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6-Mappings and quasiconformal
mappings in normed spaces

GIOVANNI PORRU (*)

Introduction.

The 0-mappings introduced by Gehring in [2], and some defi-
nitions of guasiconformal mappings in R”, are meaningfull in every
normed space. But such mappings have investigated, till now, almost
exclusively in R?. Indeed, most of the procedures used in R" (as
Lebesgue integral) are meaningless in a infinite dimensional space H.

In this paper we consider 6-mappings in a real normed space,
and we prove for them a compactness theorem. Further, we show
some properties of sequences of 0-mappings. Next we consider the
metric definition of quasiconformal mappings in a real normed
space, and we give a relation between the 6-mappings and the quasi-
conformal mappings.

1. 6-MaPPINGS. Let H be a real normed space and 2, Q' domains
of H. Following Gehring ([2], pag. 14) we give the

DEFINITION 1. A homeomorphism TX of 2 onto ' is said to be
a B-mapping if there exists a function 0(t), which is continuous and
inereasing in 0 <t <1 with 6(0) = 0, such that the following are
true.

(*) Indirizzo dell’A.: Istituto Matematico Universitd di Cagliari -
09100 Cagliari, Italy.
Lavoro eseguito nell’ambito del GNAFA del CNR.
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(i) IfX,e Qand |X — X,| < inf | X, — Y|| = o(X,, 682), then
YeoQR

17X — TX,| _ 0( [Xo — X )
o(TX,,02) ~ o(X,, 00)

(ii)  The restriction of TX to any subdomain A <, satisfies (i) .
For the 0-mappings we now prove some properties.

THEOREM 1. Suppose that {T,X} is a sequence of O-mappings
(with the same distortion function 0(t)) of Q, that

lim T,X = TX

n—>oco

uniformly on each bounded domain A < Q such that o(4, 082) > 0,
and that TX is a homeomorphism. Then TX is a G-mapping.

ProoF. Let 4 < 2 be a bounded domain such that o(4, 92) > 0,
and set 4, = T,(4), A' = T(4). Since T,X are 0-mappings we
have, for X, € A:

@)

;w@&—mXﬂ<0<WX—Xﬂ>,n=me

o(Tr Xy, 047) o(X,, 04)
for | X — X | < o(X,,04). We have to show that

- IoX I3 (LX)

o(TX,, 04’ o(X,, 04)
for | X — X,| < o(X,, 04). First we prove that

3) liminf o(T,X,, 0A}) < o(TX, , 04') .

Nn->o0

We may suppose o(TX,, 04') < co. If (3) is not true there exists
a subsequence |T,,X{ and a positive real number o such that

(4) :im o(T,, X,, GA,;k) = o(TX,,04') +o.
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From (4) it follows that there exists a finitive » such that
(3) o(TX,, 84,) > o(TX,, 94') + o2

for £k > ». By (5) we may find at least one point X' € 94’ and a
ball B(X',r') centered in X', radius r’, and contained in 4, , for
k > v. Further we may take a second ball B(Z', r) = B(X', r') with
B(Z',r)n A" = @. Let Z,, be the points of 4 such that ThZy = Z'.
Since {7, X| converges uniformly to TX on 4, we have

T2, — Z'|| = |TZ; — TnkZIc” <r

for & > » , where » > » is a suitable finite number. The latter ine-
quality shows that T'Z, belongs to B(Z',r). Hence, we obtain a
contradiction and inequality (3) does hold.

Since
lim |T,X — T,X,| = |TX — TX,|,

n->o0
from (1) and (3), we derive (2).

Let now 4 be a subdomain of Q. If X, € 4 and o(X,, 94) = o0,
let 4,, = B(X,,m). For the previous result we have, for |X —
— Xl <m:

IrX T (Xl ) (10 = )
oTX,, aA;n) B o(X,, 04,,) m ’

where 4, = T(4,,). Since lim §(|X — X,||/m) = 0 it must be

m->oo

lim o(TX,, 04,) = co.As o(TX,, 04") = o(TX,, 04,)

m->o0
it must be again o(7X,, 94') = co, and inequality (2) holds for
such A.

Finally suppose 4 < 2, X, 4 and such that p(X,,4) =

=c¢ <oco. Let 4, = B(X,,c — 1/m) with m > 1/c. Inequality (2)
holds for 4, . Further we have A’ = T(4) > T(4,,) = A,,, hence

o(TX,, o4') = e(TX,, aA‘I;l) y 0(Xgy aAm) = 0(Xy,04) —1/m



176 Giovanni Porru

and

L LR S S VI EE R
Q(TXO,{)A') T oe(TX,, GA,;) - Q(XoraAm) Q(XoaaA)_;,

For m — co, because 0(f) is continuous, we obtain inequality (2)
for such 4.

THEOREM 2. Suppose that {T,X! is a sequence of 0-mappings
of Q and that
lim 7,X =TX, |[TX| < oo
Nn->oco

in Q. Then TX is either a constant or a continuous and injective mapping.

In order to prove the Theorem we give some lemmas whose proofs
are similar to those done by Gehring for H = R» ([2]).

LemMMA 1. Suppose that {T,X} is a sequence of 0-mappings of Q
which are locally uniformly bounded on £2. Then T,X are locally
equicontinuous in .

ProoF. Let Z € Q and let B(Z, r) be a ball centered in Z, radius
r < o(Z, 12) and such that 7T,X are uniformly bounded in B(Z, r).
Choose X, € 2 — B(Z,r) and let 4 = Q — {X,}. By hypothesis there
exists a finite constant A (depending on B(Z, r) and X,) such that
1T X — TpXoll < | ToX[| + | T0X,] = 4
for X € B(Z,r) and all n. Hence
(6) o(T, &, (9A1’,) = ”TnX - TnXOH <4

for X € B(Z,r) and all n, where 4, = T,(4). Since r < o(Z, 982)
and XO ¢ B(Z7 1‘),

(7) o X,94)=a >0

for X € B(Z,r). Now fix X € B(Z,r) and choose Y so that |[¥Y —
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— X||< a. Then

1T, Y — T X _ 9( |Y — X| )
o(T, X, 04,) — o(X, 94)

and, for (6) — (7),

IT,Y — T,X|| < A 0(@__5;“_1).

Since lim 6(t) = 0, this implies the desired equicontinuity of 7,X
t>0+

in B(Z,r).

LEMMA 2. Suppose that {T,X! is a sequence of O-mappings of
2 onto £, , that
sup | T, X, < oo
n

for some X, e Q, and that
sup 0(0, 082,) < oo
n

where O denotes the null element of H. Then T,X are locally equicon-
tinuous in L.

ProoF. Fix a so that 0 < @ < 1. Then, if we choose ¥ € £ and
X so that | X — Y| < ap(Y, 02) we have

”TnX - TnY” < 6(a) o(T,Y, ag;z)

for all n. Since

o(T,Y, 02,) < | T, Y| + 0(0, 0£2;)
we thus obtain
(8) IT,X||< M |T,Y| +N

where
M =1 +0(a), N = 06(a)supe(0,082,)
n

12
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In particular we conclude that each point ¥ € £ has a neighborhood
U= U(Y)< Q such that (8) holds for all X € U. Next, if we

a
choose X € Q and Y so that |[¥ — X|| < 5 o(X, 082) we have

1Y — X< (e (¥,02) + ¥ — X])

and thus

a
Y —X|| <
” ” 2

oY, 892) < ag(Y, 09).

Hence we see that each point X e 2 has a neighborhood V = V(X)c2
such that (8) holds for all Ye V. Now let @ denote the set of points
X € Q for which

sup|T,X| < oo.
n

If Y e @ and if U is the neighborhood described above, then (8)
implies that

sup||T, X || < Msup||T,Y| + N
n n

for all X € U. Hence U <« @ and @ is open. Similary, if X e 2 — @
and if V is the neighborhood described above, the same argument
shows that V < Q — @, and hence that 2 — @ is open. Since £ is
connected and X, € @, we conclude that @ = 2. We have shown
that for Y € @, sup|T,Y| < co. Further, by (8), follows that T,X
are uniformly bounded in a suitable neighborhood U(Y). The locally
equicontinuity is now a consequence of Lemma 1.

LeEMMA 3. Suppose that {T,X}{ is a sequence of 0-mappings of
Q, and that

sup|| 7, X[ < co, sup||T,X,| <oco
n n

Sor a pair of distintic fized points X,, X, € Q. Then T,X are locally
equicontinuous in Q.
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Proor. Let A4 =Q — {X,}and 4, = T,(4). Then T,X, € 34,
and hence

sup (0, 04,) < sup|T, X || < oo.
n n

Lemma 2 implies now the locally equicontinuity of 7',X in 4.
Interchanging the roles of X, and X, we obtain the desired conclusion.

LeEMMA 4. Suppose that {T, X} is a sequence of 6-mappings of Q,
that
lim T,X = TX, |TX| <o

n->0

in 2, that T, X £~ Y, in 2, and that

lim Y, = Y.

N->co

Then either TX £ Y' in Q or TX =Y in Q.

Proor. Let G be the set of points X € 2 for which TX = Y'.
Lemma 3 implies that T, X are locally equicontinuous in £. Hence
TX is continuous and G is closed in £. Now suppose X, € @ and
let U be the set of points X for which |X — X || < ao(X,, 69),
where a is some fixed constant, 0 < a < 1. Then we have

IT,X — T,X,| < 6(@)e(T,X,, 62,)
for all X € U, where Q] = T,(2). Since Y, ¢ Q2,, we see that
e(T,Xo, 882;) < | ToX, — ¥,
and hence

|ITX — TX,|| = lim |T,X, — T,X| < 6(a) im |T,X, — Y| = 0
Nn—>oco

N->00

for all X € U. Hence U « G and G is open. Since 2 is connected,
we conclude, as desired, that either @ = 2 or TX = Y' in Q.

Proor oF THEOREM 2. Lemma 3 implies that T',X are locally
equicontinuons in £, hence T'X is continuous. If 7X is not one to



180 Giovanni Porru

one, we can find a pair of distintic points X,, X, € 2, such that
TX,=TX, =Y .Let 4 =Q—{X,}and T, X, = Y. Then T, X =
# Y, in 4 and

lim ¥, =Y

N>+ o0
Since X, € 4 and TX, = Y', Lemma 4 implies that TX = Y’ in
A and hence that 7X is constant in .

2. QUASICONFORMAL MAPPINGS. Let H be a real normed space,
0, ' domains of H and TX a homeomorphism of £ onto £'.

For X, 2 and 0 <r < o(X,, 02) we set

L(X,,r)= sup |TX — TX,|
I1X = Xoll=r

1(X,,r) = inf |TX-TX,
[X—Xo|=r

. L(X,, )
X, = lim sup ———
(Xo) r—>0+p 1(X0 y 1)

According to Gehring metric definition of quasiconformality for
H = R*, we give the following

DEFINITION 2. A homeomorphism TX of a domain Q onto a
domain Q' is said to be K-quasiconformal if 6(X,) < K for every
point X, of 2. TX is quasiconformal if it is K-quasiconformal for
some K (finite).

If H = R", a homeomorphism is quasiconformal if and only if
it is a O-mapping ([2]). Now we show the following

THEOREM 3. A homeomorphism TX of 2 onto L' is quasicon-
formal if T'X is a 6-mapping.

ProoF. Let Xy e 2 and ¢, 0 < ¢ < o(X,, 092), so that

© ITX-TX,|| < o(TX,, 58
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for | X —X,|| <e. Next, for each r, 0 <r <e¢ and &> 0, choose
X, and X, so that ||X;—X||=|X,—Xo/|=r and so that

L(Xy,7r) = sup ||TX—-TX|<|TX,—TX,|+¢
(10) I X—Xol=rl
1(X,,r) = inf ITX —TX | >|TX,—TX,||— ¢
I X—Xoll=r
If for some » and for each ¢ is

(11) 1(Xy,7r) +e>L(X,,7r) —¢

then we have 1(X,,r) = L(X,,r) for such r. If r is such that (11)
is not true we have, for 0 < & < g, ¢, suitable,

(12) 1(X,,7) +e<L(X,,r) —¢.

Let 4=0Q—{X,} and A’ = T(4). Then A'=2' —{TX,}. From (9),
(10) and (12) we obtain

ITX,—TX|| <1(X,,7)+e<L(X,,r)—e<||TX,—TXo|=0(TX,, 84’) .

Since 7! X is a 0-mapping we have

_lzoex) - x| (um— Txon> e ( 1(X,, r>+e)
o(IY(TX,), s4) - o(Tx,, 04") L(Xy,r)—e
and, as 0(¢) is increasing,

L(Xy,r)—e _ 1
1(Xy,n)+e 611

For ¢ — 01+ we obtain

LXy,n _ 1
1X,,n ~ 07

and also

L(X
lim sup (Xo,7) < 1 _
roo+ 1(Xg,7) 6—1(1)
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As the latter inequality holds for each point X, of £, the theorem is
proved.

Theorem 3 can be improved if TX is a diffeomorphism, that is
a homeomorphism of 2 onto £, such that TX and 71X are diffe-
rentiable. For this we have:

LeMMA 5. Suppose that TX is a quasiconformal diffeomorphism
of Q onto Q'. Then the diffeomorphism T—X of ' onto Q2 is quasi-

conformal.

ProoF. Let X, 2. If A denotes the Fréchet derivative of 77X
in Xy, we have ([3]), for some constant K,

AZ AZ
(13) 0<supu§ K inf u
zro 2]l zro  |1Z]
Since the derivative of T—'X in TX, is 471, (13) implies
AY AY
(14) O<supu§Kinf u
v~ Y] r=o ¥

If X, ranges onto 2, then 7X, ranges onto £', and (14) does hold
in every point of £'. Thus ([3]) 7—'X is quasiconformal.

Theorem 3 and Lemma 5 give the following.

COROLLARY. A diffeomorphism TX of 2 onto £2' is quasiconformal
if TX is a O-mapping.
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