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On the Estension of Lipschitz Functions
with Respect to Two Hilbert Norms
and Two Lipschitz Conditions.

CHANDAXN S. VoRrA (*)

1. — Introduction.

Kirszbraun theorem [5] and [9] asserts that a Lipschitz function
from a finite subset of B" to B" can be extended, maintaining the same
Lipschitz constant to a larger domain including any arbitrarily chosen
point. (The Euclidean norm is essential; see Schénbeck [13], Griin-
baum [4]). This theorem was rediscovered by Valentine [14] and many
others in a Hilbert space. Minty [8] proved the same fact for a « mon-
otone » function and Griinbaum [5] combined these two theorems into
one. A further improvement to Minty’s theorem was given by De-
brunner and Flor [3], who showed that the desired new functional
value could always be chosen in the closure of the convex hull of the
given functional values; several different proofs of this fact have now
been given (see [9], [1]). Minty in [10] gave a unified method for
proving all the above resuits including the generalisation of the Kirsz-
braun and Banach theorems. D. G. Figueiredo and F. E. Browder
pointed out to Minty that the theorem 1 part (ii) of [10] was actually
due to Mickle [7]. The inequality stated by him was proved by Prézis
and Fox was (essentially) given by I. J. Schoenberg [12].

(*) Indirizzo dell’A.: Istituto di Matematica dell’Universitd - Via L. B.
Alberti 4 - 16132 Genova.

Work done under C.N.R. research Fellowship, July 1972.

Part of authors dissertation to be submitted to Indiana University,
Bloomington, Ind. 47401, U.S.A.
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174 Chandan S. Vora

Out of the network theory arose the question of extendability of a
Lipschitz mapping with respect to two Hilbert norms C and E say,
defined on a subset of a vector space M to the whole of M. Precisely,
the question asked by G. Darbo in his seminars is as follows:

Let M be R-vector space with two Hilbert norms ¢ and E say
and A4 a subset of M and T: A —> M be a Lipschitz function of
constant one in both the norms, that is, for every a,, z,€ 4,

(1) |Tey,— Tyl o< |2, — 2]l and |Twy,— Txy|g< | @y — 2| 5 -

Does there exist an extension 7': M — M of T to the whole M such
that it preserves the Lipschitz condition (1)?

In this paper we treat G. Darbo’s problem and three other analogous
problems which can be formulated as follows with two Hilbert norms C
and E.

Let A, M be as before and 7: A - M be a Lipschitz function of
constant one in both the norms, that is,

(2) for every ux,,r,€ A4,

1Tay,— Taylo< oy —ay]c  and | To,— Tay|o< |0 — 2]k s
respectively
(3) for every x,, r,e A4

|Tey,— Tx,lo< |#1—xale  and [T®,— To, | g < |2 — 22| c
or
(4) for every x, r,e A

| T2, — Txy| o< |2y—:x  and [T2,— T2, | g < |1 —Talc -

Does there exist an extension 7': M — M of 7' to the whole M such
that it preserves both the Lipschitz conditions (2) (respectively, (3)
or (4))?

In all four problems, we show with convenient examples that when
the two conditions of Lipschitz are independent (that is, one condi-
tion of Lipschitz is not a consequence of the other) the answer in general
is no.
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The other problems corresponding to the position of the norm E
in the Lipschitz conditions are analogous to that of the position of
the norm C.

Since the condition of Lipschitz could be referred in general as
a pair of norms, we take the opportunity of introducing the following
definition.

2. DEriNiTION. Let C,, C,, E,, E, be four Hilbert norms on a
vector space M. The pair of norms (E,, C,) is said to precede the pair
of norms (E,, ,) (abbreviated as (B, C,) oc (E,, C,)) if there exists a
real number p > 0 such that for every e M, the following inequa-
lities hold

elefe,<lele, and oy <ola|g,

3. REMARK. The (E, O)-Lipschitz condition for a function F means
| Fo, — Fa,ilo< |#, — x|z, for every a,,r,Cdomain of F .

We observe that if (E,, C,)c (E,, C,) then the Lipschitz condition
E ,, C,) implies in general the Lipschitz condition (E,, C,).

4. DEFINITION. The pair of norms (®,, C,) is said to be compa-
rable to the pair of norms (E,, C,) if and only if (E,, C,)c (¥, C,)
or (E,, C,)x (E,, C,).

Now we consider the preliminary lemmas. In the following con-
siderations let M be a vector space with two Hilbert norms C and E.

5. LEMMA. The two pair of norms (C, C) and (¥, E) are compa-
rable if and only if the twonorms C and FE are proportional i.e. for some
constant ¢ > 0 and for every point x of the vector space M, we have

] c= ol]g.
6. LeEMMA. The following conditions are equivalent

(i) the two norms C and E are comparable, i.e., for every point
zeM, |xlg<|al, or for every point xe M, |x|,<|a|g:

(ii) the pair of norms (C, C) and (E, C) are comparable;
(iii) the pair of norms (C, C) and (C, E) are comparable;

(iv) the pair of norms (C, ¥) and (¥, C) are comparable.
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Proor oF LEMMA. 5. Suppose (F, E) < (C, C). This is equivalent to
saying that there exist o > 0, such that for every v € M, p|x|c< 2|5
and |z|z<e|®|c. But this is equivalent to saying that there exist
>0 such that for every wxe M, g|x|,= |®||z i.e. the norms are
proportional ; similarly for (C, C) o (E, E) we get that the norms € and
E are proportional.

Reversing the steps of the argument we get the converse.

ProOF OF LEMMA 6. (i) <=>(ii) The two norms are comparable is
equivalent to saying that either for every point xe M, |z|z<|z|¢
or for every point v € M, |z| o< |z|z. Suppose, for every point x € M,
|#|g<|#|c- Then for p =1 and for every point x€ M we have,
olz|c=|z|c and |z|z<e|®|c. But, this implies that (B, C) cc (C, C).
Similarly, for every point x € M, if we have || ;< |z|z then by taking
o=1 and g|z|¢= |2|c<o|z|z We get (C, C)oc (E, C). Therefore, we
have either (E, )« (C, C) or (C, C)c (E, C), i.e. the pair of norms
(C, C) and (E, C) are comparable.

Conversely, if the pair of norms are comparable, we have either
(B, C)x (C, C) or (C, C)cc (E, C). Suppose, (E, C)c (C, C), then there
exists o >0 such that for every z€ M, o|z|¢<|z|¢ and |z|z<e|z|¢-
This implies that for every ze M, |z|z<|z|s;. Now assume that
(C, O)c (E, O); then there exists p >0 such that for every ze M,
olz|ec< |2|¢ and |z|¢<p|®|g. But, this implies, for p > 0 and for
every xe€ M, we have g|z|c<pl|*|z Since o> 0, we have for every
xeM, |z|s<|»|z. Therefore, either, for every xc M we have |z|z<
< |z|¢ or for every xe M, |x|c<|x|z. Hence, the norms ¢ and E
are comparable.

(i) <= (iii) To show (i) implies (iii) we take p =1 and consid_er the
inequa|1ities olelz< lel¢ and [2]o= olzlc or ololo< o] and |o]o=
=elxlc.

To show the converse, one can easily show that (C, C)c (C, E)
implies for every ze M, |z|z<|z|¢ and (C, E)x< (C, C) implies for
every x€ M, |x| < |z|z. Hence the result follows

(i) <> (iv) To show (i) implies (iv), we again take ¢ =1 and con-
sider the inequalities ¢|«|z<[2]c and |o[z<elzlc or ele|o<||g
and [z]o<olo|s.

Conversely, suppose the pair of norms (C, E) and (E, C) are com-
parable, i.e. either (E, C)c (C,E) or (C,E)cx (E,C). If (E,C)c
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« (C, ), then there exists ¢ > 0 such that for every x € M, we have
ole]s< 2], and |z],<elo],.

Therefore, for every we M — {0}, |2|4/|z].<o<|®|/ 2|z that is,
le|2< |z]} which implies |o],< |e],. Similary, if (C,E)cc (, C),
then we get for some p >0 and for every x€ M — {0}, |z|,/|z]z<
<o<[a]y/|=], which implies |]o< |2]5.

Therefore we have either for every xe M, |z|;<|x|, or for every
xeM, |x|,<|z|g, ie., the norms C and E are comparable.

Before stating a theorem which contains the answers to the pro-
blems 1,2, 3,4, we state a general problem for two Lipschitz con-
ditions and four Hilbert norms as follows:

PrROBLEM 5. Let M be a R-vector space with four Hilbert norms
C,Cy,E,E,, A a subset of M and T: A —~ M be a function satis-
fying (#,, ;) and (&,, C,)-Lipschitz conditions. Does there exist an
extension 7': M — M of T to the whole of M such that T’ also satis-
fies the Lipschitz conditions-(E,, C,) and (&,, C,)?

Now we state the theorem

7. THEOREM. (a) If the pair of norms (E,, C,) and (&,, C,) are
comparable then the desired extension of problem 5 always exists.

(b) If the pair of norms (C, C) and (E, E) (respectively, the pairs
of norms (C, C) and (E, C); (0, C) and (C, E); and (C, E) and (E, C))
are not comparable then there exists a counterexample.

ProOF. Part (a) of the theorem obviously follows from the facts
that (E,, C)) < (E,, C;) or (E,, C,)cc (Ey, (), Remark (3), (E,, C,)-
or (E,, C,)-Lipschitz extension theorem respectively.

For part (b) see 10,11,12,13 of this paper.

In particular, we have for the problems 1, 2,3 and 4 respectively

8. REMARK. If the pair of norms corresponding to the Lipschitz
conditions in problem 1 (respectively 2,3 and 4) are comparable then
the extension problem 1 (respectively 2,3 and 4) has an affirmative
answer.

Now, we show successively for the four problems that if the re-
spective pair of norms are not comparable then there exists a counter-
example.

9. COUNTEREXAMPLE FOR PROBLEM 1. Since the pair of norms
(C, C) and (E, E) are not comparable, that is, the two norms C and E
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are not proportional and hence dimension of M >2, and therefore
there exist two vectors #, v belonging to M such that, u, v are ortho-
normal with respect to the norm C and orthogonal with respect to
the norm E. Let uR-} vR = Hc M be the subspace of M generated
by u,v. Then for every ze H of the type

z2=8%u+nv, &, neR
we take W.L.O.G.
lzle= {& + %},
o= {5+ 2,

with a, b to be positive constants, a b and we may assume a > b.
Let 2z, 2,, 2, be points belonging to H defined by

1 1

z,——ﬁu—~\7§v,

Ry = 1 U+ —=

==t e

! 1

Ry = \7_2.”/-*‘:\'/—.21),
lalo=lnlo=lalo=1, [als= lals= lals={ + =),

2a 2b
2 V2

—alo= la—alo= 05, la—al=", |a—al=Y".

Let A ={0,2,2} and define 7: A — M by T(0)=0, T(z)=2,
T(z,) = 2,. Clearly, T is (C, O)-Lipschitz as well as (E, E)-Lipschitz
on A. The map 7T is not extendable to the point z = (2,-} 2,)/2 (in
fact, T' is not extendable to any point on the line segment z,%,).

Suppose T were extendable to the point 2. Let T': AU {¢} > M
be its extension. Since T' preserves distances for the norm C, 7' must
also preserve distances for the points in the convex hull of A with re-
spect to the norm C. This forces T'(2) = (T(2,) + T(2:))/2 = (22 + 2)/2.
But this does not satisfy the (Z, E)-Lipschitz condition on A U {z}.
Hence, no such extension exists.
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10. COUNTEREXAMPLE FOR PROBLEM 2. Since the pair of norms
(0, C) and (B, C) are not comparable, that is, the two norms C and ¥
are not comparable, there exists two veetors u, v belonging to M with
u, v orthonormal with respect to the norm € and orthogonal with
respect to the norm F such that

oo < [0l

lula<[ule

Let Hc M be the subspace of M generated by u,v. Then for every
2eH of the type

2 =éu+tn, &neR,
lzlle={§*+n*,

NESLIE.

a?

with a>1>b> 0; (we can assume W.L.O.G. a>b and non compa-
rability of norms gives a>-1>b).
Let z, and 2, be the points

[ = —HU— YV
t— — 2 gy

where ]+ y; =1 = aifa*+ yi/b*; @,,y,>0. Let A ={0,2,,2,} and
define 7: A — M by T(0) =0, T(z,) = 2, and T(2,) = z,. Clearly,

- ' . Yy
lalo=|le= |ale=[2le=1, |[sn—2|c=2y, ||zl—z2”E:Tl

and 7 is (C, C) and (E, ()-Lipschitz on A. The map 7 is not exten-
dable to the point 2z = (2, 2,)/2.

Suppose T were extendable to the point z. Let T': AU {¢} > M
be its extension. Since 7 preserves distances for the norm C, T' must
also preserve distances for the points in the convex hull of A with
respect to the norm C. This forces 7'(z) = 2. But, this does not
satisfy (¥, C)-Lipschitz condition on A U {z}. Hence no such exten-
sion exists.
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11. COUNTEREXAMPLE FOR PROBLEM 3. Since the pair of norms
(C, C) and (C, E) are not comparable, that is, the two norms C and E
are nor comparable, there exist two vectors u, v belonging to M which
generate H and for every z e H, |2||, and ||2|; as before in counter-
example to problem 2.

Let 2,, 2; be the points

Zy=—T U+ YV

3= HU+ Y
where ]+ y; =1 = aj/a*+ yi[b%, ©,,9,>0, a>1>b>0. Clearly,

2x
lzle = leslo= lle= lsle =1, [ea—2s]c= 22, sz—zallE=~a—‘-

Let A = {0, 2,2} and define T: A —~ M by T(0) =0, T(2,) = 2 and
T(2;3) = 2;. Clearly, the map T is (C, C) and (C, E)-Lipschitz.

By a similar kind of argument as in counterexample for problen 2,
it can be shown that T is not extendable to the point z = (z, -+ 2;)/2.

12. COUNTEREXAMPLE FOR PROBLEM 4. Since the pair of norms
(C, E) and (E, C) are not comparable, that is, the two norms C and E
are not comparable, there exist two vectors u, v belonging to M which
generate H and for every ze€ H, |z|, and |2|; as before in counter-
example for problem 2.

Let 2,2, and 2, be the points

2= — Xy U— Yy
By=— XU+ Y,V
I
H=—xu+ (e—y)0

with 0 <e=2y,(1—0), 2{ + y: = 1 = z}/a>+ yi[b% @, 4, >0, a > 1>
>b>0.
Clearly,

2
lale= l2lc = lale= l2le =1, |ai—2lc= 2y, ”zl'—zzﬂE:‘iﬁ’

2 —)2
leilo=at+ e, lels=2+ B g fo= 2y,
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and

, 29y, —¢
EETAPE

=2Y,.

Let A = {0, 2,2} and define T: 4 >~ M by T(0)=0, T(z,) =2, and
T(2,) = 2,. It can easily be verified that T is (C, E) and (&, C) Lip-
schitz on A.

Now, consider the point 2z = (2,+ 2,)/2. If T': AU {2} > M is an
extension of 7 of the type required in the problem with 7'(z) = u,
then

&x
ulo< lels =2,

lu—ailo< le—als=2,
(M)

[u—zlo< le—zls=%,

wle<lelo=,
(8) lu—=zlz<l|z—2lc=91,
©) [w—zla< e —zlo =y -

Now conditions (8), (9), (6) and the choice of ¢ imply that

— [21—2s]lc — M—i@”}g

lu—2le<lz—zlc=19 3 9

and

o "zl_zz”(}_ |21 — 22| &
u—slp<fs—sfo— g A2l _ 15— alr

These imply that u = (2, + 2,)/2. But, w must satisfy condition (1)
also. Since v = —x,u+ (¢/2)v we obtain

plo={at +5 <2,
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ie.,
2 3
e
2 ' 8
i 4 <a’ ’

But, a >1 and hence x}/a*< a}, so we get

2 & 2
xy +_<w17
4
ie.,
BI
Z<O,

a contradiction, so no such extension exists.

13. REMARK. The author thinks that there exist counterexamples
in the general case of four norms when the pair of norms (#,, C,) and
(E,, C,;) are not comparable. It can easily be shown that counter-
examples if they exist must exist between dimensions two to four.

13.1. OpEN PrOBLEM. Let M be a vector space with four Hilbertian
norms C,, C,, E,, E,. If the pair of norms (¥,, C,) and (E,, C,) are
not comparable then there exist A, 7' and x€ M — 4 such that T is
(#,, C;) and (K,, C,)-Lipschitz on 4 but there exists no extension
T: AU {x} - M of T with T to be (E,,C,) and (E,, C,)-Lipschitz.

13.2. ANNOUNCEMENT. In the case of three Hilbert norms C, E,, E,
(i.e. C;,= C,), there are six problems corresponding to the position of
the norm C in the Lipschitz inequalities and the other problems cor-
responding to the positions of the norms E, and ¥, in the Lipschitz
inequalities are analogous to that of the norm C.

The six Lipschitz conditions corresponding to the six problems are
(i) (C,C) and (E,, E,)-Lipschitz (ii) (C, C) and (E,, E,)-Lipschitz,
(iii) (F,, O) and (F,, O)-Lipschitz (IV) (C, E,) and (C, E,)-Lipschitz (V)
(E,, C) and (C, E,)-Lipschitz and (VI) (£,, C) and (C, E,)-Lipschitz.

When the respective pairs of norms are comparable the extension
always exists, see Theorem 7. The author has obtained the counter-
examples for all the problems for three norms and two Lipschitz con-
ditions when the respective pairs of norms are not comparable. In
short, the work for three norms and two Lipschitz conditions has
been completed and the author will try to publish it at a later date.
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