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REND. SEmM. Mar. UNniv. Papova, Vol. 59 (1978)

On the Motion of a Non-Homogeneous Ideal
Incompressible Fluid in an External Force Field.

Huco BEIRAO DA VEIGA - ALBERTO VALLI (*)

1. Introduction and main results.

In this paper we consider the motion of a non-homogeneous ideal
incompressible fluid in a bounded connected open subset £ of R:2.

We denote in the sequel by o(f, z) the velocity field, by o(¢, )
the mass density and by x(f, #) the pressure. The Euler equations
of the motion are

Q[%%—F(’U'V)’D——b] =—Van in Q:=1[0,TIXQ2,
dive =0 in Qr,
0 .

(E) a—f—{—v-Vg:O in Qr,
v =0 on [0, Tx T,
”It=o=¢l in g,
oli-0= 0o in 2,

where n = n(z) is the unit outward normal vector to the boundary I"
of 2, b= b(t, #) is the external force field and a = a(x), g, = go(x)

(*) Indirizzo degli A.: Universitd di iTrento, Dipartimento di Fisica e
Matematica - 38050 Povo (Trento), Italy.
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are the initial velocity field and the initial mass density respectively.

When the fluid is homogeneous, i.e. the density p, (and consge-
quently g), is constant, equations (E) have been studied by several
authors. As regards the two-dimensional case, we recall the papers of
Wolibner [13], Leray [6], Hélder [3], Schaeffer [10], Yudovich [14], [15],
Golovkin [2], Kato [5], Me Grath [9] and Bardos [1]; for the case of a
variable boundary see Valli [12]. For the n-dimensional case we recall
the papers of Lichtenstein, Ebin and Marsden, Swann, Kato, Bour-
guignon and Brezis, Temam, Bardos and Frisch.

For non-homogeneous fluids, Marsden [8] has proved the existence
of a local solution to problem (E), under the assumption that the
external force field b(t,#) is divergence free and tangential to the
boundary, i.e. divd =0 in @ and b-n = 0 on [0, T]xI. The proof
relies on techniques of Riemannian geometry on infinite dimensional
manifolds. See also the reference [16].

In this paper we prove the existence of a local solution of prob-
lem (E) without any restriction on the external force field b(¢, ) but
we need condition (A) on the initial mass density go(x)(?).

Our techniques are based on the method of characteristics and on
Schauder’s fixed point theorem, and in this sense related to the
methods of Kato [6] and Mec Grath [9].

We prove the following results (2).

THEOREM A. Let Q be of class (3, 0 < A <1, and let a € O**+4(Q)
with diva=0 in Q and a-n =0 on I, g,€ O Q) with gy(x) >0
for each xze R, and be C**4(Qr) N C»(Qr) with rotbe CO*4(Qr)N
N C*(Qr).

Moreover we assume that ()

1
K,

oS 1
K0+ KK,

if Q2 is simply connected ,
Deo

A
(A4) %

otherwise .

(1) Added in proofs. In the authors’ papers « On the Euler equations for
non-homogeneous fluids » (I), (II) (to appear) condition (A) is dropped and
the three dimensional case is proved.

(?) The definition of K, is given in (3.4); those of K; and K, in (7.21),
(7.11) and (7.24).
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Then there exist

T,e]0, 7], v € CV*4(Qr,) N CH4%Qy,) ,
0 € C*4*4(Qy) , ne 0% Qr) N C+Y(Qy) ,

such that (v, o, ) is a solution of (E) in Q.

THEOREM B. Assume that g, and Vg, belong to L*(£2), min g, > 0
and that b belongs to L0, T; L>(R)). Then problem (E) has at most
a solution (v, p, ) in the class of wvector functions v € L™(Qr) such that
ov[ot, 0v/ox, and 0v[ow, are in L0, T; L(2)). The pressure is unique
up to an arbitrary function of t which may be added to it. This result
holds in dimension n>2.

For other uniqueness theorems see also Serrin [11].

The paper consists of two parts. In Part I we prove Theorem A
for a simply connected domain (2, and Theorem B. In Part II we
prove Theorem A in the general case, i.e. we assume that I" consists
of m + 1 simple closed curves Iy, I, ..., Iy, where I'; (j =1, ..., m)
are ingside of I, and outside of one another.

PART I

2. Notations.

Let ©2 be a bounded simply connected open subset of R2.

We denote by CO**), k non negative integer, 0 < A <1, the
space of k-times continuously differentiable functions in £ with A-Hélder
continuous derivatives of order %; by C°(Q,) the space of continuous
functions in Q,; by CYQ,) the space of continuously differentiable
functions in Q.

We set
. a(p , a|¢|+5(p
Dip= om,’ DeDigp= Oa%s 0x2ot?’
and
C¥"Qr) = {‘P € 0%Qr)|D*Dig e C*(Qy) if 0<j<k,

le|<h and j+ |«|<max (&, h)},
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0»(Qr) ={peCQr)lp is A-Holder continuous in ¢,
uniformly with respect to },

C*4Q;) ={pe€Ci(@Qr)|p is A-Holder continuous in z,
uniformly with respect to t},

Ori(Qr) = {p e 0%*(Qr) | D*Dip € O%Qu)
if j+ |¢| = max (k, k) or if j =k},

Crmti(Qr)  ={pe O*Qr)|D=Djp € C*}(Qr)
if j + || = max (k, k) or if |a| = A},

CrHatA(Q) = Cr+an(Qr) N CFMA(Qy) .

We denote by || the supremum norm, both in 2 or in Q,, and

by [-]s» the usual A-Hoélder seminorm in £. Furthermore we define

I(P(t, x) — g(s, .’L‘)I

= 8su
(%120 t,se[OI,)T] [t—s|* ’
t#s
2€Q
lo(t, ) — @(t, y)|
[plo,s = sup
Pl z,veR |(L‘ - yl" ’
TFY
tel0,T]
lp(t, 2) — @(s, @) |
= su
[@liip,0 t,se[()I,)T] It__ 3| )
t#s
zeQ

[lomy= sup P2 =9 Y)]

oeh lz—y|
TFY
tel0,T1

)

Finally, we set
Dol E”Z_IIID%PHM

llD"tpllmE! IZ'JID”PHM

and analogously for the seminorms [-]s, and [-Ja.

If w = (u,, u,) is & vector field defined in @, we write u € O»(Qr)
if wu, uy € 0»(Qz), and we set [#]a0 = [Ur]a0 + [%:]a; the _Same con-
vention is used for the other vector spaces and norms (in £ or in @r).
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We put
_(% _ o
Rot :(5@’—8—%)’
_ Ouy,  Ouy
rot u :8_501_5;2

where ¢ is a scalar function and « = (u,, %,) is a vector function.

3. Preliminaries.
Let g€ Cv1+3(Q,) with D,p e C»%Qr); we assume that

lelon+r=lple+ [Dol.+ [Dploa<d,
|1D:ple <B,

[D:@llo= | D:p| o+ [Diploa< C,
[-Dt(P]}.,O < D [}

(3.1)

where A, B, C, D are positive constants that we will specify in the
following (see (4.9)).
Let  be the solution of

— Ay(t, @) = (¢, @) in 2,
S T

for each te[0, 77, i.e.

(3.2) v, @) = [6(w, y)plt, y) dy

Q

where G(x, y) is the Green function for the operator — A with zero
boundary condition.
Put |xle,= z ||D°‘x[|m—[— E[D"‘gg],1 It is well known that there

exist constants c = o(/’l Q) sueh that

Ixls+a<eldxla+a,
(8.3) lxle+a<eldgla,
[Dyls <e|d%] e,

for each ye C*(L2) vanishing on I

9
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Moreover there exists K; = K,(2) such that

1
(3.4) sup f]VxG(m, Y| dy<§ K,.
Q

TER

It is sufficient to choose K, = 4nK diam £, where K is such that

K _
(3.4) ]VﬁG(w, y)l<ml ’ Vo, yeQ, x#y,

(see for instance Lichtenstein [7], pag. 248).
We obtain

LeEvMmMA 3.1. Let p € C114Qy) with D,pe C**(Qr) and let p be de-
fined in (3.2). Put

(3.5) v=Roty;

then v e Cv2t4(Qg), D,we C(Qy) and

o2+4  <c|@loa+a,
IDovle  <3Ei|Dep|o,

(3.6) [Dsvllo,1+2<c|Dsglo,,
[D;]10 <%K1[thp]z,07
[Dv]o,4 <0HDt‘P"m .

v

Moreover divo = 0 and rotv = ¢ in Qr, v-n =20 on [0, T1XTI.

PROOF. Since ¢ € C*1+4(Q,) c CY([0, T]; C++¥(2)) for each A'< A
(see for instance Kato [5], Lemma 1.2), it follows from Schauder’s
estimates that v e C°([0, T']; 0*+¥ (2)); hence v, Dv, D*v € C%(7). More-
over estimate (3.6), follows directly from (3.3),, i.e. v € C***}Qz).
Differentiating (3.2)' with respect to ¢, we have

(3.7) Doyt ) = 6@, 9) Dt y) dy ;
Q
since D,pe C**Q,), arguing as above it follows that D,ve C**+4Q;)

and (3.6); holds.
Applying the operator Rot to (3.7) we have

Do, @) = [Rot, 6@, y) Dugplt, y) dy
Q

and (3.4) yields (3.6), and (3.6),.
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Estimate (3.6); follows directly from (3.5) and (3.3);. Finally
remark that rot Rot = — A and that v-n is a tangential derivative
of p at the boundary. O

By using (3.1) one has

v
1D, <3K.B,
(3.8) D
[Dwlae <3K.D,
[Div]o,s <eB.

0,2+4 <c4d,

0,1+1<00,

Now we construct the stream lines of the vector field o(f, z). We
denote by ¢, ¢, €, ..., constants depending at most on 4 and (2.

We put U(o, t, ) = y(o), 0,t€[0, T], x€ 0, where y(o) is the solu-
tion of the ordinary differential equation

dy _ .
(3.9) 75 = (0, 4(9) in [0, T,
yit) ==.

Such a solution is global since v-n =0 on [0, 7] xI"; from ve C*(Qy)
one has Ue %[0, T]1XQxr).
We denote by |DU|,=sup |[DU(o, -, *)|. and analogously for
oel0,T]
each norm and seminorm involving U and its derivatives.

We have:

lo

LEMMA 3.2. The vector function Ul(o,t,x) satisfies the following
estimates :
|DU]. < 2exp[eT4],
[D*U|,<cTA exp[eTA],
[D2U]p<cTA(1 4 TA)exp[cTA],
[Ulip,o <cA exp[cTA],
[DUls,0 <eT*A(1 4 T*A%) exp[eTA],
[D2UL0<eT A1 + T*A*)(1 + TA)exp[¢TA].

(3.10)
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PRrOOF. One obtains these estimates by direct computation of the
resolutive formula

(3.11) U(o,t, %) = —I—fv(‘r, U(z,t, x))dz .
t

We give only the explicity proof of (3.10);. From (3.11) one gets

(312) D, U(o,t, ) = 0;;+ f g (Dwv;)(7, U(z,t, x)) D, Uy(z, t, ) dr
and t
(3.13) DU (0,1, @) =
=f Lzh (D3#v;) (7, U(z, ¢, 2)) D, U, (7, t, ) D; Uy(z, t, x) +
t + g (Da;)(, Uz, t, 4)) D3 Un(z, t, @) dv

Hence one obtains

% \D2. U0, t, #) — D Uylo, 8, ) | < T o — y |M{[D*v]0,s[ Ulg 16| DU | % +
+ 2| D*0| | DU [DUlo,s+ | D? U [D0)o,s[ Ul 10} +

+ | Dv] -%'D?" Un(7y ¢y @) — D3y Up(, ¢, y) | dT

and from Gronwall’s lemma
;klptzk Ui(o, t, ®)— D?Ic Ui(o, 1, y)l < le— yll'
{[D*)y [ UR 1| DUI% + 2| D] | DU DUy s +
+ | D2U | [ Dv]o L UL} i} €xp [T D0 ] -

From (3.10),, (3.10), and (3.8), one obtains (3.10),.
On proving (3.10), and (3.10;), recall that

0U (o, t, ) _ zaU(a‘, t, x)

: O
o ow, b ®)

(3.14)
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We now study the equation

a—9+v'Ve=0 in Qr,
(3.15) ot -
Q[t=0 = Qo in Q .

LEMMA 3.3. Let g€ C**4Q) and go() >0 for each x€ Q. Then
the solution of (3.15) is given by

(3.16) o(t, @) = Qo( U(o, 1, w)) .

Moreover g € C**4*t4(Qy) and

De <2 Do, exp [eTA],
Q © (] ©
2 2
BQ <0(TA Do + D )exp [eTA],
Qo © 90 ®
—"] ( Dol | [P )exp[cm],
© 2
(3.17) ¢ % - &
. -
P—i’] <0{TA(1+TA) Do -|—TA[ 9"] +
L 0 o, Qo Qo 2
+TA’% +[—-9—°]}exp[oTA],
90 © Qo A

[QQ] <°'{T1"A<1 12 422 @°
0 120

—{— Ar [Bg@] }exp [eTA].
o )4

PROOF. One easily obtains (3.16) by using the method of charac-
teristics. From (3.16) one has

Dh Qo

D;Q(t, x) _z (U (0, t, ®)) D; U,(0, 1, @) ,
k
r,h 0
4+ ED *% (T(0, ¢, ©)) DL U0, ¢, @) -

By using (3.10), we obtain easily estimates (3.17). m]
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4. The vorticity equation.

In this number we study the auxiliary equation

o o
(4.1) T UVe=y in Qr,
lt-0 = in 2,

where a(x) =rot a(»), (¢, #) =rot b(¢, ), and y(¢, x) is defined in Qr by

Rot g [ov .
o [Ft—l_(v V)v—b],

(4.2) y=F+

where a and b are as in Theorem A.
One integrates (4.1) by the method of characteristics and one
obtaing

b

(4.3) £(t, @) = (U0, t, 7)) + fy('r, Uz, t, @) dr .

0

We denote by ¢, ¢y, C,, ..., constants that depend at most on A, £,
1Dgo/0ollzy | D*eofeolss [blo,1425 121405 [Bllojies a0 [B]10-

LEMMA 4.1. Under the above conditions the following estimates hold:

Do,

[vlos <€+ TA) A2+ B+1)exp[eTA],
IDy|l.<e{1 + TA)(A*+ B +1) 4 C} exp [¢T4],
[Dyloa<e{(1 4+ T2A%) (A% + B +1) + (1 + TA)C} exp [cTA],

e <G{T* A0 41+ AXA*+ B+ 1)1 + TA)}-
Do,

lyle <€(A%41)exp[cTA]+

K,Bexp[cTA],

(4.4)

-exp [eTA] + K,Dexpl[cTA].

0 ||

Proor. It follows by direct computations, using (4.2), (3.8) and
(3.17). ]
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Finally we have

LEMMA 4.2. The solution {(t, x) of (4.1) satisfies:

18 00,142 <2142 exp [¢TA] + 6T {A|Dat| ., +
+ (1 + T24%)(4*+ B +1) + (1 + TA)C} exp[eTA],
1Dl w< 4| De| exp [¢TA] 4 6,(A2 + 1) exp [eTA] +
+8TA[(1 + T4)(A*+ B+ 1) + Clexp [eTA] +
+ |2

Qo

K,Bexp[cTA],

©

45) D, elr<c,A(|DC] o+ [DLLs) +

+¢(1 + TA)(A*+ B +1)exp [¢TA4],
[D:lla0<es A[DClso + ¢T**B| D], +
+ G A A2+ B +1)(1 + TA)exp [c¢TA] +
Do,

0

+ C(T+2AC 4+ 1) exp [¢TA] + K,Dexp[cTA],

@

where |DL| o, [D]o, and [DL];, are bounded respectively by (4.6), (4.7)
and (4.8).

Proor. From (4.3), (3.10) and Lemma 4.1 it follows easily that

I¢le <lalo+eT(A*+ B+ 1)exp [¢TA],
(4.6) | D¢|o<2|Da|nexp[eTA]+
+ &T[(1 + TA)(A*+ B +1) 4 C) exp [¢TA],
(4.7) (Do, 2 <2[Dalrexp [¢TA] +
+ 8T[A| D]+ (1 + T2A*)(A*+ B+ 1) + (1 + T4)C]exp[oT4],
hence (4.5),; holds.
From (4.1), one has D, =—v-V{+y, and by direct computa-

tion one obtains (4.5),, (4.5); and (4.5),.
Finally, from (4.3) it follows that:

(4.8) [DC]y0<esAMDalsexp [¢TA] +
+ 6T*4A(1 + T+A4%)| D], exp [eTA] +
+ 8T [(1 + TA)(A%+ B + 1) + C)(1 + T+ A+ exp [¢T4]. O
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We assume in the sequel that condition (A) of Theorem A holds, and
we choose the constants 4, B, C, D such that

A >2|aly4a,
Do,

B> K,B+ ¢, A|Da|,+ ¢, (424 1),

(4.9) C > ¢, 4| Da|| o+ 20, A || Daxl|a + (€, 4 C.) (A2 + 1) +

+ [“12—9 K1+62]B,

D
D> |22

Qo

K.D + 050, A*M D]y + C5(A* + B+ 1) A%+ ¢, .

©

From (4.5), (4.6), (4.7) and (4.8) it follows that there exists T, € ]0, T']
such that

[Elo142 <4,
1Dl <B,
[D:lloa<C
[Dllse <D,

(4.10)

where the norms are taken on the cylinder Qr = [0, T}] x Q. The set

(411)  S={peCQr)||plosi1<4, | Dip|-<B,
[ D:ipllo,3< Oy [Deplso <D}

is a convex, bounded and closed subset of C*(Qy,).
Moreover the map F: ¢ > defined by (3.2), (3.5), (3.9), (3.15)
and (4.3) satisfies

(4.12) F8)cs,
and, from (4.8),

(4.13) [DC];0<const, Vepes.

By the Ascoli-Arzela theorem and (4.11), (4.13) it follows that F(8)
is relatively compact in O%(@r,).
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Finally, we shall see that F is continuous in the C*(Qr,) topology,
hence, by the Schauder fixed point theorem, one has
LeMMA 4.3. F:8 — 8 has a fizved point.

Proor. It is sufficient to prove that F is continuous from 0*(Qy,)
in 0%Qy,), since F(8) is relatively compact in CY(Qr,).
Let ¢,e 8, ¢.—¢ in 0Y(Qr). From (3.2) and (3.5), one has

v > in C%Qyr,),

(4.14) Do — Do in OO(QT,) .

Moreover, from (3.7) and (3.4')

oo~ ov . 0
(4.15) Tt —> 3t mn C (QT1) .

On the other hand

|U(0,t, ) — Ulo, t, #)| < ’ [|'v" 7, Un(z, ¢, @) — (7, U™(7, 1, 2))| +

t

+ |o(z, U™(z, ¢, ®))—o(7, U(7,t, 2))|]dr|<
S Y O Ry % f U™z, t, @) — U(, ¢, 2)| 7|,
t

and from Gronwall’s lemma
|U*(o,t, ®) — Ulo, t, 2)| < T1|v,—v| ., €xp [Tl['v]o,llp] ’
hence U U uniformly in [0, 7,] X Qr,.
Analogously, one evaluates |D,U%(o, ¢, #)— D;U;(o,t, )| by using
(3.12), and this gives
| DU~ DU o< T4([ D)o 1l DU o] U— Ul [ DU | Do*— Do)
exp [14| D] -
Hence DU" — DU uniformly in [0, T7,] X@z,. Consequently

Rot g, N Rotp
On

(4.16) in 0°Qr,)
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and
ya(oy U0y 1, ) —y(0, U(a, t, #))  uniformly in [0, T}] XQr, .
From (4.3) the thesis follows. O

This fixed point { = ¢ = F[¢], together with the corresponding »
and g, is a solution of the system

0 Rot g [ov .
X 0wt =p+ 0% . Vyo—bd] in Qn,
ot ot
¢ =rotv in Qr,,
divo =0 in Qr,,
(4.17) 2_54_@,%:0 in Qg ,
VN =0 on [0, T,]xTI,
Cli=o0 = in 2,
oli-o = Qo inQ.

5. Existence of a solution of system (E) when Q is simply connected.

Since
rot[(v-V)v] = (divo) rot v + v-V(rot o)

one has from (4.17),, (4.17), and (4.17),

2 2
oTot [£+ (v-V)v—b] — Rot g[-a—’; + (v-V)v—b] :

We recall the general identity
rot (ow) = g rot w— (Rot o) w,

where p is an arbitrary scalar and w an arbitrary vector, and applying
it we obtain

(5.1) rot {g [%i; + (v-V)v— b]} =0 in Q.
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When £ is simply connected, it is well known that there exists a
scalar function € C%(@p ) such that (E), holds in @y .

Moreover € C* Q) N 0***4(Qz): in fact xn(t, x) is determined as
the integral of Vn-ds from a fixed point «, to x, along a path inde-
pendent of ¢. Since Vme C*°(Qy,), it follows that m e 0*°(Qr). The
other statement follows directly from (E),. Furthermore

rot (v);—o—a) =0 in Q,
div (v—o—a) =0 in Q,

(00— a)n =0 on I',

and consequently (E), holds.

Hence we have found a solution (v, 7, ) to problem (E) in @ .
This solution verifies the regularity conditions stated in Theorem A,
as follows from Lemmas 3.1 and 3.3.

6. Uniqueness of the solution of system (E).

Let (v, 7, 0) and (¥, 7, ) be two solutions of (E) in [0, T]x £,
under the conditions of Theorem B. We set u=¢—v, 6 =7 —n,
n = 0—p. On subtracting the two equations (E),, we obtain

ou,
(6.1) @‘[a—’tzg—}— (@-V)u + (u~V)v] =—Vo—1y [%—Z + (- V)v— b] .
On the other hand from (E), one gets

ww) + 5 (V) )

——~~
™
AL
N
~——
|
RO | =
ST
—_

2

where (, ) denotes the scalar product in L2(£) or in [L*(£2)]2. Taking
the scalar product of (6.1) with « it follows

1d 0
(6.2) 5 g (@ w) =— (6(w-V)v, u) — (17 [—;—; + (v V)v— b}, u),



132 Hugo Beirdo da Veiga - Alberto Valli

since

(6(5-V)u, u) + 3 ((5-Vo)u, u) =0 ;

recall that divi=0 and #-n =0.
Moreover, on subtracting the two equations (E);, we obtain

(6.3) %’g+v-vn ——u-V§

and taking the scalar product of (6.3) with % it follows

| &

(6.4) (nyn) =—(u-Vg,n),

DO =
I

11

since (v-Vg,n)=0.
From (6.2) and (6.4) one obtaing

(6.5)

RO | =

‘%J‘(@]ulz +9?) de = ——f@'[(u-V)v] cudw —
Q Q

—fn [Z—Z—I— (v-V)o—1b -I—Vé]-udw.
Q
Set

ft) =3[ (glul*+ n*)do

Q

Obviously f(0) = 0; moreover from (3.16) and (3.11)

1Vell=<21Veol» exp [ D] 220, z:z(2)]

and consequently from (6.5)

1'(8) <o(t) f(t)

where ¢(t) e L1(0, 7). By Gronwall’s lemma f(f) vanishes identically
in [0,T], i.e. #=w» and g=p in Qy.

Finally, from (E), it follows that Vo = V& in @, i.e. # = & up
to an arbitrary function of ¢,
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PART II

7. Existence of a solution of system (E) when Q is not simply connected.

Let Q be a bounded connected open subset of R2. We assume
that I' consists of m 4 1 simple closed curves Iy, Iy, ..., I'n, where
Iy (j=1,...,m) are inside of I’y and outside of one another.

We denote by v the vector field defined in (3.5) and by u®,
k=1,..,m, the vector fields introduced at the end of §1 in [4].
We have u®e C*4(Q), rot u® = 0, divau® =0 in £ and u®-n =0
on I We put

(7.1) o(t, ®) = v(t, ©) Eok(t Ju®(@) = v(t, ) + 0’ (¢, x) ,

and consequently we have divv =0 androt? = ¢ in @, % -n = 0 on
[0, T1x I'.
We define g(¢, #) to be the solution of

00 _

—+7-Vo=0 in
(1.2) ot ¢ O
é!t=0 = 0o in g.

Now we prove that there exist 0,(¢) € C**4([0, T']) such that

(7.3) (e [aaz; + (@-V)o— b] u"") =0 Vielo, T7,
(7.4) (31— @y u®) = 0

for each k =1, ..., m. We are going to use the Schauder fixed point
theorem.

We consider the map 0, > % from C°([0, T]) in C***}(Q,) defined
by (7.1), the map 7 g from C***4Q,) in C*°(Qy) defined by (7.2)
and finally the map (7, @) 0, defined by (7.3), (7.4), i.e.

o (t)

(7.3) fﬂmm i hz Lan()0,(8)0(2) + zmsu) + ()] 0,(8) +

+ pa(t) + vi(t) + ne(f) =0 in [0, T],
(T4)  6,(0) = (a, u®),
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for each k =1, ..., m. We have defined

Mis(t) = (@u®, w®) , Ui () = (@(u(") V)u®, u"")
Vis(t) = (@'(v~V)u"), u(k)) y Nes(t) = ( o(u®- V)U u"“))

III

7.5
(7.5) 1 (t) ( % u(k)), vi(t) = (@(U-V)v, u(k)) ,
N:(t) = — (b, u™®) .

Since u® e C**4(0), v € O124(Qr) N C1+4%Q,) and g e C+(Q,), all these
coefficients belong to C4([0, T]).

The notation ¢, ¢, ¢z, ..., will be used for constants depending at
most on A, 2, a, b, g,, m, u®.

Assume that estimates (3.1) hold and moreover

(7.6) sup [ $.0] = 1)<,
tef0,T1
where 6 = (f,, ..., 0,) and E is a constant that will be fixed in the
following.
One has
Ple <lvle+ % 10c] |0 o <E(4 + B),
(7.7)

|1 D?] o< | D]+ kZ 10:] - | Du®| o <(4 + EB) .

Define U(o,t, ) to be the solution of

U
o (0 ¢, @) = ¥(o, U(o, t, ) ,
Ut t,x) =ux;

one has, as in (3.10),:

oU

= 1PUll7lo<2]?]exp [T|D7].] .

(7.8)  [Ulipo = I

It follows from (7.7) and (7.8) that

(7.9) [T e <&(4 + E) exp [6T(4 + B)].
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From (7.2) one has §(t, ) = go(U(0, t, x)), hence

|]§"w< “90“00 ’

(7.10) [@1.0< [0oluolT1,0< T eolusl U n,0 -
Define
(7.11) K, = s‘,}p [u®]| a0

We have from (7.5)

lpxs o <E3[ ol w5 [ps]s <[00 Juip[ U Tuip,o »
| texan]l <€l Qol w5 [prenla <6T1_)’[90]HD[U]HD,0 ’
(ke 0 11785 ]| 0 <€A €0 o 5 _

esda + M2 <€A (|l 0] 0 + T *[00Juo[Ulin,0) »
luello <K K;B|QP} 00|

[x)s <&(D] o]l » + T *[0)io[ U tio,0 B)

[l <EAZ%||00| e, ]2 <842(] o]l o+ T * 00J11o U liyo) »
Il <€loolle, 12 <€(1 0]l + T**00J1o[ Ulhio,0) 5

where || = meas Q.
Let M(t) be the (m x m)-symmetric matrix {u,,(t)}. One sees easily
that |£|2 min g, < M(¢)&-& <max go|£|* for each £eR”, and
a 2

(7.12)

(1.13) 0< (min go)’" <det M(t) < (max go)’" vielo, T].
Q Q

The element g,,(¢) of [M(#)]™* has the form

(= 1)+ M., (2)

(7.14) () = det ()

where M,,(¢) is the minor of the matrix M(#) corresponding to the
(k, s)-element of M(t).
Hence
(7.15) ” i ” <(m—1)!K2m=D ”90”"‘—1
:uks oS Ay _—(m—!n go)m’
Q2

i,3,h,r

1 1
[ea< (l\,uﬁlli.",“z (min o) + s | 3mv W) [pnrlay
Q Q
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and by using (7.12)

(7.16) [fes]s <ET**[06]uol U Lo 0 (HQo“Z’S_2 n "00"5;1”—1)]

min g,)” * (min gy)2m| "
2 o)

Applying [M(t)]™* to (7.3)', one obtains

an, m
ran DO = 5 A0, + 2 [ee(?) + 7ea(t)164(2) +
+ () + 9e(t) + 7:(2) in [0, T,
where
(7.18) fa(t) = % i(8) pa(?)

and analogously for the other coefficients.

Obviously the system (7.17), (7.4)’ has an unique local solution
0.), k=1,...,m

Moreover, taking the scalar product of (7.17) with 6(¢), one has

e g lgols
2 @ o< ‘ (min g,)"
(7.19) {0+ A10@) 2+ (A2 + B +1)|6(2)|}
16(0) <& al%

Hence, if we choose E > |all, in (7.6), we see that there exists
T* €10, T] such that

0@)|<E in [0, T*].
If we put
8, = {b(t) e (10, T*1)| | 6] < B}

and we denote by F, the map 6> 0 defined by (7.1), (7.2), (7.17)
and (7.4)', we have F,(8,)c §;.

Moreover from (7.17) and the Ascoli-Arzela theorem, it follows
that F,(8,) is relatively compact in C°([0, T*]).

Finally, we see eagily that F,: 8; — 8, is continuous, consequently
F, has a fixed point in §;.
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Hence equation (7.3), (7.4) has a local solution 6(t) € C*2, We
want to prove that 0(¢) is a global solution.
From (7.3) we have

ov o’ 0
0—([ +@Vi-1],0 ) (%) +(e5 ) +
+ (6(@-V)v',v') + (8(@-V)v, v') — (gb, v') .
Moreover
(6(@-V)v',v') =—4%((@-Vg)v',v'),

and from (7.2)

1d PO _Bv’ I 1, _ =\l !
éd—t(evav):(93{7”)“5((0'V£’)vav)'
Hence
1d = A _a@ ’ =7 ’ - I - ’
0=M<ev,v)+(95;,v)+(e<v V)2, v) + (@0 V)0, v') — (@b, 0'),
1.e.
14d
'z"—d_kz ks(t)ek O(t)——-

= — ;,uk(t)ek(t zﬂks(t)ek t)9 (1) — zvk ek znk 0lc
Consequently

[M(t)0(2)-0(t)]1 <& ool [A|0() >+ (424 B+ 1)]0(1)|] <

(4°+ B +1)
Vm lngo

ROl
&l

V' M(1)0(t)-0(2)

<% ol > [IEZ:—Q; M(t)6(t)-6(t) +

M(0)0(0)-6(0) <& o] @] -
Set

eolw
= 2¢, A2+ B+1 o, = 26
&y = 4Cq \/mm 2 ( + + ) 2 (] min g,

10
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the solution y(¢) of

{ y'(t) = a, Vy(t) + aay(?)
¥(0) = ¢+ ool lall% ,
satisfies

o+ oy \/y(t) = [“1 + “z\/?/ ]exp [(“2/2”] ’

Hence by comparison theorems

A4 B 41 ] — 2
ool = (eXP 5 t]—l) +)/e ,n'Lfn" fol.exp[21]

vtelo, T],
i.e. 0(¢) is a global solution in [0, 7] and

(120) [0l TP H (oxp [6AT) — 1) + & exp [BAT) <
<€(A42+ B+ 1)T exp[CAT] + és exp [€AT] .

Define

(7.21) K=m! A5 gona o

(mm (min g

From (7.12), (7.15) and (7.18) one has
]| o < Ko K, B

Consequently, from (7.17) and (7.15), (7.16)
d o R
(7.22) S| <6(l6ls + 42 +1) + KK, B,

(7.23) [%9;]56,0(442 +AlB].+1) + EED+

4 8T ([T higyo + 161w+ 4) (1015 + 4*+ B+1) .
Finally, define

(1.24) K ,=+/2 [; |1u<k>||z,]* ;
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from (7.1) and (3.8) one has,

IBllop+s  <&(4 + 10]s)

a9
dt

)

_ ao
[Dt”]l,o <K,D+ K, [E] )
i

)
@

.
7Eﬂ+R‘§9-[§;+ (5-V>6—b]

|D:?|. <K,B-+ K,

)
©

_ . a0
“-Dtv“o,1+1<c (0 + ”‘Ji

(7.25)

(D% <6(B + ”%%

which replace estimates (3.8).
Set

in Qr;

by replacing », U, o, y with 9, U, g, 7 in the proofs of Lemmas 3.2,
3.3, 4.1 and by using (7.25) one obtains:

LEMMA 7.1. Let (i, x) be the solution of

of . ,
34; V(=7 in Qr,

zlt-—-o = i !_j .

Then Lemma 4.2 is true if we substitute in (4.5), (4.6), (4.7) and (4.8)
¢ with &, A with A+ |0|., K,B with K,B -+ K,|d6/dt|., B with
B + |d6/dt|,, C with C + |df/dt|,, K,D with K,D -+ K,[d6/dt]s.
Constants ¢ and ¢, ¢; and ¢; must be replaced respectively by ¢, C,.
We will denote these new estimates by (4.5)', (4.6)', (4.7) and (4.8).

Hence the existence of a solution of system (4.17) will be a con-
sequence of the existence of a fixed point for the map F: @ L.

First of all, we prove that there exists T,€]0, T'] such that
F(8)c 8, provided that 4, B, 0, D are chosen in a suitable way
in (4.11).

By using (7.20), (7.22) and (7.23), we obtain from Lemma 7.1
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that in @, one has

ICloa1a <h(T, 4, B, C),
”thllou <f(T, 4, B, C),
"DtZ”o,i.<f3(T7 4, B, (),
[DiClae <fu(T, A, B, ¢, D),

(7.36)

where the functions f, are continuous, non-negative, and non-decreasing
with respect to each variable. Hence, if we fix 4, B, C, D such that
71(07A’B7 C) <'A’
f2(07A7B’0) <B’
f:(0,4,B,0) <C,
fa(0, 4, B, C, D)< D,

(7.27)

there exists T, €10, T'] for which

”5[0,14»1 <f1(T17 A7 B7 O) <A ’
(7.28) “Dt§”m <f(T:,4,B,0) <B,

”Dtcl|o,l<f3(T17A, Br 0) <07

[th]l,o <f4(T17 A7 By 07 D)<D7
in Q.

It is easy to verify that (7.27) has a solution, provided that condi-
tion (A) is satisfied. For example, one can choose successively

A>2]]y4as
Do,

0

B> K,(1+ K;K,)B + &,(4 + &) || Do  +

” D
+ a4 + et 1]+ |22
C > B + 28,(A + &)| De||s +
4 6{(4 + &)+ B +&(@& + 4*+1) + K, K, B +1},
Do,

Qo

+ &G4 + 8)* + B+ &(% + 42+ 1) + K, K, B + 1]

(A B4+ “1;"

K, (0 + A"+ 1),

©

(7.29)

D>

K1+ K, K,) D + &8,(A + &) [ Dals +

©

K,&o(A*+ G4 +1).

©
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Lemma 4.3 is proved as before, provided that F: § +> § is continuous
from CYQy) in C%Qr).

Hence, we must prove that if ¢,—>¢ in C{Qr), p.€ S, then 7,
and 7 satisfy (4.14) and (4.15). Since v and » satisfy these last condi-
tions, it is sufficient to prove that

6" — 0 uniformly in [0, T.],
ao~ do

o @ uniformly in [0, T.];

we begin by recalling that ¥" and g, satisfy

9@. .
+ IU” V n = O n Q 1)
(7.30) ¢ !

Onli=0 = 0o in Q,
(7.31) (9 [a;; + @V)7" —b] u“") —0  Vie[o, T,
(7.32) (7] mo— @, u®) = 0,
for each k=1, ..., m

Set now n=0,—9, W' =0"—0, u=0"—0, U="—0=u -+ u';
one obtains from (7.3)

(7.33) (e[ +vv>v—] m) (n[azz-l*(vV)v—b] <k>)=0.

On substrating (7.33) from (7.31) one has
ou _ _ o 00, _ o - "
On [at (- V)u + (v-V)v] yuP | =—|n [52 + @ V)o—bf,u®],
and multipling by 6;—0,
(7.34) (* [al+(m V)u' 4+ (u' V)v] ):

= —(én [aa_z; + @ V)u + (u-V)ﬁ]-, u’)—(n [aﬁ + (@-V)o— b], u) .

2l



142 Hugo Beirdo da Veiga - Alberto Valli

From (7.30),
_ ou' iad,_ , , 1, o,
(Qn at’“)=§3§(9nuﬂb)+§((v”'Ven)u,u)

and moreover

2
(@9 ) =3 3 (0,01 G ao = — 5 (@ Vgaw', )
3
Q

Hence (7.34) becomes

1
(1.35) 52 (@) + (@ V)T W) =

a
d
_f[ow _ o0 _ o
—| @ 5+(v"'V)u+(u-V)v yu | =|\n |5+ @VIT=bf,u ).
On other hand, from (7.30) and (7.2) one obtains
—~+0Vp=—u"Vg,—u-Vg,,
and taking the scalar product with #

(7.36) 7 (1) = — (nu'y V@a) — (nu, V@,) .

[N
&‘]g,

Set f(t) = L(@.%'y ') + % (n,n): from (7.35) and (7.36) one has

d -, oo  ov -
Etf(t)<c(9nu’“)+ o o mf@ﬂl'”’ | dos -
Q
+c[le"—Dvl]mf'nlu’[dx—i—cllv”—v{lmf@nw’]dw—%-
2 @

+o Inllu’ldw+0Hv"—vllmf|nldw,
2

Q
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since |o"|., and |Vg,| . are bounded, and 0 < min g,< @.(¢, %) < | G0 o«
Hence a

{ ') <ef(®) + e V(1)
f(0) =0

where ¢, — 0, and consequently by comparison theorems

(7.37) () < (%")2 (exp [c—zt] — 1)2 in [0, T,] .

Estimate (7.37) gives

sup |[o"*—'| g2y > 0,

(7 38) tel0,T,]
) Sup [|@n— @l = 0,
te(0,T,1
i.e.
(7.39) sup |6"(t) —0(t)| = sup [v'"—v'| @) 0 .
tel0,T,] te(0,T,]

Moreover from (7.5) one has

| s prral < SUD [ 2w — @l 2ar >0

0,T,

and analogously for the other coefficients.
Consequently from (7.14) it follows that

”ﬂ;c.s__ llzkn”m_n) O ’

and the same is true for each coefficient in (7.17); hence we conclude
that

As in § 4, we have proved that

do~ db

W_;l_t —=0.

n
@

ov

rot{@[g_t+(17-V)6~b]}=0 in Qr, ,
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and moreover °

(g [%Jr(a-vw—b],w’) =0 Vielo, T4],

(Bli-o— a, u®) =0,

for each k=1, ..., m.

As in Kato [5], Lemma 1.6 (see also Hopf[4]), it follows that
there exists a scalar function % € C**(Qr,) such that (E), holds in @,
The further regularity properties of 7 are proved as in § 4, since v
has the same regularity of v.

Finally, by using (7.4) one obtains that ¥|,, = a in Q, i.e. we
have found a solution (7, %, g) of system (E) in Q.
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