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On an Evolution Equation in Banach Spaces.

ROSANNA VILLELLA BRESSAN (*)

Vengono provati risultati sull’esistenza, unicità e regolarita delle

soluzioni di un’equa,zione di evoluzione semilineare con condizioni ai limiti
non lineari.

1. Introduction.

In this paper we shall prove existence, uniqueness and regularity
theorems for an evolution equation in Banach spaces. The evolution

equation is a semilinear one and, in addition, the boundary conditions
imposed are non linear in nature. The existence and uniqueness results
extend those obtained by the author in [12] and the regularity results
seem to be new.

The equation under study is of the form

where, for each t, the linear operator - A(t) is the generator of a con-
traction semigroup, F is a non linear function and T generates the non
linear boundary conditions.

(*) Indirizzo dell’A. : Istituto Matematico c G. Castelnuovo », Universith -
00100 Roma. These results were obtained while the author was supported by
a fellowship from the Consiglio Nazionale delle Ricerche at the University
of Sussex, Brighton, England.
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In [12] we dealt with the case when A(t) was independent of t.

Here this requirement is relaxed and similar existence and uniqueness
results are obtained for this more general situation. The solutions

obtained are « generalized solutions)&#x3E; in general; however, y under sup-
plementary hypotheses, they are shown to be strict solutions; this

yields regularity results.

2. Assumptions and results.

Let X be a Banach space and B(X, X) the space of the linear

bounded operators from X to X; let Y be the space C(0, T; X) or
T ; X), VVe denote I the norm on X, by I - the

norm on B(X, X) and by 11’11 ~l the norm on Y. If g is a Lipschitz con-
tinuous function from X to X (from Y to Y) we denote by )g]i
(by the Lipschitz norm of g, i.e.

VVe shall studyT the equation

where, for each t, - A(t) is the generator of a linear contraction semi-
group, ~’ is a function from DF c [0, T] X X to X and T a (in general
nonlinear) closed operator from Drp c ..~ to X.

DEFINITION 1. Let v(t) to 0(0, ~’ : X) (to Lp(O, T; X)). The

function u(t) from [0, T] to X is a strict solution of equation (E) if it

is continuous in [0, T] tvith ~(~(o) ) = u(T), continuously differentiable
in [0, T] (differentiable a.e. in (0, T) and belongs to EP(O, T ; X)),
forr each t E [0, T] (a.e. in (0, T)) u(t) belongs to (t, ru(t))
belongs to Dp, and (E) is satisfied for t c- [o, T] (a.e. in (0, T)).

DEFINITION 2. Let L be an operator from DL c Y to Y. We call u
a generalized solution of the equation Lu = v, v c Y, if there exists a

sequence {un} E DL such that - u aryad v.
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We define the operators

and

DEFINITION 3. W e call u ac generalized solution of equation (E) it
it is a generalized solution of the equation

In [12] we gave sufficient conditions for the existence and uniqueness
of a generalized solution of equation (E) in the case when A(t) was
independent of t. Here the assumptions on A(t) are that

1) - A (t) is for each t the infinitesimal generator of a contrac-
tion semigroup; the domain of A(t) is independent of t;
there exists a unique evolution operator, U(t, 8), for the fan1ily {-A(t)},
i.e. a function from ..T’ _ ~{t, s) E ~~, © c s c t c ~’~ to B(X, X ) such

that for U(t, s) x is continuous from T to X ; for each

U(t, and

and ~~t, s) ~B~g,g~ c ~ ; every strict solution of equation

can be expressed by

Moreover, when we dealt with the space C(0, T ; X), we shall

assume that
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2) for each x E D, A(t)x is continuous from [0, T] to X; ( +
-~- A{t) )-1 is strongly continuous from [0, T] to B(X, X) for each

~&#x3E;0;

3) is, for each t in [0, T] a bounded operator and if we set

then, for each 0(0, T ; X), the function (s, t) - k(t, s)v(s) is in-

tegrable on r and, for each T], the function is

continuous on ( s, T] uniformly for s in [0, T].

When we deal with the space T ; X) we shall assume, instead
of 2) and 3), the following

2’) and ( .~. -]- A ( t ) )-1, ~~ &#x3E; 0, are strongly measurable on

(0, ~’) ; the function t -3- is weakly absolutly continuous on

[ s ~ ~’] for each x E D and s E [ o, T].

3’) is, a.e. in (0, T), a bounded linear operator and if

we set k(t, s) = A(t) U(t, s)A-I(s) then k(t, s),v(s) E Ll)(F; X) for each

v(s) E L"(O, ~’; X).

Under such hypotheses on A(t), we shall prove the following exist-
ence and uniqueness results :

THEOREM 1. Let the conditions 1), 2) and 3) (the conditions 1), 2’)
and 3’ ) ) be satisfied. For &#x3E; 0 let (q - exp [- U(T, 0 ) )- ~ be
a Lipschitz continuous f unctian from X to X such that

and

Let f be a accretive continuous operator f rom Y to Y. Then for each
v(t) E C(0, T; X) (for each v(t) E Lp(O, T; X)) there exists a unique gen-
eralized solution of equations (E).

THEOREM 2. Let the conditions 1), 2) and 3) (the conditions 1 ), 2’ )
and 3’ ) ) and
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be satisfied. Let cp-l be a Lipschitz continuous function f rom X to X
such that

Let f be a accretive continuous operator from Y to ~’. Then, for each
v(t) E C(O, T; X) (for each v(t) E Lp(O, T; X), there exists a unique gen,-
eralized solution for equation (E).

We shall prove also:

THEOREM 3. Let the hypotheses of Theorems 2 be satisfied and let
the equation

have a strict solution f or each v(t) E Y when ~, &#x3E; 0 . Then the equation,
(E) has a unique strict solution.

From this theorem, using similar arguments to those used by
Da Prato in [2], regularity results for the solutions of some partial
differential equations are deduced.

3. Proofs of the theorems.

In order to prove Theorems 1 and 2, we show that, in such hypoth-
eses, the closure, B, of the graph of the operator B is m-accretive.

As f is a continuous accretive operator from Y to Y, it follows from
Barbu’s result [1] that B -E- f is m-accretive, and hence equation (E)
has a unique generalized solution for each v(t) E Y.

We give the proofs only in the case Y is the space C(0, T; X ) ;
the proofs in the case Y is the space T; X) are analogous.

LEMMA 1. Let v(t) be a member o f Y such that v(t) E D for each
t c [O, T] and If

then the u(t), A(t)u(t) and du(t)jdt to Y.
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PROOF. Since the map (t, s) - U(t, s) v(s) is continuous on I‘,
Y. From condition 3), it follows that A(t) U(t, 

is integrable and the map is contin-

uous. As A (t) is closed,

Thus A(t)u(t) and du(t) jdt = v(t) +A(t)u(t) belong to Y.

LEMMA 2. Let the conditions 1), 2) and 3) be satisfied. Let the map

g~ - U(T, 0) be invertible and let U(T, 0) )-~ be continuous and

Then the equation

has the unique generalized solution

PROOF. Let u be a generalized solution of equation (8). Then there
exists a sequence such that an - u and BUn -&#x3E; v.

Setting

we have

where
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Since and 11 it follows that

and, as
L 

is continuous

Therefore u is given by (9).
We shall prove now that function (9) is a generalized solution of

equation (8). Set

where

From Lemma 1 and condition 3), it follows easily that un belongs
to DB .

It is known that Hence from condi-

tion ]) we have also that
-- y. i

It follows that
I and

PROOF OF THEOREM 1. It is enough to prove that B is a m-accre-
tive graph. From Lemma. 2, the equation

has the unique generalized solution
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Then (I -~-B)-1, 2 &#x3E; 0, is the graph of a function from Y to Y. More-

,over, if vi and v, belong to Y, we have

and then Hence B is m-ac-

cretive.

PROOF OF THEOREM 2. The proof is exactly similar to that of

Theorem 2 of [12] so we omit it.

PROOF OF THEOREM 3. It is enough to prove that, under such
hypotheses, the operator B is closed. This follows from

LEMMA 3. Let the hypotheses of Lemma 2 be satisfied and let

U(T, 0) X c D. If the equation (6) has a strict solution for each v(t) E Y
tuheu ~, = 0 , then the equation

has a unique strict solution.

PROOF. From conditions 4) and 7) it follows that
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belongs to D. Thus the problem

has a strict solution given by (9). Therefore (9) is a strict solution
of equation (10).

REMARK 1. We can relax the condition that the domain 
of A(t) is independent of t and suppose that there exists a set D dense
in X such that D c D AU) for each T].

REMARK 2. If in condition 1) we replace the hypothesis that
- A(t) is a generator of a contraction semigroup with the condition
that - A(t) belong to KM(X) [5], i.e.

with 31 independent of t and it is regular, and we suppose that the
evolution operator satisfies s)  M instead of 8) c 1 ~
then we can prove that the closure, - B, of the graph of - B be-
longs to K:(Y), i.e. for each 2 &#x3E; 0, (h +B)-l is an operator from Y
to Y such that for each a~ &#x3E; 0.

4. Applications.

Let Q be a bounded open set of Rn with a « sufficient smooth &#x3E;&#x3E;
n

boundary, 3D (cfr. f6]). Let 4 be the operator and let y
1

be a tivice continuously differentiable function from R to R such

that y(0) == 0 and - I:&#x3E; It1- t2 ~ , t1, t2 E R. For each p &#x3E; 1

we define the operators on 
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and the operators on 

In we proy ed that the operators Ap and satisfy the hypotheses
of Theorem 2 if p &#x3E; n/2. Thus, from Lemma 3, it follows that

THEOREM 4. each v ELp( (0, Z’) X Q), ~ &#x3E; 3~/2, there exists a itniqtte
f unction it belonging to -

such that

We know that the closure of the graph of B~ is m-accretive [12].
From Theorem 4 it follows that

LEMMA 4. If Bp is 

Let g(t) be a. continuous accretive function from R to R such that

g(o) = 0. If

then g, is a m-accretive function 

LEAIMA 5. The operator B, is rn-accretive if p &#x3E; ~~2 

PROOF. It is known that the closure of the graph of Bp + gp is

m-accretive [12]. Thus we hav e to prove that Bp -~- gp is closed.
Let such that and From

a Da Prato’s result [2], if p &#x3E; 2 we have I,; c 
Theref ore and hence [ 7 ] and 

(we denote by - weak convergence). Thus, as gp and Bp are closed
we have
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THEOREM 5. Let g and ip be the functions from R to R defined above.
Let Q be a convex bounded open set of Then, for each v E Q)

p &#x3E; n/2 p ~ 2, there exists a unique belonging to

PROOF. We know that, as Q is convex, there exists Ap &#x3E; 0 such
is m-accretiv e ([3], [l~ ~. The result thus follows

from Lemma 5.
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