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ON THE INTERIOR REGULARITY OF WEAK SOLUTIONS
OF NON-STATIONARY NAVIER-STOKES EQUATIONS
ON A RIEMANNIAN MANIFOLD

di MiLaN D. Durié *)

Introduction.

To the mathematical investigation concerning the existence, unique-
ness and regularity of solutions of non-stationary Navier-Stokes equations
in the case of an n-dimensional Eucliedan space E., where n is, in the
main, either 2 or 3, has been devoted a large number of works by
various authors. We mention some of main results. So, J. Leray [10]
established the existence of a classical solution which is local in time
by means of non-stationary potentials. E. Hopf [3] proved the existence
of a weak solution which is global in time. A. Kiselev and O. Lady-
zhenskaia [5] showed the local existence and uniqueness of a weak
solution of a various type. The paper of T. Kato and H. Fujita [4]
represents an attempt to deduce an existence and uniqueness theorem
in its classical form by means of Hilbert space theory. Next, we mention
papers by J. Lions [11], G. Prodi [13], P. Sobolevskii [15], O. Lady-
zhenskaia [8] and so on. For details and a more complete literature
we refer to the book [9] and to publications of Steclov Mathematical
Institute of Soviet Academy of Sciences.

There is a need for consideration of the above mentioned questions
in the case of non-Euclidean space. The present paper just represents
such an approach. Namely, in this paper we deal with the existence and
regularity of a weak solution of non-stationary Navier-Stokes equations
on a Riemannian manifold. We first establish the existence of a weak
solution and then show that it is a regular solution in the interior of
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268 Milan B. Buri¢

the domain where the external force satisfies the Holder condition with
respect to (x, t).

Some another questions will not be treated for the present. They
will be the object of a subsequent publication.

CHAPTER 1.

PRELIMINARIES AND DEFINITION OF GENERALIZED SOLUTION

1. Some basic notions and notations.

We devote this section to some notations and some basic notions
concerning Riemannian manifold and to well-known results by G. de
Rham and W. V. D. Hodge [2] and K. Kodaira [7]. Also, we introduce
other notations needed for the later work.

Let R be an n-dimensional orientable C~ Riemannian manifold.
We denote by (x)=(x1, ..., X») a system of local coordinates with positive
orientation. The local coordinates of a point g on R will be denoted by
x'(q), j=1, 2, ..., n. € will denote a family of coordinate systems whose
domains Uy cover R. With V we shall denote covariant derivatives
with respect to the Riemannian connection whose components in a
system of local coordinates are Cristoffel symbols {;¢}. The square of
the geodesic distance between two closed points x and § according to
the metric ds?=g;dx'dx’ will be denoted by I'=I'(x, §). Tensor fields
of rank p on R we shall denote by @*=¢* % (x). The fields @° are
said to be continuous and to have continuous derivatives if their com-
ponents ¢:~%, in a local system of coordinates (x), are continuous
and have continuous derivatives.

If ¢ is an antisymmetric p-field we define two operators, the exte-
rior derivative operator d and its dual operator 8, see [2]. The operator d,
which a p-field sets in correspondence with a (p+ 1)-field, is defined
as follows
(1.1) (dQ)is, ey, =080 Viau, iy s

“lpta

where
8k =l 8%, e>1 and s, t=1, .., p,
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. 1, j=i,
is the Kronecker symbol, which for p=1 is §/= { 0 ;';éi . Dual

operator 8, which a p-field sets in correspondence with a (p—1)-field, is

(1.2) (B9)iy, ...ty = — 8% ¥ Vuy, e

o

The above operators can also have the following forms

(1.3) (AP, ... iy, =(— 1713, LTI SE A
respectively
; i 1 ~ .
(1-4) (8(?)"' e S - —— az( \/g(pul. ...,19_1),
Vg

where ©~ means which index is to be omitted, g=det (g;;), and in repea-
ted indeces, as usually, one makes summation.

According to K. Kodaira [7] one defines an operator A, which to
a p-field ¢ sets in correspondence a p-field Ag, as follows

(1.5) A= —(db+8d).

Furthermore, we always have that dd=0 and 88=0. Thus, an
antisymmetric tensor field of rank p corresponds to a p-dimensional
complex.

The operators d and & are generalized curl and generalized diver-
gence operators, A is the generalized Laplacian. In that manner we
can give the following definitions: A field @ is non-vortical (solenoi-
dal) if

(1.6) de=0, (8¢)=0.

A field o€ CYD), where D is an open subset of R, is said to be harmonic
in D if

(1.7) 0= — Ap=(d5+8d)o.
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For the work in sequel we need the Green-Stokes’ theorem. There-
fore, let & be a differentiable simplex of the manifold R obtained as
a topological image of a euclidian p-simple S°. Then, the differentiable
p-chain C° of the manifold R is given by a linear combination

(1.8) C= X kiS¢
1

and is a p-dimensional algebraic complex, k; are real coefficients. The
boundary of the chain C° is (p— 1)-chain

(1.9) aC = ¥ k:dS?.

For each simplex & we have an identity
368°=0.

Let a be a (p—1)form defined on a domain containing p-chain C°.
Then the boundary operator @ and exterior derivative operator d are
connected by a fundamental theorem of calculus, namely Green-Stokes’
theorem

(1.10) fa:fda.

acP c?

Let (u)=(4, ..., u*) be a system of coordinates on the simplex S°. Then
points g are described as g=gq(u), and the local coordinates x'=x(q(u))
of g are continuous functions of u and are of the class C? in each point of
the simplex &°. Hence the integral of the field o over the p-chain C° is
given by the expression

1 . ,
(1.11) (@°, C*)= E f(Pil,...,ipdx“"""P,
CP
where
dxi1,...,lp: a(x 1’ s X )dul,.,.,p
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Thus, the Green-Stokes’ theorem has the form
(1.12) (do*=1, C°)=(¢*~!, aC),

with @eC! in a certain neighborhood of C°.
According to K. Kodaira [7] for the Green-Stokes’ formula (1.12)
an another expression can be obtained

(1.13) X CrPtl=(— 1)t X §Cr—?+1,

where we assumed that ¢® is of the class C! in a certain neighborhood
of C*. By means of X we described the following form

(1.14) CPXC"_":g;fci"""iPdOi,,...,ip,
.,
where doi,,...,i are dual coordinates of the surface element dxe+v-in

P
given as follows

(1.15) i iy = 3y SE C iy )AXA

pgs -5 t pq, .., t
and sgn (ii, vy M ijy o m)

if i, j, ..., m coincide with p, q, ..., ¢ in a certain order, otherwise it
means 0.

Let D be an open domain of the manifold R. Let us consider a
class C¥(D), 0<k=<oo, of all fields from C* with a compact carrier.
In such a class we introduce the scalar product setting

] means the sign of the permutation (

1 . .-
(1.16) (¢, V)= E f(pil,...,ipqlll"""P V gaD.

D

Next we give the Green’s formula. For the open domain D with
the regular boundary 9D, according to Kodaira the Green’s formula has
the form

(1'17) (chp: ¢p+1)D_((PP’ 8¢p+1)D: f{q), ¢}invgdoins

aD
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where (@, $}* is a bilinear form of variables ¢ and {, and doi,, .. ....i
are dual coordinates of the surface element dx*:--% given by (1.15).

For the operators d and & one proves [2] that they are adjoint,
namely that

n

(da, B)=(a, 8B),

respectively

(1.18) (dot™!, B)=(a*"", 8F7),

where o and (8 are fields with compact carriers, and A is self-adjoint

(1.19) (Aa, B)=(8a, 6B)+(da, dB)=(a, AB).

Moreover, the operator A is permutable with operators d and 8, namely
dA=Ad=ddd, BSA=A8=38ds.

For the field ¢ is to be said that it is homologous (cohomologous)
to zero if there exists a filed ¢ such that

(1.20) o=dy, (e=8Y).

From (1.19) setting =3, we get, because of (1.7), that for a har-
monic field it is necessary da=0 and 8a.=0. Thus, every harmonic
field is closed and coclosed. Every field cohomologous to zero is coclosed
as 66=0. From (1.18) follows that every closed p-field a is orthogonal
to every p-field cohomologous to zero. Contrary, if the field a is ortho-
gonal to every field cohomologous to zero then it is orthogonal to &da,
provided that (a, 8da)=(da, da) it is closed. Also, in order that a p-field
is closed it is necessary and sufficient that it is orthogonal to every
p-field homologous to zero. Thus, in order that a p-field is harmonic it
is necessary and sufficient that it is orthogonal to every p-field homo-
logous to zero and every p-field cohomologous to zero. In that manner
we can state the well-known theorem by Hodge and de Rham: Every
field on the manifold R can uniquelly be represented as the sum of
three fields-the field homologous to zero, the field cohomologous to
zero and a harmonic field. That means, that for a determined p-field o
on the manifold R exist fields A and p of rank (p—1) and (p+1) res-
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pectively and a harmonic field Ha, such that
(1.21) a=d\+3u.+Ha.

If the field o is closed, then (8p, a)=(8w, Su)=0, hence Su=0.
Thus

a=dA+Huo.

From here it is obvious that every closed field a is homologous to a unique
harmonic field Ha.

Let us still introduce some notations and notions necessary for the
further work. So, with £* we denote a class of fields ¢° such that the
components ¢*' % (q) are measurable functions of the coordinates
x(q), i=1, 2, .., p. The notations C¥(D) and Co“(D), 0<k<oo are
customary and already known. With C¥ ;(D)=Co*(D) N Cs'(D) we denote
a class of all solenoidal fields from Co“(D).

Next, M means the linear space consisting of all fields of the
class £° such that

(1.22) (@°, 97 )<+ oo.

Thus, T* costitues a real Hilbert space having (1.16) as inner product.
Then the norm in T is

(1.23) e |l = V(e*, o°).

Furthermore, we denote by .%(D) the subspace of *(D) consisting
of all fields belonging to the class C¥(D), and put

(1.24) bhr=MrNnC.

Let I* be the set of regular p-fields with compact carrier. Then the no-
tation I’=FN My is obvious. Following Kodaira M°® can be decom-
posed into three mutually orthogonal subspaces

(1.25) T=6'® Ty ® b,
where &° consists of all regular harmonic fields and

(1.26) =8k Jhe=dr-t.

18



274 Milan D. Purié

Moreover, for every v=1, 2, ..., 3, and *3.* consist respectively of all
fields satisfying conditions 8¢ =0 and de=0. &,/ and *%, are decom-
posed as follows

%vp: &p @ 11bvp,
2,=86"® by,

(1.27)

where
l1bvp: ‘lbvp o *zvp,
:hr=1s O 2,

Next, we consider measurable fields from the class £* of a fixed
rank p defined in an open subset D of R. Then, we introduce the
absolute value

(1.28) lo() | = Ve'x)= ‘ ‘%cpil....,ip(x)cp"""""p(x) ,

of tensor ¢ in a point x, and define by its means the norm || ||,, where
1=<p=< o, as follows:

_ i/p
o= ||<pu,,,,,={ f o) | vgdu} . 1=p<e,
(1.29) b
loll-=lloll-.o= sup| o] .

If || @ ||, and || ¢ ||, where by g is denoted the real number associated
with p by the relation 1/p+1/q=1, are finite, the integral

(0, Vo= f oUV gdD
D

converges absolutely and satisfies the inequality

(1.30) [, Y| =<|loll|¥]l.

We denote the Hilbert space with the above norm by L,(D). With
H<(D) we denote the Hilbert space obtained by completion of the set



On the interior regularity of weak solutions of non-stationary, etc. 275
of fields of the class Co*(D) with the norm

(1.31) Molll =1l Viello, I<k

As a set it is identical with the completion of Co*(D) with the norm
1
(1:32) ol =2 IV"0lhs, 1<k

if D is bounded. For the case k=0 the space f&"(D) is simply the space
L,(D) with possible decomposition according to the general formula
(1.25). In that manner we obtain the subspace H} (D) respectively
X5 (D) with the norm (1.31). If k=c we introduce the notation
Ho(D) respectively Ho, (D). N

By the identification mapping we can consider #*(D) as a linear
subset of L,(D). A field pedo“(D) possesses generalized derivatives up
to the order k in L,(D), while @ € X ;(D) beside that satisfies the condition
8p=0.

Moreover, we have the notations K-3D if KcInt (D). The point
set w(2y)=w(2y, D)={x | xeD, dist (x, dD)<2y}, where v is a positi-
ve constant, is the boundary strip of D with the width 2y. Then the nota-
tion D(2y)=D—w(2y) is usual. The space consisting of the fields belong-
ing to L,(K) for any compact subset K-3D will be L¥(D). For a fixed
constant T we have notations Q=D X (0, T) and Q=D X [0, T].
Another needed notations will occur in the course of the work.

2. Setting the problem.

Let D be a connected domain with regular boundary dD of the
manifold R. In the domain D, covered by domains of the family C, is
defined non-stationary flow of fluids by the following system of partial
equations given in a system of local coordinates (x) as

@.1) g—;‘ F(u- Vu=f— é V p-+vAu,

du=0,
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with initial

(2.2) u|:io0=a(x), xeD,

and boundary condition

(2.3) uloo=b(x, t), ¢>0, x€dD,

where: u=u(x, t) is the velocity field on D, f=f(x, #) is the external
force field, both of rank 1; p=p(x, t) is the pressure field of rank 0;
p is the constant density, and v is the kinematic viscosity.

For solving the above stated problem we take some assumptions.
Namely, we shall consider that D is a bounded domain of the manifold
R, that the initial field a(x) belongs to (D) N Ho,s(D) and that the
field f(x, t) and its time derivative belong L,(D).

In this section we give an indispensable lemma for the work in
sequel. On its proof we shall not stay considering it simple and well-
known. We assume the existence of a field u of rank 1, such that

ue C(D)N C*D) and that f SudD
D

converges absolutely. Then, from the Green-Stokes’ formula given by
(1.13), considering that n-chain C" is an open domain D with the regular
boundary dD, we obtain duXD= —uXdD, respectively

2.4 f dudD= fuido,- .
D

aD

Hence we have the following

LEMMA 1. A field ueCs(D)NCYD) of rank 1 satisfies the
condition

25) f widoy=0.
aD

But, if the field #€C'(dD) of the same rank satisfies the above condition,
then A is the boundary value of a field ueCs(D) N CYD).
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According to the above lemma the field b satisfies the condition

(2.6) J-bidoi=0 for any ¢>0.
aD

At the end of this section we still mention some assumptions con-
cerning the field a(x). Namely, we assume

(2.7) alop=0 and 8a=0.

These assumptions are naturally assumed.

3. Lemmas.

In this section we first give lemmas which are commonly a co-
rollary of well-known results given in Section 1 and Lemma 1. Next,
we establish the existence of a coclosed (solenoidal) field u% of rank
p=1 which will be used for a reduction of equations (2.1) and conditions
(2.2)-(2.3) to the form suitable for further considerations. Then, we give
still two lemmas for the convenience of a later reference.

LEMMA 2. If a field ae By is coclosed then it is cohomologous
to an unique harmonic field ¢, namely

(3.1) a=8\+0o,

belongs to 2:'.
Lemma 3. If there exists a scalar field ¢eCXD) such that

(3.2) o=dy in D,
then { must satisfy the equation
(3.3) AY=0 in D.

As it is already mentioned, the results of these lemmas are contained
in Section 1.

LEMMA 4. A field aeCY(D)NCYD) belongs to % if and only if

(3.4) 8a=0 in D and a|op=D>.
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Proor. The first part of lemma is contained in Lemma 2 and the
second in Lemma 1.

According to Lemmas 3 and 4 the scalar field ¢ is to be determined
as the solution of the second boundary value problem

(3.5) AY=0 in D, d{[.p=b.

Such a solution exists and is unique up to additive constant. Namely,
we can say that there exists a unique field Y€ L{D) such that ¢ has in
D continuous derivatives of any order and satisfies (3.5). Let us consider
a symmetric tensor field K°(x, &) of rank p=2. Let K*(x, &) be the kernel
field of the second boundary value problem (3.5), which can be determined
by means of the fundamental solution of Laplace equation in D given
in [1]. Then, not staying on deails, as it is not our main goal, we only
emphasize that, taking into account the condition (2.6), there exists a
field ¢=U(x, H)eCY(D) determined as follows:

(3.6) i, = f Kii(x, EXAUE, H) vV gdo;

aD

where dO; are dual coordinates of surface element given in (1.15), and
such that

3.7) U(- ) eCAD)NC=(D), AY=0 in D and d{ |i:p=>b.n

for any ¢>0, where b,=b'n; .
Now, we set, without any proof, a lemma which is concerned
with the Holder continuity of the field ¢. We have

LEMMA 5. If the field Y(x, t) is such that || { || < oo, for any
t>0, then d{ is Holder continuous in the interior of Q.

Other lemmas concerning the questions of regularity and Holder
continuity of the field ¢ can also be stated.

Let us assume now the existence of an antisymmetric field A* of
rank p=2 in the following form

(3.8) Mi=84(un"),

where fields p=p(x, )eC%Q) and n:n(x)eCz(B) N C=(D) are assumed
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as known. Namely, we assume that the fields u* and 7° both of rank
p=1 are such that; the field p(-, )€ C¥(D) N C=(D) and satisfies

(3.9) Ap.=0 in D and u |sp=b—b.n for any ¢t=0,
while the field 7 is determined to satisfy
(3.10) An=0 in D and 7 |sp=n,

where n' is the normal unit vector. Thus, we consider the field A°
completely determined. For a cohomologous to zero field 3 =8\ of rank
p=1 we state the following.

LEMMA 6. Under an assumption that there exists a scalar field
£eC¥D) N CYD) such that on the boundary dD are satisfied conditions
£=0 and (dy)n‘=1, then the field

(3.11) B.=d\,,
where A, is determined as follows

(3.12) {=80(u(EnY),
satisfies the condition

(3.13) B.lop=b—d{ |op.

Proor. Developing the expression (3.11) taking into account (3.12).
(3.9) and (3.10) one easily gets (3.13).

We have reached a stage to state the principal lemma in this section.
We have

LeEmMA 7. Let Q be a bounded domain. Then there exists a field
u?=u’(x, 1)€eC(Q) NS of rank p=1 with the following properties:
i) u,(-, ) eCXD), u,(x, 0)=0, u,lsp=>b(x, t) for t=0 and 8u,=
=0;
ii) u,, Vu,, 0w, 0:Vu*eL(Q);

iii) wu, (-, t), Vu(-, t), ou -, t), 0:Vu,(-, t)eLAD) for each te
€(0, T) and their L, norms are bounded in ¢;
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iv) u, and Vu, are Holder continuous in the interior of Q.

Proor. A field us(x, t) determined according to (3.1) namely in
the form

(3.14) u,=8,+o.

where f, is given by (3.11) and (3.12) and ¢ by (3.2) and (3.6)-(3.7),
will satisfy the condition ui€% and according to Lemma 4 conditions
8u.=0 and u.| sp=>b.

Let there exists a function L€ C>=([0, T]) such that

0, t=0,
(315 °= {1, £>0,
then the field
(3.16) u,=%u.

satisfies also the condition u,(x, 0)=0. Thus all properties i) hold for
a field u, determined according to (3.16).

ii)-iv) From the properties of fields 3, and ¢ follow all properties
of the field u,. We assume that 3, and ¢ and their derivatives quoted
in the lemma belong to L.(D) for each ¢t>0, and find that u, also
belongs to L.D). The boundeness and Holder continuity of u, also
follow from the boundeness and Holder continuity of 8, and ¢. The
formality of these proofs essentially correspond to those carried out
later in the case of the field v.

As we have done all preparations we can reduce Navier-Stokes
equations to the new form. Setting

(3.17) u=u,+v,

into (2.1) we obtain

g} =J— 1 V p+vAv,
(3.18) P

Sv=0,
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with initial
(3.19) V lio=a(x), x€D,
and boundary condition
(3.20) v|ep=0, ¢>0.

In the equation (3.18), & represents a nonlinear mapping defined by

(3.21) F=30")=3,—(u,- VIwv—(-V)u,+v),

and

3, =vAu,+f—ou,—(u, - Vu,.

For the necessity of a later reference we still give here two lemmas,
which appear essentially known.

LEmMMA 8. Let D be a domain of the manifold R. Let a be any
field in Ho'(D) and set a*(§)=a(E)/s:x where s. is the smallest distance
between the points x and & for an arbitrary but fixed x. Then we have

(3.22) ”(Z.* ”2,1)_.<_k ” da ”2,1) s

where k is a constant.

Proor. It suffices to consider the case of a scalar field. Therefore,
we assume such a field aeCo'(D). We can extend this field over the
whole space R setting a=0 outside D. Let D be the annular domain
D*(r)—D*(¢), where r and € are any positive constants such that r>e
and D*(e)=D’(x, €). The Green’s formula (1.17) for the case of a
scalar field ¢ and a field ¢ of rank p=1 over the domain D" with the
boundary dD" has the form

(do, c)x— (9, 8¢c)p+= Jcpc" V gdo .

aD*

Let ¢ be a homologous to zero field, namely a field of the form c=d{
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where U is a scalar field, then the above formula gets

(do, dV)o— (0, Sdb)pr= f o(dbyV gdo.

aD*
We consider, at first, the case n=2 and assume that fields ¢ and ¢
have forms ¢ =02 and Y =Ilog s, then we obtain

(3.23) f lo* [ VgdD <2 j o || da | VgdD' +rA(r)—eAG),
D* D*

where

An=1 f | 2| VgdD.

aD*(r)

Allowing r—o and € — 0 in (3.23) we obtain (3.22) on account of
Schwarz’ inequality, with k=2.
For the case n=2 we assume that fields ¢ and ¢ are of the forms

o=a**? and Y= s%' where A=n—2. By the same procedure we arrive
at (3.22) with k= %f—, respectively k=n/(n—1). Thus, the lemma is

proved for all n=2.
From (3.22) for any bounded subdomain K< D with diameter less
than a we have immediately

(3.24) | & |lo k=< n—ffa Il et ||op ,

for any a€ H,'(D). The inequality (3.23) implies that the strong conver-
gence in Ho'(D) ensures the strong convergence in L,(K).

LEMMA 9. Let D be a domain of the manifold R. Then there
exists a constant C such that

(3.25) | & [0+ =<C || da ||,

for any aeXo(D).
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Proor. As in the proof of Lemma 8 also here it is suffices to deal
with the scalar field a(x)€eCol(D). We extend this field over the whole
space R, so that a=0 outside D. Let be given a field B=p(x, &) such
that the field a,(x)eCo(D)N% is defined as follows:

o, =k(B, Aay),
where k is a constant. Then because of (1.5) and (1.18) we have
(3.26) a.=k(dfB, do).

For n=2 we have B(x, §)=logs;: and k=—1/4xw, and for n>2 is

B(x, E):;lf with A=n—2, and k=1/(n—2)t,, where ©,=21"?/T'(n/2).
£
Let a,(x) be given as a,(x)=a**3(x) for the case n>2. Then we have

o ¥ (x)= —I(s~*"'ds, a**3da),

where I=kM(M+3). Multiplying both sides of the above equation by
a**t(x) and integrating over R with respect to the point x, after the
interchange of the integration order, we obtain

e 22 3=t afs [+ f la 2| de| VgdR.
R

Next, after an application of Lemma 8 we arrive at (3.25) setting
C=m®*27' where m=IA+1)"}(A+2).
For the case n=2, applying (3.26) to a,(x)=a’(x) by the same pro-
cedure as in the case n>2, we obtain (3.25) with C=(6k)>=(3/2x)"2.
Lemma 9 can be extended. So, if K is a bounded subdomain of D,
then for any a€¥o'(D) we have

(3.27) Il @ |[3042.x=<Cx || da |l ,

with the constant C: depending on K.
The above inequality is obtained from (3.25) by means of Holder
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inequality as
I o ll2o+0=|l & [laosa | 1 [lsr+2r=(mes- (KNF*+2 || & ||x0s2) -
If D is a bounded domain, then from (3.27) setting K=D we have
Il & [l20.420,0=C" || det |20,

with a constant C*. Hence strong convergence in (D) implies strong
convergence in L,, where p=%(A+2), when D is bounded. The ine-
quality (3.27) shows that strong convergence in ¥o'(D) ensure locally
strong convergence in L,(D). Next if aeHo'(D) and K is a bounded
subdomain of D, then we have a€ L,(K), da€ Ly(K), hence (a-d)a€ LK),
4(N+2)

2(A+2)+3°

From the properties of u,(x, t) given in Lemma 7, if || f]|<
we have || &, ||< o for any t>0, and &,(x, t) is Holder continuous
in Q if f(x, t) is Holder continuous in the same domain.

where g= by means of Holder inequality.

4. Definition of Generalized solution.

Suppose that fields u and p of rank 1 and O respectively are suf-
ficiently smooth and obey the system of equations (2.1) in a domain D
of R. Furthermore, let y be a sufficiently smooth, solenoidal field with
the compact carrier. Multiplying the first of (2.1) scalary by ¥ according
to (1.16) and then integrating over the interval [0, T], we obtain

T T T
4.1) f(—(az'l'VA)X, u)dt+ f x, (u-Vuydt= f (x, fadt.
0 0 0

If the above equation is valid for any y€C3 (L), then there exists
a scalar field p which satisfies (2.1) in D together with u. Hence one
says that a field u satisfies (2.1) weakly in Q or satiesfies the weak
equation (4.1) of the equation (2.1) in Q, if u and (u- V)u are locally
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integrable in €, and (4.1) holds for any x€C}, (Q). The field y in
(4.1) is a test field of the weak equation.

Thus, we can state the definition of the generalized solution of the
Navier-Stokes equations in a domain Q as follows.

DEFINITION. Let D be a bounded domain of the manifold R and
let T be a positive constant. Then a vector field ueQ is called the ge-
neralized solution u(f)=u(x, t) of the Navier-Stokes equations if the
following conditions i)-iv) are all satisfied:

i) u—u, belongs to 5&; s(D) for each te(0, T) and some u, such
that

4.2) u,€% and u,=0 as t=0;

ii) u satisfies (4.1) weakly in Q;
iii) u and its derivatives Vu, du and 9:Vu belong to L.(Q);

iv) u(t), Vu(t), o:u(t) and 9.V u(t) belong to LD) for each te(0, T)
and their L, norms are bounded in t. .

The existence of such a solution we shall establish in the next
chapter.

CHAPTER II.

EXISTENCE AND REGULARITY THEOREMS

The purpose of this chapter is to prove the theorems concerned
with existence and regularity of the generalized solution of the Navier-
Stokes equations in a bounded domain Q.

5. Fundamental solution of the parabolic equation.

Under the fundamental solution of a parabolic type equation

5.1 (3:—vA)Q*=0,
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where A,=0%9:0;+a'0;+c with coefficients depending on x is an elliptic
operator which is the Laplace operator in our case, we understand a
symmetric tensor field PP=P°(x, ¢; &, 1) defined for each (x, H)eQ
(&, 7)€ and ¢>= and which satisfies the following conditions;

i) for fixed (§, t)€Q it satisfies, as a function of (x, t), where xeD
and T<t<T, the equation (5.1);

ii) when ¢ — < and the square of geodesic distance I' — O the field
P* allows the principal singularity given by the representation

I'(x, £)

aw t—‘c)) Ud(x, t; &, 7),

(5.2) n "t —1)""? exp (—

where U%(x, t; §, 1) is a regular field in Q and of the class C*.

A fundamental solution of the parabolic equation with time de-
pendent coefficients was given by K. Yosida [17]. Here, we shall give
a slightly different construction. We first apply the operator A to the
product of a scalar field A(T, ¢, ©) and a tensor field X*(x, ¢, &, <) of
rank p=2 and get

(5.3) (0:—vA)hX)=0,(hX) —
h oh . .
—v |4T I X+ ir (AT 4 2VT;4+2g"T:0;)X + hAX| =0,

where X is the matrix of the tensor X,

Now we quote the well-known identities which can be found in
[16], [17] and so on. If x and & are two close points on the manifold
R and s=s(x, &) the geodesic distance between them we have

(5.4) gTT;=4T, gTi;=2s -a% ,

where T';=0dI'. Moreover, we have

AT—2n as x—E&.
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Let us define a new operator as

M
(5.5) A=M"AM,
with

M:exp(fgds), 4H=2n—AT—VT;.

s

Then, on account of the above quoted identities and the definition of the
new operator (5.5), the equation (5.3) is reduced to the form

3 ok 0 M 0
(5.6) v 8I‘2X+ T (2n+4s 55)X+hAX] — 5t—(hX)—0.
Furthermore, as h=ex (— I ) have
’ =exp 4v(t—7) we hav
(5.7) ———1— 2n+4s—a—]X+ZX—§§—0
: 4(t—7) 3s a

Let a positive integer kK be >2-+n/2 and let X be formally given in the
form of a power series

(5.8) X= Zk‘. Un(t—7)~72,

p=0

then by the substitution of (5.8) into (5.7) we obtain

ad

x [— -(2n—|—4sa

N

)U +AUu 1—(u—n/2)U,| (t—7)/2-1=0.
From here, for t>=, we determine succesively Uu(x, &) so that

<u+s aa)U AUu_x—O
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starting from Uy(x, §)=1. Hence we have

s

M
(5.9) Uu=§-ifﬁ“AUu_ldr, p=1, .., k.

0
Thus, we can set the following.

PrOPOSITION 1. A symmetric tensor field of rank p=2 determined
as follows

(5.10) Pi(x, t; &, )=
k
= =) exp (— D) 3 UG, B,

where k is an integer >2+n/2 and U/ is given by (5.9) represents a
fundamental solution of the parabolic equation (5.1) in Q.

The proof that this fundamental solution is also the fundamental
solution of the adjoint equation to the equation (5.1) can be found
in [17].

If A(x, t) is a field in © we define the operator P with the kernel
P(x, t; &, <) by

(5.11) (Poh)(x, t)= f dx J P(x, t; €, T)W(E, ©)V gdD.
0

Then, we consider a field
(5.12) f(x, ty=(P o h)(x, 1).

Let us study some properties of this field. To show its existence we give
a limitation of the field P* by separated singularities. It is easy to show
that

c o1

(5.13) | PP(x, t; &, 7) |< =y oo ue(o, 1),
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where C* is a constant field and s. is the geodesic distance between x
and E. Choosing the positive constant p. arbitrarily in the given interval
we see that the field P* allows the weak singularity as t — < and x — E.
A singularity, however, is integrable. Thus we conclude the existence of
the integral (5.11) for xeD and 0=<¢<T, which is absolutely and
uniformly convergent for an integrable h(§, <), where (§, t)€f.
Moreover, one shows that V. P(x, t; &, <) satisfies the inequality

C.! 1

. -z -
(5.14) I vupp(x, t; E,n T) |—- (t-—-‘t)“ S:E-I-I—ZH’

pe(l/2, 1),

and that there exists the field e(x, )= V.f(x, t) given by
(5.15) e(x, )=(K o h)(x, 1),

where K= V,P.
Now we give two lemmas concerning the fields f(x, t) and e(x, ?).

LEMMA 10. Let h(x, t) be locally bounded in Q. Then f(x, ¢) is
Hoélder continuous with respect to t€(0, T), and e(x, t) is Holder con-
tinous in a subdomain Q* with respect to (x, ?).

LEMMA 11. Let A(x, t) be locally Holder continuous in Q with
respect to (x, t). Then f(x, t) is twice differentiable with respect to x
and once differentiable with respect to ¢ in a subdomain *, and these
derivatives are continuous in (x, t).

The proofs of these lemmas are clear and straightforward but
cumbersome. Therefore, we shall only, on account of an illustration,
give brief features of the proof of Lemma 10. Let us write

fx, )—f(x, )= f d= f P(x, t; €, ©h(E, )V gdD+
ty D

+ def[P(x, t; E: T)_P(x: tl; E’ T)]h(E’ T)\/—édD:il'*']Z-
0 D
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For the first integral according to (5.13) and boundedness of 4 we have
the inequality

li|<Cilt—t]-®  pe(o, 1)
Now we circumscribe a geodesic spheres with center at the point x
and with the radius 7o, then divide the integral j, into the sum of inte-

grals over the set S’ laying in the interior of S and over the comple-
mentary part D\S’. According to (5.13) we have

|/ ] <Cad, une(o, 1).

Taking into account the estimation

C 1

| P(x, t; &, ©)—P(x, t1; E, 1) |< Gy 5%
we have the following inequality

| S| <Corfs =t

Setting ro=B|t—t |, then choosing the positive constant v so that
1—2(1—p)v=2pv we obtain v=1/2, and thus the inequality

(5.16) | f(x, )—f(x, t) |<Cs|t—t1 ",

where 0 is a positive number less than unity.
To prove the second assertion of the lemma we consider two close
points x and x; whose smallest distance is 7.z and write

e(x, )—e(x, )=

_ f dr f [KGx, t; & ©—KGxt, £ E ©)]hE, ©)VadD.
[) D

Divide the integral into the sum of integrals over the domain O’ be-
longing to the interior of a geodesic sphere O and over the comple-
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mentary part D\O’. According to (5.14) we obtain
|i°l<Csr,  wme(1/2, 1).

For the second integral because of
(o 1

IK(x’ t; E9 1)_K(x1’ t; g’ T) |<(_t;_T—)l‘ ;;r‘zE-ZTZL;.’

we have the same estimation. Thus
(5.17) | e(x, t)—e(x1, t) |<Cel, ,

where 0 is a positive constant less than unity. By the similar procedure
as before we get the Holder continuity with respect to ¢ in the form

(5.18) | e(x, —elx, 1) |<Cr|t—t |7
On the base of estimations (5.17) and (5.18) we obtain the inequality
(5.19) |e(x, H—e(x1, t) I<Cs[r?‘x‘ +l t—h Ie'/Z]’

with 0 and 0" positive constants less than unity.

6. Parametrix of the parabolic x elliptic equation.

As for establishing the existence of the generalized solution we shall
use the parametrix of a parabolic x elleptic equation, namely an equation
of the form

(6.1) L N°=0,

where L= (9:+VA;)A: and N is a tensor field of rank p on the domain
Q, then we shall give it here. Let us fix a truncating function
8(x, t; &, ©)=28(s, t—=), where s=s(x, &) is the smallest distance between
points x and &, such that 8(x, ¢) is an even Co= function with properties

< <
(6.2) s, n=1{ I 5= 1=,
0, s=2y, |t|=2y,
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where y is a positive constant. Then the tensor field
(6'3) Ps(x’ t; E, T)=P(x’ t; g; T)S(x’ t)

is defined everywhere. Namely, Ps vanishes identically for s>2y and
| t|>2y and coincides with P for s<vy and |¢|<<y. The behaviour of
Ps for y<s<2y and yv<|t|<2y may be freely determined.

Now, we intend to establish the existence of the parametrix of the
equation (6.1), namely a field F°(x, ¢; &, <) with the following properties:

i) F belongs to C= and is defined everywhere;

ii) the form ®(x, ¢; &, ©)=L.F(x, t; & <) belongs to C= and is
bounded everywhere;

iii) if a field x(x, )€ Co= then
(6.4) Y(x, )=(F o X)(x, t) is C=,
and we have
(6.5) Lali(x, )=x(x, t)— (@ o X)(x, ?).

If H*(x, &) is the fundamental solution of the Laplace equation given
in [1] we have the following

ProposiTION 2. A tensor field F of rank p determined as follows

(6.6) F(x, t; E, T): fH(x: ﬂ)Ps(T], t; E.n T)\/EdD:
D

is the parametrix of the equation (6.1).

Proor. All properties of the parametrix F are obvious. We only
give a formal proof of (6.5). If we apply the operator A to (6.4) we
obtain

A(x, )= —(Ps o x)(x, 1),

because of AH=0. Now, an application of the parabolic operator to
the obtained result gives (6.5).
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7. Existence of a solution of Navier-Stokes equations.

In this section we establish the existence of a generalized solution
of Navier-Stokes equations by using the parametrix given in the previous
section. Namely, we only derive integral representation of it, then study
properties of integral operators. We have

THEOREM 1. Let Q be bounded. Then there exists a generalized
solution w(t)=u(x, t) of Navier-Stokes equations.

Proor. It suffices to show the existence of a coclosed field
V(t)=1°(x, t) of rank p=1 satisfying the equation (3.18) and conditions
(3.19) and (3.20). Thus, the weak equation (4.1) is reduced to

T T
(7.1) f(—(31+vA)x, v)dt= f (x, J)dt.
0 0

Assume y==06d{, where the field € Cy=(Q). Then (7.1), because of (1.18)
and cocloseness of the field v*, gets

T T
(7.2) f((9,+vA)At]), v)dt= f(5d¢, F)dt.
0 0

Let K be an arbitrary bounded subdomain of D such that K 3 D
and v a positive constant as in the previous section. Take a field
0 €Co=(02x(27)), where Qx means  with K instead of D, and consider
a field of the form (6.4), namely

(7.3) U(x, =(Foq)x, 1),

where F* is the parametrix of the equation (6.1), as a test field of the
equation (7.2). From (7.3) on account of (6.5) we have

(7.4) Lal(x, t)=o(x, t)— (Po@)(x, £).

Furthermore, we denote by means of S* a symmetric tensor field of rank
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p=2 and of the form S§*= — AF*—d6F°. Then we have
(7.5) 8d(x, )=(So9)(x, t)+(Top)x, 1),

where S and T are operators with kernels S°* and T° respectively, namely
Co~ functions vanishing identically near x=E&, t=<. Substituting (7.4)
and (7.5) into (7.2) we obtain

T T T
(7.6) f (@ —(D29)), v)dt= f ((Se9), Hdt+ f ((To9), H)dt.
0 0 0

By virtue of the integrability of the field &# and ¢ €Co=(Qx(2Y)) we may
change the order of integration. Thus, we derive

T T T
(7.7 f(qJ, (v— (D ov))dt= f(% (S*od))dt+ f(q), (T*))dt,
o 0 0

where ®*, S* and T" are operators with kernels obtained from ®°, S°
and T° by means of interchange of (x, #) and (§, 7). The fact that (7.7)
is valid for every @€ Co~(Qk(27y)) implies

(7.8) v(x, )=(S"F)(x, t)+ (D ov)(x, 1)+ (T F)(x, 1).

Now, if instead of the general element ¢ we take an element V.o,
then by the same procedure we obtain

(7.9)  Valx, )=(§"F)(x, )+ (@"ov)(x, )+(T"F)(x, 1)

where given operators have respective kernels obtained from V.S, V.®,
V.T by means of interchange of (x, #) and (&, <) belonging to Co> and
vanishing near x=E&, t=-+. In that manner we have obtained the « local »
integral representations for the generalized solution. Thus, we can state
the following

LEMMA 12. Let v(x, t) be a generalized solution of Navier-Stokes
equations, and let K be an arbitrary bounded subdomain K 3 D and ¥
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any positive constant, Then for almost every (x, )eQx(2y) we have
integral representations (7.8) and (7.9).

Setting f(x, t)=S"Hx, t) and e(x, )=S"FH(x, t) we sec that these
fields correspond to the fields (5.12) and (5.15) respectively. Some
properties of these fields we have already studied. For the further work
we still need a Sobolev type lemma [14], namely

LEMMA 13. Let be given a field w(x, t) in the form
t
w(x, )= f k(t, —:)dtf}%,,ﬂ V gdD.
%
0 D

If h(t)=h(x, t) belongs to L,(D) for each te(0, T) with its L, norm
bounded and if A=n(1—1/p) then for each te(0, T) and for any fixed
q such that 1/g=\/n+1/p—1, w(t)=w(x, t) belongs to L (D") and
its L, norm is bounded in t.

For each t from considered interval the above lemma is, in fact, the
Sobolev lemma which proof can be found in [14].

8. Regularity of the generalized solution.

As we have already obtained the integral representations of the
generalized solution and have studied some properties of the integral
operators then we can state the main theorem, which says that this
solution is regular, namely it is twice continuosly differentiable with
respect to x and once to t. We have

THEOREM 2. The generalized solution v(f)=v(x, t) is regular in
any subdomain Q° of Q in which the external force field is Holder
continuous with respect to (x, #).

Proor. Let Q° be an arbitrary subdomain of Q. Then on account
of (7.8) we notice that the regularity of v in Q" is implied by that of
terms in (7.8) of the form (K" o &)(x, ¢), namely

Reg (K™ oH)(x, t) = Reg v(x, ¢).
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According to the property iv) of the solution v(f) and the assumption
on the force field f(x, t) we have || v(t) || <A, || (v- V)u(¢) || <A and also
| #(x, t) | < A. By virtue of Lemma 9 we have || v(?) |lao+2)=<|| V(¥ [.<A
and (v- V)veLy(K), where g= 2(%1-?.
clusion that FeL,(K) with the norm bounded in ¢.

Now, we achieve the wanted regularity by successive applications of
Lemmas 13, 10 and 11. As conditions for application of Lemma 13 hold

then we apply it to (7.8) and find that ve L (K") W1th = > A—n +

n q
and g= 2()):1? , where A=n—2p, and pe(0, 1). From here we see
that (v- V)veL«(K"), where 1/s=1/r+1/2, hence FeL{(K"). Next we
choose instead of K* a suitable subset of K, for instance K(2y) and
conclude that v is bounded in K(2y) and its bound is bounded in ¢
Thus, v is bounded in K(2y). The obtained result ensures that
(v- V)veL(K(2v)) and its L; norm is bounded for each te(2y, T —2v).
Further we apply Lemma 13 to (7.9) and obtain VveL«(K(4y)) with
k = X+; n -+ El, and its norm is bounded in te€(4y, T—4v). Thus,
we arrive at the conclusion that the field v and its derivative Vv are
bounded in Q«(4v).

The results so far obtained enable us to apply Lemma 10 to (7.8)
and (7.9) and to conclude that v is Holder continuous with respect to
te(2y, T—2v) and that Vv is Holder continuous in Q(6v) with respect
to (x, t). Finally we can apply Lemma 11 to (7.8) and see that the field
v is twice continuously differentiable in x and once in ¢ in the domain
Q4(8y).Thus the theorem is proved.

Thus, we arrive at the con-
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