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SOME APPLICATIONS OF SAALSCHUTZ’S THEOREM

L. CARLITZ *)

1. Put
@, Gy o G | F2 @)@k .. (@)
W " b bas o bJ‘ T (o’
where
(@).=a(a+1) .. (a+k—1), (@p=1.
The formula
¢, d| _(c—a)(c—b)
@ 2 —n, a, b ‘ T (O)lc—a—Db)n

where n is a nonnegative integer and
3) c+d=—n+a+b+1,

is Saalschiitz’s theorem [1, p. 9].
Changing the notation slightly, (2) becomes

@ Zk: (—k)fa+k)(—a+b+c+1),  (a=blla—ch
=0 i+ Dic+1); BRCESICES

Then

E (@)(a—Dbla— ) e
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(a)zi(—-a+b+c+1)ix,~ °Z°: (@+2j) o
AEFDe+D),;, ~ & kY

=Y (—1y
j=0
Since

E’: (a+2j)«

k— (1 _+v)—a-2j
k=0 k! X ——(1 x) I’

we get the identity

T@a=bla—c) , Ty @(—atbtet+l) . o L
O Z e+ et~ AT e e, TR

In particular if we take a=—2n, x=1, (5) becomes

©6) ZE (—=2m)(—2n—b)(—2n—ch (1) @b+t 2n+ 1),
£=0 k'(o+ Dlc+ 1) - nl(b+1u(c+1)n

In the hypergeometric notation (1), we have

{—211, —2n—>b, —2n—c ! i aw nl(b+ Dulc+1)n
(D o b+, c+1 1=V GG rerant Dy
which is the finite version of Dixon’s theorem [1, p. 13].
We remark that, for x=—1, (5) reduces to
it (@la—bla—ch & (@(—a+b+c+1);,_,_,;
— 1)+ =3 2=,
® D ey — A Gt

Also, for a=—n, b=c=0, (5) becomes

oo 3 21\3 . F
5 (n e > {G1y(n 2])!x,-(1+x),,_2,..

©) K FEE T )

k=0

This formula, attributed to Foata, is proved in an entirely different way
in [3, p. 41]. The special case

o (nf _ « Dt
(10) Z(k,) = Z. =2’

k=0

is due to MacMahon.
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2. In the next place we consider the sum

2 kb4 Dile+ Di(d+Dide+ 1)
& (@a—bila—c)la—d)a—ek -

(11) S

a, a—b, a—c, a—d, a—e
b+1, c+1, d+1, e+1]°

=sF,

By (4) we have

S— E (@a—dwa—ek k. (—k)a+k)(—a+b+c+1);
TE K+ Dile+ 1) 2 10+ Dic+1); -

e i(a)z;(-—a—i—b—i—c—l-1),-(a—d),(a—e),~_
§= Z (=1 51 GT Do+ Dd+ Ditet 1

3 (a+2))la—d+ila—e+
= kNd+j4Dile+j+ e

If we take a= —2n the inner sum is

—2n+2j, —2n—d+j, —2n—e+j

2 d+j+1, e+j+1

which, by (7), is equal to

2n—=2))(d+e+2n+1)
n—Id+j+ Da-fe+j+Dnj

(=177

Thus

S=(—1)Zn (—~2n)2,~(b+c+2n+1),-(——2n——d),~(—2n—e),-'
i=o "B+ Dic+1)i(d+1)i(e+1);
_@n=2p)id+e+2n+1)nj _
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==z =6+ Dye+ DAd+ Dulet Da
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.« (=n)ib+c+2n+1){—2n—d)i(—2n—e);
Py j'b+Dic+1)(—d—e3—n); )

If we assume that
(12) b+c+d+e+5n+4+1=0,
the last sum reduces to

* (—n)(—2n—d)i(—2n—e);

(13) P '+ Dile+1);

In view of (12), we can sum (13) by means of (2) to get

(b+d+2n+1)dc+d+2n+1),
(b+1uc+ 1),

We have therefore

@Cn)l(b+d+2n+1)c+d+2n+1)(d+e+2n+1),

(14)  S=(—-1)" 1D+ e+ Du(d+ Da(e+ 1) ’

provided (12) is satisfied.
We may restate this result in the following form.

a, a—b, a—c, a—d, a—e
b+1, c+1, d+1, e+1

@m)!(b+d+2n+1)c+d+2n+1)(d+e+2n+1), ] _
110+ Du(c+ Du(d+ Dale+ 1)n h

@n)l(b+e+2n+1)(c+e+2n+1)(d+e+2n+1),
nl(b+ 1u(c+ 1)u(d+ 1)u(e+ 1), ’

(15 sFs

=(-1y

=(—1y

where a=—2n and

b+c+d+e+5n+1=0.

In particular, for b=c=d=0, e=—5n—1, (15) reduces to
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2n, —2n, —2n, —2n, 3n+1 ((3n)!)*(4n)!

| —
(16) sk’ 1, 1, 1, —Sn]:(_l) HN@Cm)YGa)”

If p=5n+1 is prime, then (16) implies the following curious
result.

1

T e T (mod p).

For other congruences of this kind see [2].
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