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ON THE SOLUTION
OF SCHRODINGER-LIKE WAVE EQUATIONS

by J. bE GRAAF and L. A. PELETIER *)

§ 1. Introduction.

In this paper we shall prove the unique solvability of the initial
value problem for a system of inhomogeneous linear second order partial
differential equations which can be denoted in matrix notation as

1) Su=u;+iDu,+ Au.+Bu=f#,

where u(x, t)= col (urx, t), ..., u«(x, t)). The real variable x runs
through the interval (— oo, o0). The real variable ¢ satisfies 0<t<T < co.
D, A and B are constant matrices. D and A have the following restrictive
properties:
(i) D=diag (du , ..., dwn). D is real.
(i) A=Af,
where A' is the hermitian transpose of A.
S is a differential operator defined by (1).
f(x, t) is a vector valued function, f= col (fi(x, t), ..., fa(x, 1)).
For the case f=0 some special properties of the solution will be
investigated.
One method of dealing with this problem is based on the theory
of semi-groups. See [2] and [3].
However, an elementary and very elegant proof for a related pro-
blem has been given by LadyZenskaia [1]. She deals with the initial

(2
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value problem for the operator equation
3 u:—iS(tyu=f,

where for almost all ¢, u(¢) and f(¢) are elements of a seperable Hilbert-
space H. Here the linear operator Si(¢#) has the following four properties:

(i) The domain D(S;) of S is dense everywhere in H.

(ii) S, is self-adjoint.

(iii) S: establishes a one-to-one mapping of D(S;) on to H.

(iv) §:>0.

In the present problem the operator corresponding to S; in neither

positive nor self-adjoint; on the other hand it does not depend on ¢.
We shall prove existence and, in passing, uniqueness, by suitably modi-

fying Ladyzenskaja’s method, using an auxiliary operator which does
have the properties (i) - (iv).

§ 2. Some notations.

R: the interval (— oo, o) of the real numbers.
Q: a strip in the x-t-plane containing all points satisfying the
inequalities — oo <x< oo and 0=<t<T < oo,

We consider the vector valued functions of n complex components
u=col (u1, ..., Us), ur=uw(x, t) defined on R and Q respectively; in
the former case ¢ is fixed.

LyR), L{Q): Hilbert-spaces containing all square integrable n-
component vector valued functions on R and Q respectively. The inner
products and norms belonging to them are defined by

oo

(u, v)=fuf vdx | ul||=@, w"* u, veLAR)

T oo
(U, v)o= f fu* vdxdt [| ulle=(u, wY¥* u, veLAQ)
0 — o0

ut being the hermitian transpose of u.
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W2(R): Sobolev space. This space contains all vector valued
L(R)— functions u(x) whose generalised derivatives D*u, (k=1, 2, ..., m)
are also elements of Ly(R). The innerproduct and norm are, respectively,

u, VIm=(D™u, D)+ ... +(u, v)
I u|lm=(u, u)il.

W =LxQ)XLxR) i.e. the Cartesian product, being the set of all
pairs [v; o] with veL(Q) and @€LxR). The innerproduct and norm
are defined by:

(Iv; o1, [w; VD=, wl+(o, )
I Lvs o] llw=Cll v I3+ |l o [P*=(v; @], [v; o]}

REMARK. All integrations applied in the definitions of norms and
inner products, are in the sense of Lebesgue. All differentiations in
the present paper are meant in generalized sense, although the classical
notation will be retained.

§ 3. Existence and uniqueness of the solution.

We consider equation (1) with the properties (2), feLxQ) and
u(x, 0)eLAR). Let D(O) be a linear manifold in LQ) containing the
functions u(x, t) which have generalized derivatives u:, u., ux in
LAQ) and for which at each te[0, T], ue W¥R) and u,e WYR). Fur-
ther we define Do(©) and D%®), being linear sub-sets of D(O), contai-
ning D(O)-functions vanishing at t=0 and ¢t=T respectively.

D(O)NDYO)=DYO) is dense everywhere in L(Q).

Define on D(O) the operator © as follows

Ou=[Su; u(t=0)].

The range R(O) of operator © establishes a linear manifold in the
Hilbert-space W.

LEMMA. 1 The linear manifold R(®) is dense everywhere in W.
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Proor. The lemma holds if and only if there is no element in W,
except [0; 0], normal to the linear manifold R(®). Let [v; Y]eW
be normal to R(®). Then for every ueD(O)

5) fdtfv* Sudx + [ Jdﬁ udx:l q:0.

From v(x, t) construct the fuction ¢(x, t) as solution of

t

&p:cp—qoxx:fv(x, T)d~.

T

As the auxilary operator A establishes a one-to-one mapping of
WAR) onto LxR), ¢ exists, is uniquely determined, and belongs to
WXR) for every te[0, T]. It is easily seen that

(6) v=Ag; .
Now we choose for any a€[0, T] the function ue D(®) as follows:

0 0<t=<a

7 , )= ]
D W, 1) f@(x, T)d=< a<t<T

a

By using the definition of D(®) one can verify that, for every
a€[0, T], u is an element of D(O).
Substitution of (6) and (7) in (5) yields

T w ¢
fdtfdx(;l(pt)TS ( f (pd‘r] =

oo t
= f dx f di(Ag)t { o+ J (iDCPxx‘l‘A(px'i‘B(P)dT} =0.
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After partial integration and using the properties of ¢ we obtain

T

f dx f dt{(Ag:)to— (A (iD¢s+ Ag:+Bo) }=O0.

a

Add to this expression its complex conjugate, then after some partial
integrations:

T T
(8) f % (Ao, @)dt— f ((B+BhHAo, ¢)dt=0.

Further, there exists a unitary matrix U, such that
B+B'=U'AU

where A is a real diagonal matrix. Let K, in absolute sense be the
greatest eigenvalue of (B+ BY), then

(9) | ((B+BhAe, ¢)| = | (UAUAg, 9)| = | (AAUg, Ugp| <
<K(AUg, Up)=K(Ag, o).

With this result we obtain, as @(T)=0, from (8) the inequality

T

(A9, @)=a=<K J- (Ao, @)dt,

a

which holds for all ae[0, T]. This is essentially Gronwall’s inequality
[6]. Therefore (Ag, @)=0 for every te[0, T].

Since A>0, it immediately follows that ¢=0, and hence v=0
(cf. (6)). As WA(R) is dense everywhere in Lx(R), ¥ must also be zero.
This completes the proof of our lemma.

REMARK. The auxiliary operator A has the properties (4).
LadyZenskaja constructs the functions ¢ by means of the operator
S: (cf. (3)). This is not possible in our case and, obviously, not necessary.
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LEmMMA 2. For every ueD(®) the following inequalities hold.

() (W, W=n=<c {(u, Wi+ f [| Su II’dt}
0

(i) f(u, wdt=<c, {(u, U)o+ f || Su ||2dt}
0 0

¢ and c; are constants.

(10)

ProoF. Premultiply the expression
U+ iDuz+ Au.+Bu=Su

by ut and integrate it over the entire x-axis.
Then, adding to the result its complex conjugate and keeping in

2

mind that the operators iD%—z and A(% are skew-hermitian, we obtain

2 @, =—(B+BY, w)+6u, W+, Su).

Using (9) and the expansion of || u—Su |]*> we obtain
2, u)—Bu, w=< || Su |}
dt t ’ -_— El

with B=K41.
We multiply the left-hand side of the last inequality by e~%. The
result may be written

ﬂ —Bt, < 2
7° (u, )< || Su |

Integration of this inequality from O to # leads to the desired
inequalities (10), where

a=" and c,;=Te*.
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__Tueorem 1. The operator © has a closure O, where R(O)=
=R(O)=W. The operator equation OQu=[f; @] is uniquely solvable
for every feL)Q) and ¢@o€L,(R), and for all ¢t the solution u is an
element of Lx(R), which depends continuously on ¢ Finally Su=f and
u(x, t)—> @o(x) as t— 0 in the sense of the L,— norm.

Proor.

(i) R(O©) is dense everywhere in W (lemma 1), so every element
in W can be approximated by sequence of elements belonging to R(O).
From lemma 2 it is clear that the originals of the elements of a Cauchy
sequence in R(O) establish a converging sequence in Ly(Q). The union
of D(O) and the limit points of these sequences will be denoted by
D(O).

(ii) Let {u.}=D(O) be a sequences converging to u€ L(Q) such
that {Ou,)={[fs; @]} converges to [f; @]eW.
When we succeed in proving that u=0 implies [f; @]=[0, 0]
the operator has a closure O.
Multiply the expression (Su.)t=f} from the right with e DYO)
and integrate over Q. By means of partial integration the differentiations
may be carried over to . This leads to

oo T

oo T oo
ftpf.l(x, 0)dx— fdtfu',’,Sde:- J‘dtfﬁlgdx
- 0 = 0 R

where S¢=0,+iD%..+Al—B'C.
For n— o« our assumptions lead to

fcpzé(x, 0)dx=— det fffgdx

— oo

holding for every {e D% O).

Restricting ourselves apriori to test functions {e D}(O) we imme-
diately obtain f=0 as DY ©) is a dense subset of L,(Q). Then also
@o=0 as WXR) is a dense subset of Ly(R).



336 J. de Graaf - L. A. Peletier

(iii) Let {u.}cD(O) be a sequence converging to ue D(O) It fol-
lows from (10 i) that the u.(#), as elements of Ly(R), converge uniformly
with respect to t€[0, T] to w(¢). Furthemore, because u,/dteLxQ),
they are — as elements of L(R) — strongly continuous with respect
to t. The limit function u(f) must therefore be strongly continuous
as well.

§ 4. Some properties of the solution if f=0.

Concerning the (nXn)-matrices D, A an B we restrict ourselves to
those cases where the matrix

(11) (D—Az+iBz%

has n independent eigenvectors for all z within a sufficiently small circle
around the origin of the complex z-plane. This property, together with
condition (2), ensures that the matrix operator

(12) P(k, t)=e(iD—ikA=Byt

is uniformly bounded for k€R and t€[0, T], (see appendix).
If we take the initial value u(x, 0)=g(x)€ W3(R), the solution may
be represented by

oo

(13) ux, = L f P(k, t)g(k)e™dk,
27

where

(14) glk)= f glx)e=*dx.

— o0

This is easily verified by direct substitution: The differentiation
may be carried out under the integral sign, as the required derivatives
of the integrals converge uniformly since

o F - dk (1,
| [arpgeax | =< 1o [ 1ea1 9 <tipnnwgn | [ ac)”.
N N N
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THEOREM 2. For an arbitrary initial condition u(x, 0)=g(x)€ LAR)
the solution may be represented by (13).

Proor. As W3(R) is dense everywhere in Ly(R), it is possible to
find a sequence {g.}cW3(R) which converges to g(x) in the sense of
the Lx(R)-norm. Then the solutions u.(x, ), corresponding to initial
values g.(x) also converge in the L,-norm i.e.

lim u.(x, t)=u(x, t)

u(x, t) being a solutions and u(x, 0)=g(x).

Finally, as the Fourier-Plancherel operator (14) is bounded, the
order of integration and passing to the limit may be interchanged.
This proves the theorem.

THEOREM 3.
u(x, 0)eW3(R); p=1, implies: u(x, t)e Wi(R) for all t.

Proor. Let u(x, 0)=g(x)e W3(R).

Using representation (13), we find

u=l f kP, DgRIe=dk; (q=0, 1, ., p=1).
4 1 -
(15) g” ai {ng L 21—15 f (i)~ 1P(k, t)g(k)dk}

because the second term between pointed brackets is independent of x.
Note:

l f (ik)"~'Pgdk I < || (1 -Gk Pg || || (1+KD)12 .

From (15) it follows that

u

- p— ikx __
3 = ax >m { (ik)*~'P(k, t)g(k)(e 1)dk.

22
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Finally, according to Titchmarsh p. 69 [5], we have for almost
all x

u 1 J .1 \p I\ pikx
3 = om f (k) P(k, t)g(k)e™dk.

Consequently 9%u/dx?€ Ly(R), and for all ¢ u(x, t)e WE(R).

Appendix.

A. Consider the (nXn)-matrix (D—Az+iBz?), defined on the
complex z-plane. The matrix has the properties

(i) D= diag(du , ..., dm); D is real.
(i) A=At

(iii) There exists a positive number p so that (D—Az-+iBz%)
has n independent eigenvectors for |z | <p.

ReEMARK. Sufficient (although not necessary) for (iii) to hold is
that all diagonal elements of D are all different from one another.
Let

(a) (D—Az+iB2)yviz)=N(2)vi(z) j=1, 2, .., n.

For | z|<p all M(z) are analytic in the origin, and the vj(z) may
be chosen so. (cf. [4]). Substitute in (a) the power series

M(2)=NP + APz + AP+ ...
Vi(2) =v{P+v{Pz+vP2+ ...
After identification of equal powers we obtain
(b) Dy =7\"®
(©) Dy — Ay =AM+ APv(®,

From (b) it follows that A{®=d;;. Take v{®ty{¥=1.
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Premultlply (c) by v{®t. After some reshuffling this yields
AMY= —v{™ApO,
Obviously, both A{® and M" are real when A is hermitian.

B. THEOREM. There exists a positive number M, so that for all
te[0, T] and keR

” e(ka’—ikA—B)t ” <M.

Proor. In view of condition (iii) there exists a number K>0
such that the exponent divided by ik’ is diagonalizable for every k,
| k| >K.

(i) There exists a positive number M; so that for all k, such
that | k| <K and all te[0, T], || e ~#A-B*|| <M, as the variables
are bounded.

(i) For k, | k| >K, construct from the normalized eigenvectors
a matrix S(k) such that :

ikt ( p—Lay %zzs) =S-Y)[Dik, H)+Dak, H1S(0).
Dy(k, t)= diag [ik’td;;+ikt\"]
Dy(k, t)= diag [it (M”+ 71{)»;3>+...) ]
Then || %9 || =1, as A is real. e’* ", S(k) and S~'(k) are

unformly bounded for k, | k |>K, so there exists a number M, satisfying
the requirement that for all k, | k | >K.

“ e(ka'—ikA—B)t “ SMz .

(iii) Finally, take M= max (M;, M,).

Acknowledgement.

We are very grateful towards Prof. Dr. L. J. F. Broer and Dr. K.
A. Post of the Technological University of Eindhoven, who were so



340 J. de Graaf - L. A. Peletier

kind as to read through the manuscript very carefully and who made
several valuable remarks.

The co-operation of one of the authors (J.d.G.) in this research
was made possible by a grant from the Netherlands organisation for the
advancement of pure research (Z.W.0.).

REFERENCES

[1] LapyZenskaja O. A.: O refenii nestacionarnyh operatornyh uravnenij razliényh
tipov. (On the solution of various kinds of non-stationary operator equations).
Dokl. Ak. Nauk S.S.S.R. 102 (1955), n. 2, p. 207-210.

[2] Lax P. D. and PuiLrLips R. S.: The acoustic equation with an indefinite
energy norm and the Schrodinger equations, Journal of Functional Analysis 1,
37-83 (1967).

[3] YosibAa K.: Functional Analysis, 2nd printing, Springer Verlag, Berlin 1966.

[4] Broer L. J. F. and PELETIER L. A.: Some comments on linear wave equations,
Appendix A, Appl. Sci. Res. 17 (1967), p. 65.

[5] TrrcumarsH E. C.: Introduction to the theory of Fourier integrals, Clarendon
Press, Oxford 1948.

[6] HARTMAN Ph.: Ordinary differential equations, J. Wiley, New York, p. 24
(1964).

Manoscritto pervenuto in redazione il 10 marzo 1969.



