for ue E, u,ec E", wu,,c E",
@(+, ®)<y(:,») implies that for cek:

C(f(ty Ty Uy Ugy Uoay P, x))<c(ﬂt’ Ly Uy Uy Uy Y( s x)) .

REMARK 2.1. We give similar definitions of quasimonotonicity
and monotonicity of a function g€ C[[t,, co) X EX C, E].

3. In this section we develop the theory of differential inequal-
ities related to parabolic differential equations with delay.

THEOREM 3.1. Suppose that

(i) v,wez, feC[[t,c0)XQ2XEXE"XE"XCq, K], f is quasi-
monotone nondecreasing in % relatwe to k£ and monotone nondecreasing
in ¢(-, x) relative to %k, and

ov

a= < f(ty %y Vy Vay Vagy 04( +, ¥))

0
az:>f(t Ly Wy Wy Wasy We( * w)) ’ on [y, co) X£2
where v = v(, ), w = w(i, x);
(i) (@) ,(-y @) <w(-,») forxze,
b)) oz <w(, ) on 0H,,

ou(t, x) < ow(t, x)

(e) e F. n oH, .
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Then v(¢, ) < w(t, #) on [t,, co) X 2, if one of the inequalities in (i)
is striet.

Proor. Assume that one of the inequalities in (i) is strict. Con-
sider m(t, x) = v(¢, ) — w(t, ). It is enough to show that m(¢, x) < 0.
If it were not true, there would exist a (f,, #;) and c¢ek; such that
m(t, #) < 0 on [y, t,) X2, m(t, #,)<0 and e(m(t, z)) <0. It is easy
to see that the function ¢(m(t,, #)) has its maximum at x, which is
equal to zero. Clearly (¢, )¢ G U 0H, because of (ii) () and (b).
Also (t,, «,) ¢ 0H,, for we would then have

lime
h—0

(m(tu %) — ”;:(tn X — ’W))>O )

This contradicts (ii) (¢). Hence, (¢, z,) € H. Let cek: be such that

m(ty, 2,) <0, e(m(ty, x;)) = 0, ¢(m, (¢, 4;)) = 0 and for i =1, 2, ..., n,
n

and > 4,4, ¢(Ma,z(t, ) <0 for Ae R" and m,(-,)<0. This im-

iy=1

plies that
Oy, ) <w(ty, @), o(v(t, 21)) = e(w(ty, 21)), (Vo (s, #1)) = c(w,,(t, #1))
and

> A Ai(Vay,(tsy B1) — Wa,a (b1, @) <O for AeR®

ii=1

and v, (*,)<w,(:, ). Thus, in view of (i), it follows that

om ov ow
¢ (3_t (T1y 971)) =c (% (b1y @) — F (t,, 971))

< G(U(tu Ty V(byy #1)y Vy(ty, T1)y Vaultyy @), 04,( ¢ .’L‘)) —

— f(t1y @1y w(tyy @), Woltyy B1)y Waal(tyy 1), Wei( ", "”)))
<0

using quasimonotonicity of f in u relative to k¥ and monotonicity of f
in ¢(-,») relative to k. That is c¢((om/ot)(t:, x;)) < 0. However
e(m(t, — hy x,) — m(ty, 21)) < 0 for h > 0 sufficiently small. It there-
fore follows that c¢((om/ot)(t,, #,)) >0, which leads to a contradiction.
This completes the proof.
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REMARK 3.1. The conclusion of the above theorem is not valid
if one of the inequalities in (i) is not strict. However, we can dispense
with the strict inequality needed in Theorem 3.1 of (i), (ii) if in ad-
dition f satisfies the following condition,

(C,) 2€Z, 2>0 on GUH—0H,, (32/ov)(t,x)>p>0 on 0H,
and for sufficiently small ¢ > 0, either

02

(@) ot > f(t, ®, y Vay Vagy 0+, @)
_ f(t, Ly V—ERy Vyy— ERpy Vg~ ERgq 'Dt( y w) - 825( ) w))
or
£02
(b) —87>f(t, xyw+827 wz+€2z7 wwx+gzww’ w‘(.’w)—l_

+ ez -y w)) _f(t’ Ly Wy Wy Wagy We( " w))

on [t,, o0) X2, where v, we Z.

THEOREM 3.2. Let the assumptions (i) of Theorem 3.1 hold. Sup-
pose further that the condition C, is satisfied. Then the relations

(i) (a) v, <wy, for xe
() ot x)<w(t, z) on 0H,
ov ow
(e) % (t, @) < % (t,#) on oH,

imply o(t, ) <w(t, &) on [t,, co) X 2.

ProoF. Assume that the condition (a) of (, holds. Consider
# = v — ez where ¢ > 0 is sufficiently small. We have

00 Ov &0z o~ o~
Eri a—t—a—t<f(t, @y Ty Dy Doy Di(+y ®)) 0D [By, 00) X2

using C,(a). Also #(t, z) < w(t,x) on GUOH,, and

W _ v edr v

v oy on 9H, .

— 'U<?l)
€ ov
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Thus, the functions @, w satisfy the assumptions of Theorem 3.1,
hence o(t, ) < @(t,«) on H. Taking the limit as & — 0 yields the
desired result and the proof is complete.

ReMARK 3.2. If 0H, is empty so that 0H, = 0H, the assump-
tion (C,) in Theorem 3.2 can be replaced by a weaker hypothesis,
namely a one-sided Lipschitz’s condition of the form

(Cy) f(t, =, u, D, q, @)y @) — f(t, 2, v, D, ¢, Y(+, @))
<L{w—0) + sup {p(-, 2) — (-, )}

8€[—17,0
for u>v and ¢(-, z)>p(-, v).
In this case, it is enough to set & = v — ee?Lly,, y,€ k° (Where
e >0 is sufficiently small) so that #(f, ) <<w(t,x) on oH and
Te, () @) < wy,(+, @)
ov

i f@y @, v, V) Vasy (-, ¥)) — 3eLed2ty,

< f(t, Ty Ty Voy Doy Tu( w)) — eLe3tty,
<f(t, Ty 'ﬁﬂ}'m 5@:»’ 73:('9w)) on [toy °°) xX82.

Even when oH, is not empty, the condition (C,) is enough prov-
ided (ii) () is strengthened to 9v/ov 4 Q(¢, », v) < ow/[ov 4- Q(¢, x, w) on
o0H, where @ € C[H X E, E] and Q(t, z, u) is strictly increasing in w.
To see this, observe that ¥ < v and hence Q(t, =, ¥) < @(¢, #, v) which
gives the desired strict inequality needed in the proof.

4. In this section we give some comparison theorems related to
the system

ou
(4.1) n f(ty Ly Uy Uy Uy Uil * w))

satisfying the initial boundary conditions

Uy (s @) = (-, @) for xef
u(t, @) = uy(t, ) on 0H,

such that w,(%,, ) = @,(0, ) and

%—’l:(t,av)=0 on oH, .

(4.2)
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A closed set F'cF is said to be flow invariant rela.tive.to the
system (4.1)-(4.2) if for every solution u(f,x) of (4.1)-(4.2) we have
@o(+, @) and uy(t, #) € F implies u(t,#) e F on H.

The function f(¢, @, %, %a, %.a, @(-, #)) is said to be quasi-nonpositive
(quasinonnega.tive) if u<0 (u>0), e(u) =0, ¢(ug) =0, 1=1,2,...,m
and Z A Ai0(Ug, ) <0, ( 2 AiAie(Uss,) >0) for A R and also for

dyd=1 iyd=1

(p(+, #)) <0, (@(-,2)>0) for some ¢€k, implies
C(f(t' Ty Uy Uy Uy P(°y w)) <0, (e(ﬂty Ly Uy Ugy Uy Py w)) >0) .

THEOREM 4.1. Assume that f is quasinonpositive and that the
condition Cy(a) holds with v = u, where « = u(t,«) is any solution
of (4.1)-(4.2). Then the closed set Q is flow invariant relative to the
system (4.1)-(4.2) where Q = [u € E, u < 0].

Proor. We set m(t, ) = u(t, x) —e2(l, ) where wu(f,x) is any
solution of (4.1)-(4.2) such that w,(-, @), u(t,») €@ and &> 0 is suf-
ficiently small and ze€ Z is as in Cy(a). We wish to show m(t,z) < 0
on H. If not, there would exist a (¢, ), t, >, #,€£2 and cck)
such that

m(t7 w) < 0 on [to, tl)Xg,
m(t, #,)<0 and c¢(m(t,, x,)) =0.
It is easy to see that the function c(m(¢,, #)) has its maximum at 1

which is equal to zero. Clearly, (¢, )¢ 0H,, or (t;,2:) ¢ 0H,. Let
(t,#)eH and cek, be such that m(t,,2,)<0, e(m(ty,»)) =0,

n
o(me (b, @) = 0, i=1,...;m, > A;;6(Myq(ti, 1)) <0, A€ R". Then
=1
by C,(e) and the fact f is quasinonpositive, we obtain

0 0 0
( - (t1, “'1)) (5? (ty, %) — e a—j (t, wl))

o0
<¢ (f (t17 Tyy W(tyy X1)y Un(byy X1)y Uno(tyy X1)y U (+y X)), —& a_j (%1, “'1)))

< G(f(tu @yy Mty 1)y M(tyy 1)y Maa(lyy 1)y M, (- "’7)))
<

0
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but

om . m(ty — hy 2y) — m(ty, 2,)

L
This leads to a contradiction. Hence, (1, #,) ¢ H. Thus, m(t, 2) <0
on H which implies, as ¢ — 0, the flow invariance of ¢, which com
pletes the proof.

REMARK 4.1. Theorem 3.2 can be obtained as a consequence of
Theorem 4.1. For this purpose we set d = v — w so that

od
T Bty @, dy Aoy Aoy (-, @)

= f(t’ 2, (w+ d), (w4 d)sy (W d)cwa (w + d)o( Ty (L‘))
- f(t7 Ly Wy Wy Weg,y wt( y w)) + P(t9 x)
where

0
P(ty x) = 'a‘/;_f(t’ Dy Vy Uy Vamy Vel "y ”))

8

+ F(ty @y Wy Wey Wy (-, 2)) <O

Clearly d,(-,#)<0, and d({,#)<0 on 0H, showing d,(-,®) eqQ,
d(t,x)eQ on 0H,. It can easily be seen F is quasinonpositive and
that F satisfies condition Cy(a) with f replaced by F and v replaced
by d. Hence, the conclusion follows.

COROLLARY 4.1. Assume that f is quasinonnegative and that the
condition C,(b) holds with w = u(t, ). Then the closed set @ is flow
invariant relative to (4.1)-(4.2) where @ = [u € B, w > 0] if u, (-, ®)
and u,(t, ) € Q.

COROLLARY 4.2. Suppose that condition (C,) holds with v = w = u.
Assume also the following condition holds;
If w<b, wi-,2)<b, c(u) = c(b), ¢(u,) =0, for ¢ =1,...,n, and

E AA;6(Ug,0) >0, A€R" for ceky, then c(f(t By Uy Uggy Uy Wi+, 2)) <O,
id=1
and also if a<wu, a<u,(-,x), c(u) = c(a), c¢(u,) =0, 1 =1,2,..., n

n .
and Y A;4;6(Us0)>0, AeR" for ceky, then o(f(t, x, uy Uoy Una,
ii=1
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uy(+, @)) >0, then the closed set W, where w = [uc H,a < u<b,a,
b e E] is flow invariant relative to (4.1)-(4.2).

REMARK 4.2. If 0H, = {{,} X 92, then the initial boundary con-
ditions can be written as u,(:, %) = @,(+, ) for ze 0, and (du/or)
() =0 on oH,.

We shall next consider a comparison result which yields upper
and lower bounds for solutions of (4.1)-(4.2) in terms of solutions of
ordinary delay differential equations.

THEOREM 4.2. Assume that

(i) 4 = wu(t,2) is any solution of (4.1)-(4.2) and the condition
(Cy) holds with v = w = u;

(i) g1, g2 € [[to, 00) X EX C, E], g:(t, , p), ga(t, u, @) are quasimo-
notone nondecreasing in u relative to ¥ and monotone decreasing
in ¢ relative to & and for cek,, if e(u,) =0, i =1,2,..,n and

n

> Aili6(Ug ) <0, A€ R, then o(f(ty @, Uy Uy Uguy @) <(g:(2, u, @), and
$,0=1 n
if o(u,) =0,1=1,2,..,n, z Ai Aj 6(Ug,0) >0, A€ R, c(ga(ty u, p) <
<o(f(ty @y Uy Uzy Uaey P). Bi=1

(iii) (), o(¢) are solutions of
r'@)=gi(t,ry 1) e, = Yo, T(8) =1(2) for ¢ on oH,

such that re(?) = x0(0) and

') =gty 0,00y 01,= o, 0(t)= 0o for ¢ on 0H,

such that g4(%) = 0(0) respectively existing on [¢,, co) such that

Po<Po<Xo)

00(t) <u(t, ) <re(t) on 0H,
where u(t, ) is any solution of (4.1)-(4.2), then

r(t)<u(t,x)<o(t) on H.
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Proor. Setting m(t, x) = u(t, ) —r(t), we see that m satisfies

0
(4‘3) —% = F(t7 CI}’ m’ mx? mm:c, mt('y m)) 9
My,(*y T) = Qo -, &) — xo(*)  for zef
m(t, &) = my(t, @) = uo(t, ) — 74(r)
(4.4) on 0H, and
om _ o _
oy ov
where

F(t, 2, m, my, Myuy my(+, ) =
= f(ta Ty (M~ 7))y Uy Ugg, (M + r)t) — ity 7y 7).
We shall show that (4.3)-(4.4) satisfies the assumptions of The-
orem 4.1. Let m<0, ¢(m) = 0, m,(-,2)<0, ¢(m,) =0, i =1,2,...,n,
and > A;4;¢(m,, 2)<0, 2€R" for some ce ky. This implies that
ii=1
u(t, ®) <r(t), u,(-,x)<r, and e(u) = ¢(r) and consequently the quasi-
monotonicity of ¢, in  and monotonicity of g, in ¢ yield c(gl(t, U, u,)) <
<e(g(t, r, 7). It now follows from (ii) and

My = Uy Mer= Uy, that c(F(t, z, m, my, Mey, (-, ))
<0(f(t’ Ly Uy Uy Uy ", 00)) — g1(t, u, ’“t)) <0,

proving F is quasinonpositive.
‘We have

0%
ﬁ'> f(tr Ly Uy Uy Uggy Ue( " w))

— f(ty @y U — €2y Uy — €24y Uy — E2gyy (U— €2)(*, )

= f(t’ By M~ Ty Myy Mgyy (M4 7)¢(+, {L'))

— (@ @y m 1 — £2y My — €24y Myy — E24qy (M + T),— £24)
= F(t, @, my Myy My, My( -, )

_F(t7 Ly M — €8y My — E8yy Mg — E8uy My( ) L) — &2:( ", w)) .
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This proves F satisfies the condition (C,) (a) with v = m. Thus, by
Theorem 4.1 it follows that m(¢, ) <0 on H which proves wu(t, «) <r(f)
on H.

On similar lines we can show that o(f) <u(f, z) by setting m = u—op.
This proves the theorem.

COROLLARY 4.3. If H is flow invariant relative to the system (4.1)-
(4.2), there exists functions g¢,, g, satisfying the assumptions of The-
orem 4.2 provided ¥ = R" and K = R}.

Proor. We construct ¢,, g, as follows: for each 4, 1<i<N,

G1:(ls Uy @) =

= sup {f.(t, 2,0, 0,0, 9); €Dy a;<v;<Us, V; = Uyy @; <P+, T) <@y(3)}

G2i(ty u, @) =
= inf {f.(¢, z, v, 0, 0, ); weQ, u;<v,<b;, v,= u,; and @i(8) <wi(-, ) <b;}

and f is elliptic for each .
Next we give a comparison theorem which is an extension of the
clagsical result of Miiller [6] which is valid when £ = R" and k = R}.

THEOREM 4.5. Assume that

(i) for each i, 1<i<N, v, we Z, ovi[ot<ft, z, o, v;, v.,, @) for
all ¢ and ¢ such that v/(t, x) <o, <w/(f, x) j = ¢ and o, = v,(¢, ), also
v+, ) <P <w,(+, ), ow'[ot>f.(t,x, o, w], w.,, ) for all o such that
vi(t, ) <o;<wi(t, x), %14, and o, = wi(t, x), also vi(-, v) <@ <w,(-, x);

(i) fi(2, @, G, Gy Gigy @) — filty @, 0, 0}, 04y @) <Ly(t, @, |51 — 04, ...
ey By Gy oo |Gy — Ony (G:— 01)ay (6i— Oi)azy |61 — @iy voes [Py — @ul)s
whenever G,>o,, where Le C[[{,, co) X 2 X RY X R*X R** X R¥, R¥], L, is
quasimonotone nondecreasing in # and monotone nondecreasing in ¢
and there exists a 2€ Z such that 2> 0 on [f,, co)X 2, 2;,,> 0 for
ze 0, (0z/ov)(¢, z)>y > 0 on 0H,, and for all sufficiently small ¢ >0,

02 )
——> L&, @, ez, e2i, €2t,, €2,) on [t,, 00) X2

ot

(iii) w(t, #) is any solution of (4.1)-(4.2) such that v, <w. <w,,,
and v<w,<w on 0H,, 9v/dv<ou/ov<ow[ov on 0H,, then v(t, )<
<wu(t, z)<w(t, z) on GU H.
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Proor. We shall first assume that v, w satisfy strict inequalities
and prove the conclusion for strict inequalities. We let m = u —w
and n = u—v on [fy, c0)X 2. We show m < 0<<n. If not, there
would exist a (¢, #,) and a j such that either m(t,, ;) <0, m#(¢,, ;) = 0,
mi(ty, 3) =0, i=1,2,..,n and 1 12—1 Aedyml, (t, ) <0, A€ R or
Nylbry 1) <O, N(t, #) = O, Mg (t, @) = 0, 4 =1,2,...,n and

n
Z lkllniﬂ:xt(tl,"”l)<0, A R™.
k=1

Suppose the first alternative holds. Certainly ¢, > ¢, by (iii). Hence, at
(b1, @1) We have v <uU<W, Ve <Uy, <Wey Us(byy B1) = W;(ty, #1), Ul (4, 2,) =

n
= w} (t;, #,) and Ay, 5, —wl ) <0. Hence,
k=1

om? ou! ow’
5 (t1y #1) = 0 (1, 21) — ot (b5 ®1)

< f;(tu Ty y Uy '“':iy ua’:a:, Ug( "y w)) - fi(tu Xyy Uy ui’ '“’g:an Ug( w)) =0

but

lim mi(byy @) — mI(ty — hy,y 2y)
=0 h

>0,

which leads to a contradiction. A similar proof holds when the second
alternative is true. Thus, we get m(t,2) < 0 <n(t, @) on G U H and
this proves the claim for strict inequalities.

Consider now @ = w + ¢z, # = v — ez on G U H. Let Pi(t, s, G) =
= max [v(t, «), min {6, wi(-, #)}]. Then it is clear that if ¢ and ¢ is
such that replace by ¥ <&<®, [¥;<@<®W, and &;= ¥,, it follows that
o=P(t,x, G), p = Py, x, §) satisfy v<o<w, v.:<p<w, and o; = w,.
Hence, using (i) and (ii) we get

oW ow' 82‘
ot 0 +Eat>fz(t w’aiww7w“’99)+8

o=t
>1:(, @, 6, wcy wz:n P)+ &= ot

_Li(t7 @, |51—0'I’ ceey &Yy ooy |Gy — O, 24y E2pny | — Prly oo I‘ﬁﬂ - (p’VI)
> fi(ty m’ 6-’ ’ITI;., ’LT):Z, ¢) .



Comparison results of reaction-diffusion equations ete. 31

Here we have used that L, is quasimonotone nondecreasing in » and
monotone decreasing in ¢ and |6, — o;|<e?t, |@; — ;| <ed] for all j.
Since v;, < s, <y, also ¥ < w < @ on 0H,, and 05/dv < ou/dy < oW[dv
on 0H,. We get immediately o(f,x) — e2(t, ) < u(t, ) < w(t, x) +
+ e2(t, #) on GU H for arbitrary > 0. Letting ¢ — 0, we obtain
the stated result, completing the proof.

CoROLLARY 4.4. Let the assumptions (i), (ii) of Theorem 4.2 hold
without g,, g, being quasimonotone nondecreasing in « and without
being monotone decreasing in ¢. Suppose that the conditions (ii), (iii)
of Theorem 4.5 are satisfied. Assume further that for each 4,

dw?
dt

(t)> g1ty 0,¢) for all v<o<w, and o;,=w;, vV,<P<w,
and

di
%(t)<ge,~(t,o,<p) for all v<o<w, and o,=7v;, V:<@P<W,;.

Then o(t) <u(t, ) <w(t) on ¢ U H. Note that the functions v, w do
not depend on the space variable x in the foregoing corollary.

5. Congider the reaction-diffusion equation of the special form

d
(5.1) 5}‘ = Adu+ F(t, u, u,)

in R, X with the initial function
(5.2) Uo(*, ) = @o(8,®) on Q for se[—7, 0]
and the Neumann boundary condition

(5.3) gi: (t,z) =0 on (0,c0)X 2.

In (5.1) 4 denotes the Laplace operator in x € B*, u, F, uy(-, x) € ¥
and 4 is a diagonal matrix.
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Consider the standard cone in RY, namely
k=RY={ueR¥ u,>0,i=1,2,.., N}.
Clearly the set
S=[cek* cu)=u,1=1,2,..., N]Ck*

generates the cone k. Let us note that weak coupling of the system (5.1)

suggests the choice of this special cone. Thus, the inequality u<wv

implies the componentwise inequalities u,<wv;, 1 =1,2,..., N.
THEOREM 5.1. Assume that

(i) 4>0 and u(, ) is any solution of (5.1) to (5.3) existing
on R X%,

(ii) F(t, =, x,) satisfies a Lipschitz condition for a constant L>0;

(iii) The boundary 9% is regular, i.e., there exists he Z such
that h(x)>0 on Q, (oh/ov)(x)>»>0 on 0£2 and h,, k., are bounded.

Then the following conclusions are valid.

(@) If =0, W>0, j#*4, j=1,2,..., N, also wj(-,x)>0,
j=1,2,..., N implies F(t, u, u,)>0, then u(f,2)>0 on K X prov-
ided #%o(x)>0 on Q.

(b) If F(t, u, @) is quasimonotone nondecreasing in % and mono-
tone nondecreasing in ¢ relative to R, that is for each i, 1<i<N,
F(t, u, u;) is nondecreasing in u;, j # ¢, and nondecreasing in «j(-, )
and if the solutions r(f), o(f) of y'= F(t, y,y:) With r,(+) = Fo(8)
0o(*) = @o(s) exist on R, then ’

(5.4) oty <u(t,x)<r(t) on R, X0

provided that g,(s) <uo(-, ©) <Fo(s) on £.

(¢) If F(¢, u, ¢) is quasimonotone nondecreasing in « and mono-
tone decreasing in ¢, F(t,0,0) = 0, then

0<uy(:,2) on[—7,0]xX2
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implies that u(f,)>0 on R, X0,
0<uy(-y@) on [—7,0]xX2
implies that (¢, z) >0 on R, X2 and
0 < u(:y@) < @ols) on [—7,0]x0

implies that 0<w(f, »)<r(¢) on R, X, where r(f) is the same func-
tion assumed in (b).

(d) If F(¢, u, u,) is8 not quasimonotone in %, nor monotone in ¢
and if the closed set W= [u € R¥; a<u<b] is flow invariant relative
to (5.1) to (5.3), then the estimate (5.4) holds where r(t), o(f) are now
being solutions of

dr

E = gl(ty T, rt) 9 'ro( ) == 950 ] le gz(ta 2] Qt) 9 Qo( ') = @

where
Gy %y ;) = Max [F(t, v, ¢); a <0 <Uy V; = U;, a<P <UL
G24(y %, w,) = min [F,(t, v, ¢); u<v<b, v; = u;, u, <@ <b],
1<i<N.

_(e) It F(t, u, ) is not quasimonotone in % nor monotone in ¢
and W is not known to be flow invariant, then (5.4) holds and if r(t),
o(t) satisfy the relations

r;>F,(t,0,p) for all ¢ such that po<o<r, 0, =1, Q:<P<T:
0;<F.@1, o, p) for all ¢ such that p<o<r and o, = 7, Q:<P<Tsy
for 1<i<N.

ProoF. The conclusion (a) follows from Corollary 4.1. Theorem 4.2
yields (b) with the choice F = g, = ¢g,. Uniqueness of solutions of
y'= PF(t,9, y;) together with the fact F(¢,0,0) = 0 implies (¢). Corol-
lary (4.3) gives the conclusion (d) whereas (¢) follows from Corollarv 4.4.
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