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REND. SEM. MaT. Un1v. Papova, Vol. 49 (1973)

Homogeneous Verbal Functions on Groups.

BENEDETTO SCIMEMI (*)

1. - This research was originated by our previous paper [4], whose
main results will be shortly recalled: let p be a prime number, P a
finite p-group of exponent p™, d a divisor of p—1, a a primitive
d-th root of unity, mod p™, ¢ an automorphism of P of order d; then
every element he P can be uniquely written as

h=hhy...hy with heP, heP=h¥ (=12, ..,4d).

The set P, = {h,; h€ P} need not be a subgroup of P (we could take
any other P, = {h;; he P} with j = d to avoid trivialities), but a loop
operation o can be introduced on P, by letting for all x, y e P;:
@ oy = (xy),. If this element is expanded in terms of basic commutators
m 2z, y

oy = zayaly, 1oy, z, x] ...

then a recursive formula naturally yields for the exponents ¢, some
rational (non-integer) values; all examples show evidence that these
numbers are independent of z, y, P, ¢ and only depend on d.
The motivation for the present research was to prove this inde-
pendance, thus showing a more natural origin for the loop structures
we studied in [4]. After we noticed that we could assume without
loss P = (P,>, it seemed natural to look for a group F** admitting

(*) Indirizzo dell’A.: Seminario Matematico dell'Universitd - Via Bel-
zoni 3, 35100 Padova.
Lavoro eseguito nell’ambito dei Gruppi di Ricerca Matematica del C.N.R.
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an automorphism @ such that: if P is any finite p-group with » gen-
erators, and ¢ is an automorphism of P inducing the a-th power on
these generators, then P is a homomorphic image of F** and ¢ is
induced by .

By using a recent theorem of R. H. Bruck [1], a satisfactory answer
was found. The main theorem of the present paper (theor. 1, par. 5)
states the following:

Let F be a free group of finite rank n, generated by the free gen-
erators X, Y,.... For each positive number d there exist groups F*
and F** with the following properties:

1) F < F*< F**,
2) The elements of I'* may be uniquely represented as infinite
ordered products in terms of basic commutators in X, Y, ...
XaYe, [Y, X]w... [V, X, X]~...
where the exponents e, lie in the ring Z, of those rational numbers
r/s such that no prime dividing s is =1modd.

3) The element of F** are similar, with e, in Zy[«], the ring
obtained from Z;, by adjunction of a primitive (complex) d-th root
of unity «.

4) In F** the « a-th-power » g* is defined (for each g € F**) and
there exists an automorphism @ of F** guch that

X®=X* Y°=Y° ...

5) Every element g € F'* (in particular, every word in X, Y, ...)
can be uniquely written as

g=¢:9:...9¢ With g,eF* g®=g* (j=12,..,4d).

Now let p be a prime number, P a finite p-group of exponent p™
with » generators z, v, ..., d a divisor of p—1, a a primitive d-th root
of unity, mod p™. Then there exists a unique homomorphism v of F**
onto P such that

Xr=0, Y=y, .5 (@)=(9) for every ge F**,

If ¢ is an automorphism of P such that a? =ux2 y* =y, ... it is clear
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that 2% = x* = (X”)* = (X*)* = (X?)*. etc. Hence it is easily seen that
for every he P, h = ¢g* we have h? = (¢%)”, as we wanted.

The consequences of 5) are derived in terms of « verbal functions ».
A verbal function on a group is the analog of a polynomial function
on a ring. Let H be a group, F the free group with free generators
X, X5y ..., X,; to each word f=f(X;, X,,..., X,)eF we associate
the « verbal function in n variables on H », say f, mapping the n-ple
(Byy Byy ...y hy) of elements h,€ H into the element f(h,, hy, ..., h,) € H
which is obtained from f by replacing each X; by h, and taking inverses
and products in H. For n =1, a verbal function is simply a power;
for » =2 among the verbal functions (or verbal operations) we find
the usual group-multiplication and conjugation, associated to the
words X; X, and X;'X, X,, ete. Clearly, the verbal functions in n
variables on H form a group P (with respect to multiplication of images),
an image of F under the homomorphism f7f. If H is a finite
p-group, p =1 modd, then there is a natural way to extend the
homomorphism f > f to the group F**. If we apply this homomorphism
to the word g, factorized as in 5) above, we derive the following
(Cor. 1, par. 7):

Let P be a finite p-group of exponent p™, d a divisor of p — 1,
a a primitive d-th root of unity, mod p™. Then every verbal funec-
tion § on P can be uniquely written as § = §,9,... g with

Gi(hS s hGy ooy BE) = (G5(hay hay oy b)) for all h,eP, j=1,2,...,d.

By analogy with Analysis, a verbal function satisfying the above
condition for g, is said to be « a-homogeneous of degree j» Since
g; € F* (but in general g; ¢ F'), the homogeneous factor g; is obtained
from a basic commutator expansion which is uniquely defined by
the word g and the number d, through a substitution of elements of P.

If we apply this to the group multiplication on P, thus letting
g=XY=g19,... 92, we find for g, a loop-operation on P (Theor. 2,
par. 7). In particular, for d =2, we find, within isomorphisms, the
loop operation which has been extensively studied by G. Glauberman
(see ref. in[4]). When P admits an automorphism of order d, this
operation is easily proved to induce on the « eigensubset » P, the same
multiplication we defined above, i.e. z oy = g,(, y).

Apart from loops, the whole subject in the present broader context
is strictly connected with the work of M. Lazard [3] on nilpotent
groups and Lie-algebras; the relation between his « suites typiques »

20
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and our homogeneous verbal functions is explained in par. 8: roughly
speaking, some of his results can be obtained from ours by letting d
tend to infinity.

2. — In this paragraph we consider the « binomial » properties of
some rings; some of the following elementary remarks may be well-
known, but we do not know a complete source to refer to.

Let R be an integral domain of characteristic zero. We shall denote
by N-'R= {r[n; re R, 0 £ necZ} its ring of fractions with integer

r
denominators. If re R, 0<keZ, the element (k) € N-1R is defined
as follows:

r r r(r—1)...(r—k-+1) )
()-1 ()-re=ne it rs0.

DEFINITION. A « binomial ring » is an integral domain C of char-

c
acteristic zero, such that (k) is in C for every ¢ in C and every non-

negative integer k. —r

Of course, Z is a binomial ring (the formula ( " ): (—1)*
r+k—1
( + % ) accounts for negatives). However, if x is an indetermi-
nate over Z, then the polynomial ring Z[«] is not binomial. Therefore
we introduce the set

Z{x} = {geQ[w]; 0= m (z), akez} .

(Polya’s «ganzwertige Polynomen»). It is well-known that Z{x}
consists precisely of those polynomials in Q[z] which assume integer
values whenever x is replaced by an integer. This characterization
has the immediate consequence that Z{x} is a binomial ring. More
generally, if Z is replaced by any binomial ring C, we define

C{x} ={QEN—10[w]; o=20 (97:), ¢ E C}

and easily check that C{z} is a binomial ring. Clearly, if « is an element
of a ring containing C, then C{u} = {o(u); o€ C{w}} is a minimal
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binomial ring containing both ¢ and » (thus C{x} is the «binomial
closure» of C[x]). If 2, @,, ..., &, are algebraically independent elements
over C, it is natural to define by induction

Oy, Ty ovvy Lpoyy Ty = O{@1y Tay oovy Tna}{@n} ©

An element ¢ of this ring can be expressed as a linear combination

@\ [ T,
with coefficients in C of products (kl) (’:) (k ), where the k,’s are
1 2 n

non-negative integers; ¢ is characterized by the properties:
QENTCO[), @y ooy @al; 001, Cay ey €a) EC

for all ¢;e C. In[1l], an element of Z{x,,x,,...,x,} is called an
« integer-producing polynomial». In particular, since Z{z,y}=
= Z{x}{y}, we must have « binomial identities » as

(27)=2 ()6 ()-22()()

for some a;;, b;;€Z.
LEMMA 1. Any subring (with 1) of Q is binomial.

PRrOOF. Such a ring consists of all the fractions r/s such that the
prime factors of s belong to a fixed set of primes. Then, by the binomial
identities above, it suffices to prove that for any prime p we have

1/p
k
k!= pmr with p.f r; then 1/p = a +rc for some a€Z, ceZ[1/p] hence,

by the binomial expansion for (w —l: y), it suffices to prove (r:)e Z[1[p]

when 0<j<k. In fact we compute

\,e Z[1|p], the subring generated by 1/p. To this aim, we write

(rc): re(re—1)... (re—j + 1) _ kle(re—1)... (rc—j—}—l)ez[l/p]

j j! j! ™

If d denotes a positive integer, we shall denote by Z;, the ring
of the rational numbers »/s such that no prime dividing s is =1 mod d

(e-g- 2y =2}]; Ziy=1(}, %, %, ])



304 Benedetto Scimemi

LEMMA 2. Let o be a primitive (complex) d-th root of unity. For
every mon-negative integer k there exists a polynomial g, € Zy[x] such

that o;c = g,(a) for all i€Z.

PrOOF. Let us write k!=ts, where the prime factors of ¢ and s
are =1 and respectively =1 modd. In the factor ring Z[{Z the d-th
roots of unity are exactly d, say a -+ tZ, a2+ 1Z,...,a%+ tZ, where
a‘—a’+1Z is a unit if 4% j modd (for = pm™ this is in Lemma 1
of [4]; then the Chinese remainder theorem applies). In Z[x] let us

divide k'( ) by x?—1 and write

k!(‘;)=x(x—1)(m—2)...(w—k+1)=(xd 1) (@) + y:(@)

where v, € Z[x] is a polynomial of degree smaller than d. By substitut-
ing ¥ = a* we obtain

k! (‘;:) (@4 — 1) Br(a?) + yr(a?) .

i

a
Since (a*—1)€tZ, (k

From this we shall deduce y,ctZ[x] and

)EZ, we deduce y.(a’)etZ for ©1=1,2,...,d.

1 O
o= gimedali o= (})

as we wanted. In fact, let us denote by y, the image of y; under the
natural homomorphism of Z[z] onto (Z/tZ)[xz]. We know that 7,(@*)=0
for ¢=1,2,..., d; therefore 7, is a polynomial having d distinct roots
in Z[tZ and degree smaller than d; moreover, the difference of any
two such roots is a unit in ZftZ, thus $, =0 i.e. y,etZ[x].

LEMMA 3. Z{oc, 1/d} = Z[a][“].
ProoF. By Lemma 1, Z, is binomial; by Lemma 2, Z,[«] contains

o
(k) for every k. Since 1/d lies in Zy, we have Zyga] 2Z{x, 1/d}. As

for the inverse inclusion, we must only prove ZC Z{e,1/d} or,
equivalently, 1/p € Z{e,1/d} whenever p is a prime, p =1 modd.
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Since this is trivial when p =d, we can assume p=dq+ h, 1< h<d.
Since all the elements of the field Z/pZ are roots of x* — x, we have

p!(ﬁ)zw(w——l) vile—p+ 1) exr — o+ pZix].

Then from z? —x = (v — 1)a* + o* — « we derive that the remainder

x
of the division of p! (p) by 2¢—1 is

o() = 2* — & 4 po(w) for some oceZ[r].
Replacing # by of yields

a-—iyﬂ(‘xi) = —1 _I__ ai(h—l) _I_ po-(ai)a—i.

d
We now sum over ¢ and take into account that zoc“ = 0 whenever
a’#~1. Then Lemma 2 yields =1

i 1 1
S (o;) = ]7? > o iyy(at) = 71 (—d+pz) for some z€Z.

As a binomial ring containing o, Z{e, 1/d} contains the left hand term,
thus also 1/p, since p t d.

Let us notice that o« — o is a unit in Zy[«] whenever ¢ = j mod d.
This is easily proved by letting r =% —j in the following relation

(1— o) (w42 + 20749 4 ..+ (d—2)ar + d—1) = 4.

LEMMA 4. Let p be a prime integer, p =1 modd. Let m be any
natural number, a a primitive d-th root of 1 mod p™. Then there is a
unique ring homomorphism of Zy[a] onto Z/p™Z mapping o into a-p™k.

PrOOF. Any element of Z; is written as a fraction r/s, with p } s;
therefore s is a unit mod p™ and hence the natural homomorphism
of Z onto Z[p™Z is uniquely extended to the ring of fractions Zy,:
Since Zg[«] is isomorphic to the factor ring Z,[z]/(®;) where D, is
the cyclotomic polynomial, the statement will hold if we prove
Dy(a)=0 modp™. From 2?—1=T] P, we derive that Ds(a)=0

d'ld
mod p™ implies Py (a) =0 modp™ for some d'< d, 0 < m'<m.
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Since P, divides x* — 1, this implies a® = 1 modp™, which is im-
possible, as a is a primitive d-th root of 1 mod p™ (see [4], Lemma 1).
Thus D,(a) = 0 mod p™.

3. — We shall operate within a group whose existence and pro-
perties are the subject of a recent paper by R. H. Bruck [1]; from it
we borrow definitions and symbols, and refer to it for details. Here
is the statement of Theor. 1.1 of [1], in a slightly simplified form:

Let (4, <) be a simply ordered set, consisting of a finite number
n> 0 of elements; (4., <) a universe of basic symbols, based on A4;
A4, the subset consisting of the elements e A_ of length L(u) = m.

Let (F, -) be a free group of rank » on a free set of generators
{gs; a€ A}; {gu; ue A} the corresponding set of basic commutators;
{g.; we A,} the subset of commutators whose total weight equals m.

If C denotes a binomial ring, then there exists a group F?¢ whose
elements may be uniquely represented as ordered infinite products

g=T1T 9+ (€ 0);

uEd o

if ( TI g;")( 11 g;") = [T g, then for each ue A_ we have

UEA UEA o UEd o
hy = €.+ fu + P,,(eu‘, ey s fu,7 ceey fu,‘)

where u,< %,<...<u; are the elements of A_ of length smaller then
L(u) and P, is a uniquely defined element of Z{x,, ..., Zi; Y1, ..., Yx}s
i.e. an integer-producing polynomial.

F° is an extension of F, which is in fact represented by elements
TT g2 with all exponents e, in Z (as in [2], theor. 11.2.4).

u€d o

In F° the «c-th-power» g° exists for every ge F?9 ce(; if

g=( IT ¢)'= TI ¢t then

UEA o UEA o
fu=-¢esc+ Ru(c; €u,...,6,), with R,eZ{y;x,,..., o} .

The fact that P, and R, do not depend upon C implies that for
their determination one can assume C =Z and operate within the
free nilpotent group F/F, (here F, denotes the m-th term of the
lower central series of F') by the « collecting process »,
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Let us point out some conseguences of this theorem (not all
explicitly stated in [1]):
The ¢-th power enjoys the basic properties of integer powers, i.e.

(a)

gurn A gugey g =9 (9:90)° = 91639.5 94

the last formula being a generalization of P. Hall’s ([2], 12.3.1).

By analogy with the language of C-modules, one can introduce
the concepts of C-groups (i.e. groups with c¢-th power for ce C),
C-subgroups, C-homomorphisms ete. by requiring the compatibility
with taking ¢-th powers. If one does so, some basic properties of F
are naturally generalized to F°; for example: the lower central series
of F°¢ consists of C-subgroups, each term F7 consisting of those
elements [] g& for which ¢, =0 when L(u)<m; the factor-group

UEA o
FC[FS, . is a free C-module; since [ F? = {1}, a statement holding

on F°/F? may be proved to hold on F¢ by induction on m. These
and others similar statements can be proved by a common procedure,
as follows: a property of F is reduced to a set of relations among the
(integer) exponents involved in the infinite-product representation.
Because of their polynomial nature, the same relation must hold
when Z is replaced by C, thus yielding the analogous property for F°.
In par. 4 we shall exhibit some examples of this procedure.

Fe ig called a « completion of F'» with respect to the ring C. Here
« completeness » means substantially that if h,, h,, ..., k;, ... 18 a sequence
of elements of F° such that h;eF; for every j, then the sequence
of partial products

Bi=thy, ky=hihg, ..., kj=hhy...h;,

converges to a unique element ke F°; in other words k = k; mod F;
for every j. Therefore some infinite products are meaningful in F?;

for example, the ordered product [J h, is a well-defined element
UEA

of F° provided the following condition holds: if L(u)=m, then
h,€ F. In fact, the finiteness of A implies that only a finite number
of basic commutators have weight m.

4. — One of the basic properties of the free group F implies that
for any integer ¢ there exists a unique endomorphism of F mapping
every free generator g, (e € A) into its c-th power,
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The purpose of this paragraph is to extend in the natural way this
endomorphism to F¢, letting ¢ assume any value in C. To this aim,
we start with the basic commutators and define, for any ce 0, ve 4

95 =g, if Liv)=1,
9 =19, 91 if g, = [g:) 9.); s<t; L(s), L(t) < L(v) .

LeEMMA b:

(a) gi’c] — H gzv'u(c) fOT some Er.uez{x};

(b) eo=am if L(v) =m;
Epu=10 if L(v)> L(u), or L(u) = L(v) and u % v.

PrROOF. Since (a) is true by definition if L(v) =1, we shall induce
on m = L(v). Then we can assume

99 = TT g2 g = TT 5+  €sur eeu€Zim}.

UEA o UEL o
Therefore we calculate (compare par. 3)

g[‘c] ggc] — H gzu(c)

UEA o

where
Nu(®) = £6.(®) + €50(®) + Pul€r1y(®)5 +evs €6.1(B) 5 Esy(B)y vy €50 (@)) € Z{};

(gt = TT g%

UEA o
where

0u(®) = — €14(®) + RBu(— 15 €00, (®), ..., &1, (2)) € Z{w} .

Similarly we calculate the commutator (gi')-1(g'')-1g!'¢!) and prove
statement (a).

b) It is a consequence of well-known commutator-relations
(21, 18.4.10 and foll.) that in the group F we have g\ = g¢" mod F 4,
whenever ¢eZ, m = L(v). This is equivalent to e,,(¢c) =¢™, gyu(c) =0
for L(u)<< L(v) or L(u)= L(v), u ~v for any ¢ integer. Since}'sv,u is
a polynomial, the same must hold when ¢ assumes any value in the
ring C. q.e.d.
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Now let g = T] g2 be any element of F°. We define

uEA o
g[c] — H (gg)c])e., .

vEAd

First of all, we must prove that there is no problem involved with
the infinite number of factors. According to the final remarks in
par. 3, it will suffice to show that (¢'")»e F? if m = L(v). In fact
we claim

(gie)er = H garuleren), 00,4 € L{z, y} ,

UEAd

Ovo =X™Y; Qonu=0 whenever L(u)<m or L(u)=m, u#v.
This follows from Lemma 5, if we set

Qv.u(w7 Y) = ev.u(w)y + Ru(y; 8”.%(‘”)7 ey 81!,«,,(50)) .

LEMMA 6. Let

g=TIgx ¢7=TIgr (e, fuc0).
u€d o €4
Then f,=c™e, 4 Qu(c; €us ...y €4), where w,<<u,<...<u; are the ele-
ments of A_ whose length is smaller than m, and Q,€Z{y; xy, ..., x}

ProoF. In order to calculate f, we only have to consider the finite
product T (¢%")%. Since we have just seen that (i) = TT geuo®),

v
Liv)<m U€Ad o

a repeated use of the product formula (involving the polynomial P,)
combined with Lemma 5 yields (b).

LEMMA 7. Let ¢c€ C. Then the mapping g+ ¢'' is a C-endomorphism
of F°. If ecC, then (g')'el = gle.,

Proor. Let g= H g%, 9" = [ ¢ be elements of F°. We write
UEA

99V = TI g2 (gm '[°] = JI ¢* and use Lemma 6 to show that

UEA UEA o
’ . . ! !
8y = (6, 4 €,) ™ - 8,(C5 €uyy eovy Cuyi €yyy vnvy €y)
14 ! !
tu = €u0m + eucm _I_ Tu(c; eu;’ e e‘uk; euﬂ e euk)
where

L(uy)y ...y L(ug) < L(u) = m; Suy TyEZL{Y; X1y vy Tis Yuyovns Yrf -
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But when ge F and c¢€Z, by construction, the mapping g > ¢!
induces an endomorphism of F. Therefore s, =t, in this case, hence
also S, = T, by the familiar argument, and (gg’')! = (gt)(g'"*?).

The proofs that (g'')* = (¢°)' and (gi?)!! = gl**! are similar, involv-
ing polynomials in ¢, e, e, ..., €, .

We conclude this paragraph with a definition and some remarks
which will simplify the proof of our main theorem in par. 5.

DEFINITION. A mapping ¢: C — F° will be called a C{zx}-mapping
if for each u e A there exists an element ¢, € C{x} such that

erer> [ g2  for every ceC.

uEd o

For example, if g is a fixed element in F¢ then the «exponential
function » ¢+ g° is a C{x}-mapping; by Lemma 6, the same holds for
¢+ g, More generally, our previous remarks show that products
and powers of C{r}-mappings are still such.

5. — Let ¢ be an element of the binomial ring C, g > ¢'* the endo-
morphism of F¢ of Lemma 7, j a natural number. The element
go € F¢ will be defined to be « c-homogeneous of degree j» if gi=g¢’
(i.e. g, is an «eigen-element » belonging to the «eigenvalue » ¢/). The
term is suggested by the fact that such an element will produce
« c-homogeneous functions » in the sense of par. 1.

Let d be a positive number, Z;; and Z,[«] the rings defined in
par. 2; we apply the construction of par. 3 with these rings in the
role of C (by Lemma 1 and 4 both are binomial) and consider the
groups FZ,, FZ,[«]. Then F is naturally embedded in FZ, and the
latter in FZ,[«].

The main result of this paper is

THEOREM 1. Every element g € FZ, can be uniquely written as

9=0:9s...9a with g,eFZ, , g*1=g%

i.e. a product of a-homogeneous elements of degree j=1,2, ..., d.

PrOOF. Let us write for short F*=F2%, , F**=F% [«]. It may
be worth to point out that g; is to be found in F* although g'*' is
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only defined in F**, By Lemma 7, a «-homogeneous element of
degree j is also a‘-homogeneous of degree j for all integers 7.

We shall operate mod F~*, and induce on m.

For m =1 we define:

Jia=9; r2=..=gra=1.

It follows from Lemma 5 (or directly from the definition of g +>g'*')
that any element of F** is «-homogeneous of degree 1, mod F*.
Therefore we have

9= 011012 Gra; 9% =(g,,)* mod Fy*

the last congruence being trivial for j=2,...,d. The elements g, ;
are in F* and they are unique mod F}*  since for j=2,...,d the
condition (g, )* = ¢\l = (¢,,)* implies (g,,)** =1, thus g¢,,=1.
Then the other condition implies also ¢,, =g.

Let us assume that we have proved the existence of d elements
gm-1,; € F* which are unique mod F** with respect to the following

conditions
i
g=9m119m-1,2 -+ Gm—1,43 953‘11.; = (gm—-l,i)a mod an* .

We must construct d elements g, ; € F* satisfying similar congruences
and prove their unicity mod F.%,. To this aim, we shall compute
the «mean value» of (¢, )’ for ¢ running over the d-th roots of

unity. Thus let us define

-4 2 -3 d] -49 d
y:.,;= ((95:11.5 * (gx—ll.j)“ o (Gomr)” )1/ .

We now consider the mapping (,,; of Zy, into F** defined by

Cmit 0> (Gmo1)(gLe,)* " for every c€Zy,.
Since ¢,.-;; lies in F*, the final remarks in par. 4 show that {.; is

a Zig[x]-mapping, i.e.

Cmale) =TT gi@  with  e,€Zyla].

U€4 o
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By letting ¢ = o* (,;: 1,2,...,d), the inductive assumption implies
Cmi(@f) =1 mod F.", therefore &,(af) =0 if L(u) <m. Thus we have
Cmile) =TT gu“"’modF** If we take into account that these ele-

m+1°
UuEAm

ments are central mod F.;, we can compute:

1/d

d ‘ ~-45\1/ i
g:-fz (H (g'E:—;J ’)1 ‘ = m—1 J(H Cm 7 ) =

i=1
1/d 2 8,(xf)
= gm—l J ]_—_[ g “ mOd m+1

u€d

We want to prove that the exponent of g, lies in Zy;.
In fact, by Lemma 2 for each positive integer k there exists a

polynomial g, € Zy»h[x] such that (o;c) = gu(ec?); it follows that for

every &, € Zig[x] there is a polynomial
Nu = Cuyo + Cu1® + ...+ cu,d—lxd_l € Z[d][w]

a
such that e,(a') =n.(a’). Since for j=1,2,...,d—1 we have > «!i=0
i=1

d
we get 1/d > eu(o!) = €4 € Zyay a8 we wanted. Therefore we have proved

=1
gn;EF*mod F} . For j#-mmodd let us define g,,eF* from g,
by simply cancelling all factors of weight greater than m in its infinite-
product representation; for § = m modd let us define

Ini = (Gmi-1) " (Gmi-2) " eor (Gm1) 29 (Gma) ™ oon (Gmira) 2

We must now prove the congruences g} = (g,,,)* mod F¥* .
We have by definition

d " -1\ e
ngEg:n.!E (H(gin—‘ll.i) J) .

=1

Hence by Lemma 7 we compute
((Traesy)
=1
t)
. g5\ 172\ %
- ((H g;:-';.j !) ) = (g’".i)“,'

HI

a +13, &~
gy=(TT @)™

i=1
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Here we have used the fact that for all j we have
(g;-'-ll j)lx Y= Gm—1,;Cm (%) Cmi(a) € For

d
so that (mod F.},) the order of the factors in the product J] is

=1
irrelevant, and the exponent o’ may be taken out of the parenthesis.
We still have to consider the value j =mmodd. First we notice
that for any j#m the construction above has given g¢,;= gn-1.;
mod F; then the inductive assumption ¢ =g, ... gn-1.a combined
with the definition of g,; yields also g¢,; = gn—1; mod F,,. Since we
have proved the congruence ¢, ;= g,—.; mod F,,, we deduce that we
can write

Imi=Gmiem Od F7 1,
where z,, is a product of powers of basic commutators g, of weight

L(u) =m. From Lemma 5 we know that for such commutators we
have

[D‘]

(gu) " mOdF::H .

This gives immediately 221 = 2%"= 2% " and finally

[x]

In.i = (gml)[a] o= (g) (zm) (gm_j) mOd m+1

As for unicity, let us assume that b, ;e F* (j=1,2,...,d) satisfy
the same requirements for g, ;:

9=l by oo bgs By = ()™
By the inductive assumption we can write, mod F,,:
Gm ;= R ;W ; for some w,, ;€ F, .

Since the previous argument gives w!*= (w,,;)*" modF %L We can
compute ¢!*! in two different ways, namely

[x1

95 = (Gm )™ = (s Win )" = (B )™ (W )™

= (hm_jwm])[“] h[«x] [oc] = (hm'j)zx!(wm‘j)am
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mod F,%,. By comparison we get (w,,)* " =1, hence w,; =1,
whenever j #m modd. As for ) =m, the first condition g=h,,,... by
implies W,y ..o Wy,e =1, thus w,; =1. Thus the theorem is completely
proved.

Let us remark that along the proof the power mappings g g%,
g g*? have both been used. By Lemma 3, Zy[«x] is a minimal
binomial ring containing o and 1/d. Therefore, if this proof has to
be carried on in a group of type F¢, we cannot choose for C a smaller
ring than Z;[«]. For the same reason we cannot expect to find the
homogeneous factors g, in a proper subgroup of F* = FZ%,, even
it g lies in F.

6. The proof of theorem 1 gives a recursive method to compute
On.; starting with g,-,;, so that g; can be determined mod F,",‘, for
arbitrary m. We shall apply the first steps of this procedure to the
element XY of the free group F = (X, Y)>, whose elements are re-
presented by ordered infinite products as

XaYa[Y, X]o[Y, X, X]4[Y, X, X]os....

We first choose d =2 (d =1 is uninteresting). Then o« = —1 and
Zyy[a] = Zyy; = Z[4]. We compute:

01=XY
Gra=1
g1 = (XY )1 XY)=XY[Y, X]}
G20 = (9:0))' XY =Y, X]*
9s1=XY(g,,) '=XY[Y, XP}[Y, X, X]}Y, X, Y]?*

Goo= ([Y1, XY, X )= [Y, XI}Y, X, X}Y, X, Y]} {mod F}

ete.

mod F}¥; (here F* = FZ,)

mod Fy;

Let us now choose d =3. We compute
G.=XY
Gipo=1 mod Fy (here F* = FZ,)
=1
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gon = (X*Y*)o (X Y*)* " XY)} = XY[Y, X}
Oo2 = (21) ' XY(g,5) ' =7, Xt mod Fy
Gz =1
Os1 = ((ch Ye[Ye, Xa]‘})a‘l(xmyai[yw’ Xal]})a"(XY[Y, X]‘}))l =
=XY[Y, X}Y, X, XI5[Y, X, Y5
g2z = ([, XTH ([T, XTH [T, X )=
=Y, XY, X, XY, X, Y}
33 = (ga.z)_l(gs,t)_IXYE [Y, X, XY, X, Y]#
ete.

mod Fj

For d = 2, 3,4 and within weight 4 (i.e. mod F;) we find the same
exponents appearing in [4], p. 215. The reason for this coincidence
(the computing method was there fairly different) will be explained
in par. 7. From theor. 3 it will also be clear why two different values
d< @ yield the same elements g,; for 4, j<d.

The case d = 2 is special: if we start from a word ge F we can
avoid recursive formulas and basic commutators expansions, since the
« mean value » of (¢")°"* over the two roots 41 gives directly the exact
formula for g,. In fact let us write

fr = (g(g=))}; 2= (f)g; .

We claim: f, =g¢,, f;, =¢,. We easily compute:

fou = (g"“(g[””[_”)_l)i = (g-ug) = (f,),

it = (g = fig0 = (fi)fig N =
= (f) ' 9(g™") gV = (fi)'g="1..

By unicity we must have f, = ¢,, f. = ¢, as we wanted.
In particular, if g= XY we find

g, = (XY2X); g, = (XY X) XY = (X2 X)t X171,

7. We shall apply theor. 1 to finite p-groups; possible general-
izations will be discussed later. In this paragraph P will always denote
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a finite p-group of exponent p™, d a divisor of p — 1, & a primitive
d-th root of unity, modp™.

There is a unique way to assign to P a structure of Z.-group,
i.e. for any he P, ¢ = r[s€Zy we define h° to be the unique element
ke P such that k* = k7. Equivalently, we may consider the canonical
ring-homomorphism of Z onto Z/p™Z, extend it to the ring of fractions
Ziy by letting ¢ =r[s—>(r 4+ pmZ)(s + pmZ)™ = b + p™Z and define
he = h*. P becomes also (although not canonmically) a Z;[«]-group if
we define h* = he i.e. we use the homomorphism of Lemma 4.

We now choose n generators x;, %, ..., z, for P and denote by F
the free group with free generators g, ¢., ..., g.. Then we see that
there is a unique Z [a]-homomorphism » of FZ%,[«] = F** ;onto P
such that ‘

gr=w;, (i=1,2,...,n); (9%)’ = (9”)* for every ge I'**,

If » is such a homomorphism, it is clear how it must act on a basic
commutator g,; as v is also Z[«]-admissible, then we must have
for any
9=1I 9 (u€Zulexl), ¢ =TI (g2)
u€d u€d

where only finite factors are non trivial, as P is nilpotent. This
accounts for unicity. As for existence, we may define g by the last
equation above; the proof that » is a Z[o]-homomorphism follows
easily, once the exponents ¢, have been replaced by proper integers,
i.e. by the ring homomorphism of Z[e] on Z/p™Z we described in
Lemma 4.

As we have already seen in par. 1, this implies in particular that
if ¢ is an automorphism of P= {(x,, x,, ..., ©,) such that x,?= ., for
i=1,2,...,d then ¢ is induced on P~ F**/Kery by the automor-
phism @: gi>g'® of F**,

Now we reconsider the homomorphism ¢ +>g described in par. 1,
mapping the free group F onto the group P of the verbal functions
in » variables on the p-group P. As before, there is the possibility
to extend this mapping to a Zy[«]-homomorphism of F** (the finite
p-group P plays now the role of P above): if g= [] g% (€u € Zta]),

UEA o
for any n-ple (hy, by, ..., k,) of elements h,e P we define

’g(hn hyy ooy by) = H ’gu(hu hyy ooiy By)oe.

UEA o
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Clearly, if g/*'= g%’ in F**, then g, is a-homogeneous of degree j, i.e.
9,3, hgy ooy b)) = (Gs(hay By ...y b)) for all h,e P.

Then from Theor. 1 it follows

COROLLARY 1. Let P be a finite p-group of exponent p™, d a divisor
of p—1, a a primitive d-th root of 1 modp™. Then every verbal func-
tion (in n variables) on P can be uniquely written as a product of d
a-homogeneous verbal functions of degree 1,2,...,d.

ProoF. Let g be a verbal function on P, corresponding to the
word ge F. We embed F in F** and write ¢ = ¢.¢,... g4, g;,€ F* as
in Theor 1. Then g; may be not in ¥, but g, is a verbal function on P
(1 e. there is a Word g, eF a,lthough depending on P, such that
g, ;) and clearly § =9,9,...94, §; bemg a- homogeneous of degree j.
As for unicity, let us assume also § =7.7,...7s, 7;€F, f, a-homoge-
neous of degree j. We shall induce on the class ¢ of P (or P), thus
assuming f,=g,modP,. Then if we set 2;=f"g,, the element
Zi(h1y ...y by) lies in the center of P for any h,e P, hence:

212y ooy BE) = (Fy(BS, oy BE))2G,(RE, ..., BE) =
= (Fi(Ray veey )™ (G5 (Bay vy B)) 2= (Bs(Ray onvy Ba))o

Moreover, the assumption f,...7; =g, ..., implies 2(hy, ..., k) ..
.. 24(hyy ..., by) = 1. If we replace each h; by its power h‘;’ we get
for the elements k; = 2;(hy, ..., h,) the following relations:

KRS LR =R Lk = =tk ke =1.

These are equivalent to a set of d homogeneous linear equations in

the Z/p™Z-module P,, whose coefficients have the (Vandermonde)

determinant J] (a*— a’). Since a‘— a’ is a unit mod p™, there is
1<j ~

only the trivial solutions k¥, =k, =...=k; =1. Therefore 2; =1 and

7, =0;, as we wanted.

When the word-operation g is the usual group product, associated
to the element g = XY of the free group ¥ = <X, Y), then Cor. 1
applies to the situation we studied in [4], and unicity forces g, to be
the same operation which was there denoted by the circle o; in fact,
if ¢ is an automorphism of P and x,yeP; a® = x%; y® = y°, then

21
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@y = gy(@, Y) ... §a(w, y) yields
(.‘7:‘("7’ ?I))'p = g,(2%, y°) = §,(a%, y°) = (@:-(w, ?I))“’

where the fact that g, is a verbal function has been used to write the
first equality. Therefore the definition in [4] was: x oy = §,(w, ¥).
This seftles a question which arose in [4], in connection with the
independence (upon P, a etc.) of the rational numbers listed in the
table of [4], p. 215; actually these exponents must be independent,
as they are uniquely defined by the factorization

XY =g.(X, Y) (X, ¥) ... u(X, ¥)

of Theor. 1, and this is uniquely determined by the choice of d.
Since this factorization is possible in FZ, but not in F, it is also
clear why the independence of the formulas requires the use of rational
non-integer exponents.

Once this coincidence has been recognized, many arguments of [4]
may be repeated without substantial changes; in fact, the automor-
phism ¢ is no longer available, but the first steps of the proof in
Theor. 1 imply @ oy = 2y mod {z, ¥),, hence x c2 =22, x o (y2) = (X oY) 2
whenever z commutes with x, y; on these relations most of the proofs
in [4] are based. The result is the following.

THEOREM 2. Let P be a finite p-group. If we choose a divisor d
of p—1, write XY =¢,9,...9. as in Theor. 1 and define xoy =
= §,(x, y) for each x,ye P, then we obtain a loop P, o with the following
properties:

a) P, o is power-associative; the order of an element is the same
as in the group.

b) If the 3-generators subgroups of P have milpotency class <c
then P, o is centrally nilpotent of class <[(¢c+ d—1)[d] ([...] = integer
part of ...).

¢) If a is a d-th root of 1 modp™, the exponent of P, then the
power mapping: x+>x° is a loop-automorphism of P, o.

Here are some particular cases: if d =2, we find z - y = (zy22)},
the loop of Glauberman (see ref. in [4]); if d=p—1 and ¢<p,
then P, o is an abelian group (as we shall see, this is the additive group
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of the Lie-algebra associated to P, according to Lazard [3]). Since
x oy €<z, ¥, any subgroup of P is a subloop of P, o ,but the converse
is not true; for example, the set P, of the « eigenelements » for an
automorphism ¢ of order d (see par. 1) is a subloop but need not be
a subgroup. Since x oy is a verbal operation on P, a group-auto-
morphism of P is a loop-automorphism of P,.; again, the converse
i3 not true, the mapping x> 2* being a counterexample. The following
application may deserve some attention: if the 3-generators subgroups
of the p-group P have class < p, then the group of the automorphisms
of P is isomorphically embedded in the group of the automorphisms
of the abelian group P, o.

The assumptions of Cor. 1 can be weakened, but some caution
is needed; for example, we may remark that the finiteness of P was
only used to ensure both the finite exponent and the nilpotency of P.
The former is not required to define a structure of Z,[a]-group on a
p-group, since the ring Z/p™Z can be replaced by the ring of p-adic
integers; but in this case, if g;€ FZ,, g;¢F, then g, may not be
a verbal function on P. However, a more substantial obstacle to
generalizations is met if one wants to omit the nilpotency assumption
for P, as the homomorphism g —g is defined only if the infinite pro-
duects involved converge in P. On the other hand, there is no difficulty
in formulating Cor. 1 for any finite nilpotent group such that
p=1modd for every prime p dividing the order of P.

8. In this paragraph we shall explain the connection between
the preceeding theorems and the results of M. Lazard ([3]).

THEOREM 3. Let C be a binomial ring containing Ziy; let g be an
element of FZ,, g=g.0,...ga the factorization of Theor 1. Then for
every ce C we have

9= (9,) mod Fg,, .

We only give an outline of the proof, whose details would require
first to prove an improvement of Theor. 1.1 of [1], in order to take
into account the degrees of the polynomials P,, R, (see par. 2) in
the single variables. One finds that the C{z}-mapping of C into F°
defined by

or>(ge) = T] g%@  o.€ Cfa}

uEA o



320 Benedetto Scimemi

is such that the degree of g, in « does not exceed L(u). On the other
hand, the conditions ¢,"*"= (g,)** for i =1, 2, ..., d implies that each
o, vanishes for ¢ = o, a2 ..., a® =1; since clearly ¢ vanishes also for
the (d + 1)-th value # =0, one deduces p, =0 whenever L(u)<d.
Then (gi")~°=1mod FJ,,, as we wanted. For j=2,...,d the proof
is similar.

COROLLARY 2. Let P be a p-group whose n-generators subgroups
have nilpotency class not exceeding d. Then every wverbal function in n
variables on P can be uniquely written as § = §,g,...9q, Wwhere §; is
c-homogeneous of degree j for every integer c.

The proof is immediate, by Theor. 3 and the usual homomorphism.

There is a connection between these statements and some results
of M. Lazard ([3]); he introduced the concept of «suite tipique » and
proved that such a sequence can be uniquely represented as an infinite
product ([3], p. 143)

gty =0bivt ... b ...;  (b,e R,

where ¢ is a parameter assuming non-negative integer values and b,
lies in a suitable extension, say F, of the free group F. Roughly
speaking, this is the factorization of our Theor. 3 for g = g(1) if we
let d tend to infinity, thus Z;; tend to the field of rationals Q and
F* =F%, to FQ in the role of E. In the following example this
connection will appear more precise: let

git) =X'Y' =bibL ... bY mod B,y

as in [3], theor. 2.4, Now let us apply Theor. 3 to the word g=XY =
= 102 ... s We have g = glidgld gl — geget  go* mod Fy,, for
every c. In particular, if we let ¢ assume integer values ¢ and embed
F* in E we obtain

g =X'Y'=gig"... g5 mod By, .

By comparison it is easily seen that ¢, =by, g, =0b,,...,gs=>b;mod E,y,.
Likewigse, if P is a p-group of class not exceeding p — 1, then our
Cor. 2 applied to g=XY for d =p—1 yields substantially Lem-
ma 4.5 of [3]; by letting

~

e+y=>b(xy); [z yl= (b(e, )"
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we assign to P a structure of Lie-algebra from which the original
group-multiplication is obtained through the Hausdorff formula. The
following (open) questions naturally arise:

Under the assumptions of Cor. 1 (i.e. without any bound for the
class of P) let us still write g = XY, gi(x,9)=2+y, (§(z,9))*=
= [o, y]. Then P, + is a loop (Theorem 2), but what kind of structure
is (P, 4+, [,]1)? Does there exist a formula enabling one to reconstruct
the group multiplication starting with the two new operations?
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