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Some Remarks Concerning Regularity of Solutions for
Abstract Differential Equations.

S. ZAIDMAN (*)

Introduction.

Theorems on regularity (or differentiability, or smoothness) of
(weak) solutions of partial differential equations were studied inten-
sively (see for example Hormander’s book [7 - Ch. IV]). In Lions’
monograph [8] various regularity theorems are proved for (weak)
solutions of operational-differential equations: «'(t) = A () u(t) + f(¢),
and more recently, in Treves [10, Sect. 42] are again explained re-
gularity results for weak solutions of abstract evolution equations.
The propositions that we present in this Note are most closely related to
some of the facts exposed in Chapter IV of the fundamental memoir [1]
of Agmon and Nirenberg which is concerned with differentiability (or
analyticity) of solutions of Lu = (1/i)(du/dt) — Au = f (in a Banach
space), assuming f to be differentiable (or analytic).

They prove necessary conditions which are obtained by employing
the closed graph theorem in a suitable space and sufficient conditions
which are not too far removed from the necessary ones.

They consider the classes C*, C> and the class of analytic functions,
and note that various other classes of functions could be treated by
the same procedure and that weak solutions of equations (1/i)(du/dt) —
— Au = f (in some sense) have also similar regularity properties.

In our paper [12] we have considered the second order differential

(*) Indirizzo dell’A.: Department of Mathematics, Case postale 6128,
Succursale « A », Montreal, P.Q., H3C3J7.

This research is supported by a grant of the Natural Sciences and Engineer-
ing Research Council Canada.
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equation u’(t)— Au(t) = f(t), — co < ¢ << oo and have proved regularity
theorems for L2-weak solutions (in Hilbert spaces) of this equation.
Equations with time dependent operator: (1/¢)(du/dt)— A(t)u = f(2)
where considered by A. Friedman in [5] (see also our Lecture Notes [13]
and his book [4]).

Regularity of distributions solutions of the above indicated equa-
tions in Hilbert spaces was demonstrated by V. Barbu in [2], [3] and
more recently, in our Note [14] we have given for the first order equation
u'(8) — Au(t) = f(¢) a sufficient condition for differentiability of weak
solutions which is closely related to the statements in [1].

In the present work we concentrate ourselves mainly on the study
of the necessary conditions for smoothness of weak solutions in both
Hilbert and Banach spaces. After proving some preliminary remarks
concerning weak solutions we present in Theorems 1 and 2 a necessary
condition for regularity in an interval (a, b) up to the boundary of
this interval whereas in Theorem 3 we explain a similar condition for
interior regularity (i.e., regularity in any strict subinterval («, ) c
C (@, b)). Whereas the above Theorems 1,2, 3 concern L*-weak solu-
tions in Hilbert spaces, in our Theorem 4 we give also a result in Banach
spaces, where continuous weak solutions are instead considered.

The paper ends by indicating how one can extend our paper [4]
in order to obtain sufficient conditions for interior L2-regularity in
finite intervals (the above indicated Note [14] is dedicated to L
solutions on the whole real line).

The methods are essentially those used by Agmon and Nirenberg,
with convenient modifications corresponding to the class of weak
solutions that are here investigated.

While preparing the manuscript we had the opportunity to have
some interesting discussions with professor J. Goldstein.

1. Let be H a Hilbert space and A a linear closed operator:
D(4A)c H—~H where the domain D(4) is dense in H.

Denote as usual by A* the Hilbertian adjoint to A4, so that
(4h, k)g = (h, A*k); holds for any he D(A) and ke D(A*) (the
domain D(4*) is also dense in H—see [11]).

Given an interval I = (a,b)c R (the real line) let us define the
class K 4.(a,b) of vector-valued test-functions:

(11) K 4u(a, b) = {p(t)e CY(a, b; H), supp ¢ is compact in (a, b),
p(t) € D(A*) Viel, (A*)(t) € (e, b; H)}
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Consider now the operator (abstract differential) L — (d/dt) — A which
is classically defined on functions u(f) € C'(a, b; H) such that wu(t)
€ D(A)Vte (a, b) and (Au)(t)e C(a, b; H); next we define a natural
weak extension wL as follows: the domain D(wL) consists of those
functions wu(t) € L*a, b; H) such that there exists f(t) € L(a,b; H)
with the property that the integral identity

b b
(12)  [(@@) + @), ut)adt = —[(pt), (Ot

’ ’ Vo(t) € K ,u(a, b)
is verified.

We say that: (wL)usf. A few observations concerning this de-
finition are necessary:

ProposSITION 1. To a given (single) element u(-)€ D(wL) 4t cor-
responds a single element f(-) € L¥a, b; H) such that (wL)u 3f.

Otherwise we could have, say f,,f,€ L%a,b; H) such that
(wL)u 3f;, (wL)w3f,: this means, using 1.2) the equality

b
(1.3) [(et) ) — f®)udt =0 VpeK,.(a,b)

Let us take ¢(f) = »(t)h, where he D(A*) and »(t) € Cy(a,d). We
obtain
b

(1.4) ( [rohe)— o) at, ) = 0

a

Using density of D(4*) in H we deduce equality

b
(1.5) [roxho—fuw)dt =0 Vue)e Cia, b)

a

If we take now an arbitrary ¢, € (a, b) and positive 7 small enough,
and if we consider the function

1/t, t<t<t,+
Vt.,(t) =
0, t¢[t0,to+ 7],
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we can find a sequence ,(f) € Oy(a,b), such that »,() -, (t) in
L?(a, b) sense. Then

b

b
[ra0(1)— 1:(0) @t — v, (1) — 1)) e

as eagily seen by Schwartz inequality

I

b
[0 = 1110 — a0 < [(t) = v, (0]

wmn—nmwkiﬁn—nwwiﬁmm—nmwmyeo as p— oo

Hence,

to+T

b
we)  [ro-nma =3 [to—pwi =
’ - Vioe(a,b), >0

Now, by a well-known result (see [6] p. 88) we obtain as v —0, that
fi(t)—f.(t) = 6 almost everywhere,

PROPOSITION 2. The domain D(wlL) is a linear set in L*a, b; H)
and wL; D(wL)— L*a, b; H) is a linear operator on it.

In fact, if u,, u,€ D(wL), 3If,, f,€L*a, b; H), such that

b

N (@O + @), u)ad =—j(<p<t), O)adt, i=1,2

a

is true, Vo€ K ,.(a, b).
Summing, we get

b b

1.8)  [(#'®) + (A*)(t), mlt) + ualt))mdt =—[(p(t), flt) + fult) udt

V(p € KA.(a, b)
where f, + f,€ L%*a, b; H).
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Hence, 4, + u,€ D(wL) and
(wL)(uy + ;) = f, + fo= (wL)f, + (wL)f, .

Similarly (wL)(Au) = AwL)u, VAeC, ue D(wL).
ProposiTIiON 3. (wL) i8 a closed operator, D(wL)— H.

Let us consider a sequence (u,); ¢ D(wL), such that «,—u in
L*a,b; H) and (wL)u, = f,— fe L%*a, b; H) in the same sense. Hence,
we can write equalities

b

b
[lo'® + (4*@)t), 0a(0))ndt = —[(p(0), fu®)nlt

Voe K (a,b), n=1,2,..
a8 n— oo we get readily ‘

b

b
[(6'® + 4*9)0), u®)ndt = (), [O)ndt Ve Konla,b)

a

This means that w(f)e D(wL) and (wL)u = f.
Finally, we shall prove the

PROPOSITION 4. The domain D(wL) is dense in L*(a, b; H).
This is a consequence of the more general fact:
n
For any dense set M>c H, the set of finite sums {Z hitpi(t)}
: 1
h,e M and y,(t) € C5(a, b) is dense in L3*(a, b; H).

where

n=1,2,

A straightforward proof can be given in the following way: given
fe L*a,b; H) and ¢>0, 3

i) a continuous funetion f.(t) € Cla, b; H] s.t. |f — fellsa,p:m < &-

ii) using the vector-form of Bernstein’s approximation theorem
N(g)

(see [9], Ch. IV, § 5, T.2) 3 a polynomial Pe(t) = Y a.t*, a,€ H, s.t.,
1

[sub}]) [Pe(t) — fe(?) |z < € Which = |Ps— f,|13a,0:m <(b— a)}.

N -
iii) Vak 3hk EJK>, s.t. ”ak- hk”fl<€[§"tk”L'(a,b)] 1, k= 1,2, ...’N(E)
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Then

N N N
[Pe— 2 bt paapimy = || ; (A — ) ]| prgapimy < ; | (B — az) | 3(a,0:m) <
1

N
€ ; %] z2¢a, by
K<— 5 =¢

; %] 23¢a,)

iv) Vi Jy,(t) € CF (@, b) 5.6 [ — pell e < 5 -
3 il
Then

~ N ~
H; hy t* — ; Yihi| p2@,0:m) = ”21: hae(t* — i) 2 <

S 1t = ) e = 3 Pl 1 = il < 3 Wl = ¢

Consequently
N(e) N
IIf—ghkwkIKHf—fell + e Pel| + [ Pe— 3 hat] +
N N
+ H?hkt"— ghky)k||<a +eb—a)}+e+¢€.

2. We shall consider the graph of the operator wL, Gy., as a sub-
set of the cartesian product L*(a,b; H) x L*(a, b; H). It consists of
all pairs {u, (0L)u} where « belongs to D(wL); it becomes a Hilbert
space with the usual scalar product and norm, due to closedness of
the operator (wL).

Let us consider now the important particular case when L = d/dt
(so that 4 = 0, the null operator).

Now oL = w(d/dt) has as domain the set of functions wu(t)
eL’(a, b; H) such that Jv(¢) € L*(a, b; H) with property that

b b
(2.1) f @), w —f (¢(2), v(t)) dt is verified, -Vge Ca, b; H)

a
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(we remark that for A = 0, K ,.(a, b) reduces precisely to Cy(a, b; H)).

Also, for u€ D(w(d/dt)), w(d/dt)u = v. Now, as above, the graph
{u, w(d/dt)u}ueg)(w(d,d,)) becomes a Hilbert space with usual norm:

(o) - b

We denote this space by JXa,b; H). We assume the following
regularity hypothesis:

(2.2)

el Zoca,: 1) + “

!

(R.H.) if u(t)e L*a, b; H) belongs to D(wL), (so that
(wL)u = fe L*a, b; H)) then u(t) € D(w(d/dt)), so that
w(d/dt)we L*a, b; H).

We shall prove below the following

THEOREM 1. Let us suppose R.H. true. Then, there exists a positive
constant K > 0 such that if A is a complex number and |A|> K, then the
inequality

(2.3) I(id — A¢HH/ I¢la, VéeDA4)
18 verified.

Proor. The hypothesis R.H. means the inclusion: Graph (wL)c
c J8Y(a, b; H). Consider the inclusion map #; each element in Graph (L)
is transformed in the same element considered in J(a,b; H). We
remark that ¢ is a closed map. Assume (U,)7 c Graph (wL), U,—u
in G(wL) and ¢U,—v in J(a, b; H).

Then (}), U,—>u in L*a,b; H) and ¢U,= U,—v in L%*a, b; H)
80 that w = » = 4u. Using the closed graph theorem [11] we obtain
that ¢ is a continuous map. Hence, there exists a positive constant K
such that

(24) H 2 HJC‘(a,b;H) <K “ u H Graph(oL)

(1) Because both topologies, in GwL and in J'(a, b; H) are stronger than
the topology of L*a, b; H).
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which means

PR IR
2.5) (||uuz.<a,,,;m+ Hw 4 ) <K (0] +
dt 1|L'(a,b;H)

+ [(0L)u|is@pm)t VueD(wL).

Using the standard procedure in [1] we shall apply the «a priori
estimate » 2.5) to all functions wu(?) = ¢ exp [¢A¢], where ¢ e D(4)
and A is a complex number. Any such function is a classical (strong)
solution of the equation

w'(t) — Au(t) = (14 exp [¢4t]) ¢ — exp [iAt] A = exp [1A)(iA — A)p = [(t)
and consequently is in D(wL), (wLl)u = Lu = (d/dt— A)u = f as

easily seen. Also w(d/dt)u = (d/dt)u = il exp [iAt]¢.
We see now that

b
110) B 0 = [ It Iy

also, for A = u + i,
lu®)]a = |¢]nexp [—+]

hence
b
190 r0m = |81 [exp [— 20t
Also

b b
10O a0 = [ 100) 3t = [ i exp it + iv) 16 [t =

b

= [2PIg |5 exp (— 2ot

Next (wL)u = (1A—.A)exp [iAt] P, so that

l(@D)u@®)|% = [ (A—A4)¢|F exp [— 2]
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ot
St

and
b

b
[l@nyup2at =( [exp(—2tdt) 12— 4)1%

After these computations (2.5) becomes
b b
(2.6)  {Ip1%[expl—2vt1dt + |28 |5 [exp[— 201t} <

b b

(|1 [exp [— 20t dt + |(i2— 4)¢ | [exp [— 201) di)

This obviously simplifies to

(2.7) lgla@ + AP) <K:(|l& + [(iA—A)¢|k)
and also

14 AP ( [(iA—A)¢ ’2)
8 - U R
and

[(iA—A)g|H 1+ |AP _ 1+ [AP—K?

(29 ] P R R
Assume |A|>K: then lj_]%—;:gj >—K1—2 and (2.9) becomes

(A= A)pln_ 1
(2.10) "-W‘y‘fy V¢E ﬂ)(A)

which proves our Theorem 1.
A variant to Theorem 1, similar to Theorem 11.1, page 145 in [4]
is given in

THEOREM 2. Let us suppose R.H. true. Then, there evists a positive
constant N > 0 such that for A€ C and |A|>N, the inequality

(2.11) |6A—A)Bla>ClAl[¢]x, VoeD(A)

@8 verified, C >0 being a positive constant.
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The proof is similar to that of Theorem 1. We obtain again

16A—A)pla 1+ AP

> 1.
([ Kt
1+ A ap .1 1,
Now, Kzl | —1>,m It 5 M|2>1—E iff A2 > 2K2—2

iff |].|>\/2(K2—1) (when K >1 as we can always assume). Hence,
for |A|>V2(K?*—1) we have

(62— 4)$l 1
Bl K2

This proves Theorem 2.

or (12— Dbl MIpla  VheDA).

3. The results expressed in Theorems 1 and 2 give necessary con-
ditions for regularity in an interval (a, ) up to the boundary of this
interval; this has permitted us to derive the estimates (2.11) and (2.3)
for all complex numbers A lying outside some disk in the complex plane.

If we restrict our requests and look only for interior regularity re-
sults (of the form; ue L*(a, b; H) and (wL)u € L*(a, b, H) = w(d/dt)u
€ L*a, f; H) for any a<a<f <b) then we obtain estimates which
are valid for only real values of A outside a certain interval. We state
the precise result in form of )

THEOREM 3. Let us assume A to be a closed linear operator in the
Hilbert space H with dense domain D(A) and let be L = djdt— A
and wL the strong and weak abstract differential operators associated to it.
Let a <o < ff<b. Assume that if we L*(a, b; H) belongs to D(wL) — so
that (wL)u = fe L*a, b; H), — then the weak derivative w(d/dt)u exists
and belongs to L, f; H). It follows that

(B.1)  |A—A)g|>ClAl|g] if A real, |A|>N, peD(A)
where C, N are some positive constants.

The proof is similar to the one exposed in Theorems 1 and 2. In
the same way, we obtain the a priori estimate

d
62)  (Iulesmt o 5

2 3
L ) <E(lulbanm+
*(«x,B;H),

+ (wL)w|ip@pm)?t Vue D(wL).
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Again, we shall apply (3.2) to functions «(?) = exp [¢At]$, where
¢ € D(A) and 4 is any real number. We obtain the inequality

3.3) {l#1*(1 + 1AP)(B—o)} <E*{[$[*(0—a) + [(iA— 4)$|*(b— a)}

hence

B I8r(1+ pp— R ) <KL 2 - A9
and also

(62— 4)g)* Lrae
@0 GRS (wp aie—a )

for any real 4 and ¢e D(4).

Remark now that

im L 1+ Ar )L 1
I,illl—}»noo A 2 (K2((b —a)/(f— a)) 1) Kz((b “a)/(f— a)) >0.

Hence,

1 1+ p 1

Illg(Kz((b—— a)/(ﬁ— a)) 1)> 2K2((b-a)/(ﬂ—~a)) for M] >4
8o that

(A —A4)g|® JAJ2
Blr iR —a)f—a) & A=A

and

4]
V2EV(b—a)|(f — «) Il
for |[A|>4, A real and ¢ D(4), q.e.d.

(3.6) (iA—A)p| >

We shall consider now necessary conditions for regularity in more
general Banach spaces (see A. Friedman, Th. 11.1, page 145 of [4]).
Following definitions of our paper [15] let us consider a Banach
space X, L* its dual space and a linear closed operator A with dense
domain D(A4)c XL —L; let be A* the dual operator with usual defi-
nition; given a (finite) interval (a, b) c R, define the class K .(a, b) of
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test-functions consisting of continuously differentiable functions ¢(¢),
a<t<b— X* having compact support in the open interval (a, b);
o(t) € D(A*), Vt and A*¢ is X*-continuous in (a, b).

Associated to the (classical) abstract differential operator L —
= (d/dt)— A defined on wu(t)e C*{(a, b); X} N C°{[a, b]; X} such that
u(t) € D(A) Vte (a,d) and (Au)(t) € C°{(a, b); L} we consider the weak
extension wL which is defined in the following way:

The domain D(wL) consists of those u(t) € C([a, b]; X) such that
there exists f(t) e C([a, b]; X) with property that

b

b
(3.7) [<8't) + A*g(t), u(t) @t = —[<P(), (> @t Ve Konla, b)

a

is satisfied. Then, by definition, (wL)u>f. We have

PRrOPOSITION 5. The map u— (wL)u is single- valued.
In fact, otherwise we would have, say, fi, f, € C([a, b]; X), such
that (wL)u>3f, and (wL)u3f,. This means, using (3.7), the equality

b b

(3.8) [, Aoyt =[<p), ) dt Ve Kala,b).

a

Take here ¢(t) = »(t) x* where »(t) € C}(a, b) and y* € D(4*). We ob-
tain equality

b
(3.9) [ hO—HO>W @ =0 Vn(t)e Chla, b), Vz*e D(4¥)

Now, remark that {yx*, f,(t)— f.(t)> € Ola, b]; as usual (3.9) will imply
that (x*, fi(t)—f.(¢)) = 0 Vie[a, b] and Vy*e D(A*).

But, as well known, the domain D(A*) is a total set in X*. Con-
sequently, we obtain that f,(t) = f,(t) on [a, b].

It is easy to see (cf. Prop. 2) the following

PROPOSITION 6. The domain D(wL) is a linear set in C([a, b]; X) and
the operator (wL), D(wL)— C([a, b]; L) is a linear map.

Finally, we have
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ProposiTioN 7. The operator (wL) is a closed operator.

Let (u.)y C D(wL), u,—u in C([a, b]; X) and (wL)u, = f,—f in
C([a, b]; X). Then we have

b

b
[0 + @80, wat)> at = —[<p0), fuit)> at,

Vée K, (a,b), n=1,2,...
as n— oo we get readily

b

b
(310)  [@(O) + (4% $)(0), w(t)) dt = —[(pl0), f)y dt VB Konla, b)

a

which means that # € D(wL) and (wL)u = f.
We shall now prove a counterpart to the previous Theorem 3, in
the following

THEOREM 4. Let be A a linear closed operator with dense domain
D(A) in the Banach space X, and (wL) = w(d/dt — A) the above defined
weak extension. Leta < o << f <<b. Assume that if ue O([a, b]; X) and
%€ D(wL) — so that (wL)u = fe C([a, b]; L), — then ue C*([«, f]; T)
It follows

(3.11) [@A—A)xlx>ClAllxlx, if 4 real, [A|>N, yeD(4)

where C, N are some positive constants.

ProoF. Consider the graph @,; as a subset of C([a,b]; L)X
X O([a, b]; L) consisting of pairs {u, (wL)u},qp ,; it is a Banach space
as easily seen (with usual graph topology).

Consider now the mapping W from G, into C*([«, 8]; L) defined
by: W{u, (wL)u} = u. By the assumptions of the theorem, this map
is well-defined on the whole space G,;. Furthermore, it is a closed
map. Let in fact be: {,, (wL)u.}C @,;, converges to {u,, v,} € Guy
and W{u,, (wL)wu.} = u, converges to u, in C*([e,B]; X).

Actually, {uy, v,} € Go, 80 that u,€ D(wL) and (wL)u, = v,. Hence
Uy —> o in O([a, b]; L), (wL)u,— (wL)u, in C([a,b]; L) and also u, — u,
in CY([a,$]; ). This implies u,= u, in [, f]. Hence W {u,, (wL)u,} —
— W{u,, (wL)ue} = u, in C([a, f1; T).
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Using the closed graph theorem we conclude that W is a continuous
mapp, that is

3.12) %] oyea, oy < E([%] ogamixy + [ (@L) %] oamix)) V4 € D(wL)
K being a positive constant.

Let us take now u(f) = y exp [¢At], where yec D(A4) and A is a real
number. Obviously.

(wL)u = (‘% — A)u = iAexp [iAt] y — exp [iAt] Ay = exp [idt](iA — A) .

In the space C([e,f]; X) we use the norm

|#] ey, pr:2) = max max [ud(t)] .
i=0,1 a<t<p

Consequently we obtain
Iz exp [i48]] (1, p2:) = max{rgfu; lx exp [iA]], max li4 exp [iAt] x| }=
=max{|z|, Ax]}

which = |A||%| if |A|>1 which we shall assume.
On the other hand

[“leany = Izl [(@I)ulogen:m = sup Jexp [iAf)id — A) x| =

a<si<

= |(A—4)x],
Hence, it follows that, for |1|>1,
Azl <E(lzl + [GA—4)g]), VzeDA).
This transforms into
(3.13) [|(U.—A)x|]>(m—~KK)M, Al>1, xeDA4).
Remark now that M—I:)TIE>§1K_ iff ml;:iK>—;— iff ]}.]~K>% iff
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A . A—K_ |4 )
|—2—1>K iff |A|>2K. Hence, for |i]|>2K, H—K~>.‘|3_IJ(‘ and |/(¢4

1
— Ayl =5z Rzl VrieDA), A]>2K, 2[>1.

This proves Theorem 4.

4. 1In this final section we shall see how some simple modifications.
of the argument used in our previous paper [14] permits us to prove
interior regularity on finite intervals for weak solutions in Hilbert spaces.

Consider as in [14] a Hilbert space H and a linear closed operator A4,
D(A)c H— H, where D(A) is dense in H. Assume that the inverse
operator (¢A— A)-! exists and belongs to £(H; H) for any real 1 with
|A|> N >0, and that the estimate

(4.1) ”(M—A)“l|{<%, |A|> N is verified .
Consider now a finite interval in R, —oco<a<<b< oo and de-

fine as above the class of test-functions K ,.(a,d). Next, congider a
pair of functions: «(t) € L(a, b; H), f(t) € L*(a, b; H) connected through
the integral identity

b b

(4.2) f(u(t), (p'(t)+(A*(p)(t)),,dt:—f(f(t),qp(t)),,dt, Vo K ,u(a,b) .

a a

Then we shall prove the following result of interior regularity:

THEOREM 5. If (4.1) and (4.2) are verified, then u(t) equals almost-
everywhere in (a, b) a strongly continuous function; u(t) belongs to D(A)
almost-everywhere in (a, b); the strong derivative w'(t) ewists almost-
everywhere in (a, b) and belongs to L*(x, §; H) for any a <o < f < b;
Au(t) also belongs to Lo, f; H) for any a << a<f <b. The equality
u'= Au -+ f holds almost-everywhere on (a,b).

Proor. Let us consider a real-valued function {(t) € OF(R), which
equals one for a + 6<t<b— 0, equals 0 for —oo<t<a + §/2,
b—d/2<t<<oo,and 0<<1 for any teR.

Define then a function v(¢), R— H by the formula: v(¢) = {(¢)u(?)
a<t<b, v(t) =0, for t¢[a,b]. Then v =u on [a + 6, b— 6] and »
has compact support on R. Now we can state
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LEMMA. Let be h(t) = C'(t)u(t) + L) f(t) for a<t<b, h(t) = O out-
side (a,b). Then, the integral identity

(+.3) [, 90 + Ar@)) dt = —[(hit),p(0) at
R

R

is verified for pe K,.(R) = K
(K4 is defined in a similar way to K ,.(a, b)—see [14]).

Proor. Let us take any pe K,.. We have

b
(4) [(ot), ¢') + (A*@)) &t = [(CO)u(t), ') + (4*9)(®) dt —
R a

b b

[(wa, corg'®) + corarg)n)at = [ (ute), Co)'t)

a a
b

+ A*(LO)9(0)) dt— [ (u(t), I Op() dt

a

Now, it is easy to see that ¢e K, .(R)={pe K (a,bd). Using (4.2)
we shall obtain

b b
@5)  [(ut), Co)'®) + A*(Co)t) dt = —[(ft), CIp()) at

and hence

b
.6)  [(o), 9't) + (A*g)(D) dt = — f [(re), 9 )
R

+ (u(t), L' g(0)] dt = j (E@) 1) + &' Ou), 9) dt =
= —[ (), o)) at

R
which proves Lemma.
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From now on we can deduce, exactly as in [14], that the Fourier
transform (1) belongs to L'(R; H), so that v(f) equals almost every-
where on R a strongly continuous function. Hence «(t), which equals
o(t) on [a + J, b— 8] will be continuous on this interval, outside a
null-set &. If we take a sequence J, = 1/n, we find a sequence of
null-sets §,c[a +1/n, b—1/n], such that w(¢) is continuous for

tela+1/n,b—1/n]/6,. Then, obviously u(t)is continuous on (a, b)/| J&.,
1

that is almost-everywhere on [a,b]. The remaining of the proof
follows the lines in [14] with a few minor modifications.
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