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Existence Theorems

for Moving Boundary Optimization Problems.

OTTAVIO CALIGARIS - PIETRO OLIVA (*)

SuMMARY - We prove the existence of a minimum for an integral functional
whose domain of integration varies in the class of closed convex subsets
of a bounded closed convex set in R".

1. Introduction.

Let R” be the usual n-dimensional euclidean space; we are given 7,
a bounded closed convex subset of R”, L: TXRXR" —R U {4 oo},
a normal proper integrand and I, an extended real valued function
defined on the space K(T') of all closed convex subsets of 7', which
is lower semicontinuous with respect to a suitable sort of convergence
in K(7).

For any 2 € K(T') we denote by £° the interior of £ and we consider
Hu1(00), the usual Sobolev space of real valued functions.

For any given pair (2, z), 2 eK(T), v € H-(£°), we define

F(Q, x) = f L(t, a(t), Va(t)) dt + 1(2)
ko]

and if we HVY(1°) is a fixed function and p, is the trace operator in

(*) Indirizzo degli AA.: Istituto di Matematica dell’Universita di Genova -
Via L. B. Alberti 4 - 16132 Genova.
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HuY0), we congider the problem
Minimize {F(Q,x): 2eK(T), v € HL}(£2°), yo(®) = yo(u)} .

In this paper we shall prove a theorem which agsures that it has
at least one solution.

Our problem has been already treated by Ioffe in [10] in the one-
dimengional case, while the problem to minimize fL(t, x(t), Var(t)) de
is also treated in [8] when £ is a fixed set in R». @

We alsorecall that one-dimengional case in a fixed interval is studied
in [1-2-3-4-5] also when the arcs take values in an infinite dimensional
space and when the integrand depends upon higher order derivatives.

We wish to express our thanks to Professor J.P. Cecconi for his
interest in this work.

2. Notations.

Throughout all of this work :R" is the usual n-dimensional euclidean
space with norm |-| and inner product <{-,->; T is a fixed bounded
closed convex subset of R* and K(7') is the set of all closed convex
subsets of 7, equipped with the Kuratowski convergence [12].

For any fixed Q2 € K(T), £2° is the interior of £, H1(£°) is the space
of all real functions x € L1(£2) such that oxz/ot;, in the sense of distribu-
tions, is in LY(£2), for every ¢ = 1, 2, ..., n, while H}'(£2°) is the closure
in H11(£2°) of CY (£2°), the space of all real functions, which have compact
support contained in £2° and derivatives of any order in £°; the vector

(Ox[ot,, Ox|Ot,, ...., Om[Ot,)
will be indicated briefly by Vz.

Since £° is a bounded convex set, we may assert that there is a
linear continuous trace operator:

yo: HVY(Q°%) — L(09)
and it can be proved, [13-14], that

Hp Q) = {z € HW1(Q): yo(w) = 0} .
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L: TXRXR* - RU {4 oo} is a normal proper integrand, [15-16-
17-18], such that L(t, z, -) is convex for every (t,x)e T XR and

H: TXRXR* >R U {+ oo}
is defined as
H(t, z, p) = sup {{p, v> — L(t, ¢, v): ve R}
and is usually called the Hamiltonian function associated to L.

UK(T) >R U {4 oo} s a lower semicontinuous fumction .
For every pair (2, z), 2 eK(T), v € H-1(L0)

F(Q, x) = f L(t, a(t), Va(t)) dt + UQ)
Q

is a well defined real extended valued functional, as soon as we adopt
the usual conventions about infinite values [1-2-3-4-5].

To avoid trivial cases we always suppose that there is at least one
pair (2,, x;) such that F(£2,, x,) is a real number.

3. Statement of the problem.

The problem we are dealing with can be posed in the following form:
let w e H-Y(T°) and let

f=inf {F(Q,z): 2eK(T), x € H (L), yo(®) = yo(u)} .

Are there Q,eK(T), x,€ H»Y(Q3) such that yq (%) = yq (u) and
F(Q,, x5) = B

Here we prove an existence theorem which gives an adfirmative
answer to this question as soon as the following conditions are satisfied :

(1) enf {I(2): e K(T)} = k> — oo;

(2) there is a normal integrand ¢: TXR, —R such that g(-, p)
18 summable for every p and there is « € R such that

Ht, x, p)<g(t, |p|) + a|z|.
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REMARKS. We may always suppose, with no loss of generality,
that g assumes positive values.
Let Q2°eK(T), if we choose

0, Q=0,

Z(Q):{‘l_oor Q # 0,

our problem reduces to an usual fixed boundary problem.

We wish to remark that, in this case, we give an existence result
which is better than the ones proved in [8]. In particular condition (2)
is weaker than the « growth condition» used in [8] (for instance
L(t, ¢, v) = v — |o| satisfies ((2) and does not satisfies the growth
condition of [8]).

4. Some preliminar results.

We begin recalling the concept of Kuratowski convergence.

DEFINITION 1. Let Q, € K(T), we say that 2, converges to 2 in the
sense of Kuratowski and we simply write Q, — 2 when the following
facts are verified:

(i) for every x € 2 there is x,€ 2, such that x, — x;

ii) let x,€ 2,, for any subsequence x, —>x, we have x € 2.
’ y x ?

ProposITION 2. Let Q,eK(T), 2, — 2, then Qe K(T).

The proof is an easy verification.

For every subset 2 € R* we write 0f2 for the boundary of 2 and Q¢
for R*\ Q.

DEerFINITION 3. Let Q€ K(T), e € R, we define
Q= {weR: d(z, Q) <&}
Qe- = {w e R": d(x, 2°)>¢} .

PropositioN 4. Let 2, K(T), 2, — Q; then for every ¢ € R, there
is ne € N such that, for n>mn,

(1) QnC Qs 5
(ii) Q2c(2,)e+ .
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ProoOF. Suppose that (i) is not true, then there are z, € 2, and
& €R, such that d(z,, 2) > . Since we may suppose &, — %o, We
have x, € Q2 and d(x,, 2)>¢&, which is absurd.

To prove (ii) let B(x,, ¢/2) = {x e R": |x; — x|<¢/2}; then we may
find a finite subset N c N such that

Qc|J B, ¢/2), with z;e.

iEN

Since 2, — £, there is n. € N such that d(z,, 2,)<e/2 for every
teN and for n > n,. So, if x, € Q, there is 4, € N such that

d(e, 2,) < |g— ;| + d(x;, 2,)<e  for n>mn.. O

LeMMA 5. Let QeK(T), then Q = (2¢),-.

Proo¥r. Let weQ, if inf {|r — y|: y € (2¢+)°} < & there is @, € (2¢:)°
such that |x — x| < ¢ and so we have &, € (£2:+)° and x, € Q+; this
is absurd.

S0 d(w, (2es)?) > and @ € (2e+)e-.

Conversely let « ¢ 2, then there is x, € 2 such that 0 < [z — x,],
& — x, = v, where v is in the cone of the normals to Q at x,.

Now two cases are possible:

@) pl>e;
(i) 0<pi<e.

In the first case d(z, 2) = |1 — x| = | > &; 50 ¥ ¢ Qv 6. B € (2e4)°
and, since d(@, (2e+)°) = 0, @ ¢ (2e+)e-.

In the second case let A = ¢ 4 |v|/2 and y, = x, 4 Av/|v|; we have:
d(Yo, 2) = |yo — @] = A > ¢ and y, € (2e+)°. So

o— @ = [A— ||| < &, d(z, (2e+)) <& and @ ¢ (2e)e-. O

THEOREM 6. Let 2, e K(T), 2, — Q, then for every ¢ € R, there is
ne € N such that

Q.-cQ,C Qs for every n> n,.

Proor. It follows from proposition 4 and lemma 5 as soon as we
observe that if 2,, Q, e K(T), 2,c 2, then (£2,)- C (2,)e-- O
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When 2,, Q, e K(T), we define the symmetric difference between
0, and Q, as

-QlA -Qz = (91\92) v (-Qz\Ql) .
THEOREM 7. Let 2,eK(T), 2, — Q, then

lim meas (2, AQ2)=0.

ProoF. We have 2,4 Qc Q.\ 2. for n> ne; so it is enough
to prove that meas (£2::\2.-) >0 as ¢ - 0.

Fixed any real positive number J, there is an open set G' > 2 and
a closed set F c £° such that meas (G\ £2) < 4/2 and meas (I F) =
= meas (Q\F) < 6/2.

Since it is easily seen that there is g, € R, such that when ¢ <<eg,
G5 Q.. and Fc 2., we may assert that

meas (2. \ 2:-) <meas (G\ 2) 4+ meas (N F)<d. O
CorROLLARY 8. Let 2, K(T), 2, — Q, then

lim lim meas (2,\£2:-) = 0 .

ProoF. When n is sufficiently large we have
QN Qe = [(22\2) U (N2 I\ (2\2,)
(RN\92) N (O\L) =0,
(2N\82,) C[(2\92) U (2\ )],
and so

meas (2,\ 2:-) = meas (2,\ 2) + meas (2\ 2.-) —meas (2\ 2,) O

5. Main theorem.

In this part we state and prove the existence result for our problem.

THEOREM 9. Suppose that conditions (1) and (2) are satisfied and
let w e HLYT?) be a fiwed function; then there is Q,c K(T) and there is
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@, € HLY(82Y) such that yg (2,) = yo,(u) and
F(Q,, x,) = inf {F(-Q7 x): QeK({T), ze Hl’l(Q°)7 Ya(®) = 7[)(“)} .

Proor. Unless to substitute L(t, #, v) with L(¢, # -+ u(t), v + Vu(t)),
we may reduce ourselves to prove that there is £, € K(T) and there
is @, € H}'(£2°) such that

F(Q,, x,) = inf {F(Q, »): 2eK(T), e Hy'(£°)} .

(Observe that L(t, x 4 u(t), v + Vu(t)) satisfies condition (2) as soon
as it holds for L(t, », v)).
For any x € H}'(£2°) we define:

x(t), tef°
YO=10, temgQ.

Obviously it results y € Hy'(T°).
Now, let 2, e K(T), x, € Hy(£%) be a minimizing sequence. Since
T is a bounded set, we may suppose, [9], that 2, — 2, and 2, € K(T)

(see also proposition 2); moreover, for some constant M, we have,
for every AeR,,

@) M [L(t @), Vo) dt + U2,)>

Qn

>fsup {p, Vo> — H(t, x,(t), p): peR}dt + k>
Qn
> [(1Veut)] — glt, ) — alon®)]} dt + k>
Qn
>Zf[Vy,,(t)]dt —fg(t, At —af )| at + & .
T T

T

Now, by Poincaré’s inequality [10-11], we deduce that:

M }.Of|yn(t)[dt —fg(t, A)dt — ocf[y,.(t)[dt T h<(A0 — @) [Ynul gy + H
T T T

and M —H > (AC — )Y ar) -
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So, since 4 may be chosen arbitrarily large, we conclude that

1Yalzxmy <N .
If we put
f(t, 8) = sup {rs —g(t, r): reR,}

by (3) we have
M—> [sup (AIVy.(0)] — g(t, 2): AeR,}dt—alyaln>
T

> f F(t, [Vya(t)|) dt— aN .
T

So using (2) and [14], we deduce that Vy, is weakly compact in
(LZX(T))", and in particular we obtain that

[Vya| (M) <RE.

Now, since y, is bounded in L}(T) while Vy, is weakly compact
in (LY(T))", we may find a subsequence, which we call y, again, such
that y, — 2, weakly in HL'(1").

Let t € T°\ Q,, then, since 2, — Q,, for » sufficiently large t¢ 2,
and ¥,(¢) = 0; so by [8], #,(t) = 0 for almost every ¢ € T°\ £2,. Moreover

J.b’(rv\n,)(wo)KAf{lm + |Va,[} =0
ATNG0) \2,

and we have x,e HJ'(£9).
Finally let

B = inf {F(Q2, x): 2eK(T), v Hy ()} ;

we have:

B = lim f L(t, 24(t), V(1)) dt 4 1(L2,) > lim inf f L(t, ya(t), Vya(t)) dt +
ng" n .
+f19(t, Ya(t)y Vya(t)) dt 4 1(825) > fL(t, @o(t), Vao(t)) dt + 1(£,) +
2\ Q26— o)

-+ lim inff{— g(t, 0) — aly.(?)|} dt
" {),,\Q,_ .
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for every ¢ e R, , as soon as we remember the semicontinuity result
of [11].

Now, by monotone convergence theorem, as L(t, x,(t), Va,(t)) is
minorated by a summable function (see (2)),

lim j L(t, x,(t), Vao(t))dt = f L(¢, my(t), Vay(t)) dt;
Qe

Q

on the other hand, using corollary 8 and the Dunford-Pettis theorem,
we deduce that

lim lim inf f {—g(t, 0) —aly.(W)}dt = 0.

O\ 2.~

So when ¢ - 0 we obtain

B = F (L, x,) . o

6. Some particular cases.

Let’s now briefly consider some possible forms for !, which are of
particular interest.
Let 2 eK(T) and let

1, tel
ralt) = 0, té0

be its characteristic function.

Let moreover m, be the vector valued measure defined on Borel
sets in R® as the distributional derivative of y,.

It is well known that the perimeter of 2 may be defined as

P(2) = |mg]
where |7, denotes the total variation of m, in R", [6-7-9].

Using the results of [6-7] and taking into account theorem 7 we
may also state the following
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PrOPOSITION 10. Let 2, e K(T), 2, — Q, then lim inf p(2,)>p(Q);

-moreover if p(2,) <k, for some kR, then for every function f € CZ (R") we
have

limff dng, =f;f dng .
" g R~
Therefore we may assert that if we define

1L(Q) = p(Q zg—{o’ P <k
@=p@, w=1 75T

[tdma, @<k
() = | &

+ oo, P(R)>k

where k € R, and f e C°(R"), then I;, ¢ = 1, 2, 3, is lower semicontinuous
in K(T') and satisfies condition (1). This fact allows us to apply theorem 9
with such functions.
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