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OERTAIN SUMS OF DOUBLE
HYPERGEOMETRIC SERIES

R. P. SIiNGAL *)

1. Let Kampé de Fériét function [1] in a modified notation be
defined as

Fho by, by — (@R)mtn (Du)m (by)n
@ Negidy,dy |~ minmo (Colmin (@ (d)nm Tn !
where i+4-u<<1+4po0-+» and a; stands for the sequencea,,a,,..,a;;
and (@)n=a(@ -+ 1)...(a 4+ m — 1), (a), = 1.

Carlitz [3-6] has given four sums of F,’; and a sum of Fol,‘;
under different sets of condition. Jain [7] has given a sum of
FY} viz.

o,3[—:i¢c—a,a; ¢c—Db,b; —my —mn;
(1.1) F"l(c:l—a—b+c—m,1+a+b—c—n;)
— (@) (¢ — @)n (B)m (¢ — b)n
(C)mtn (@4 b — C)m (¢ — @ — b)n

where a + b — ¢ is not an integer.
Recently Srivastava!) [9] studied the sum of F!? in a more
gystematic way and gave a number of results.

*) Indirizzo dell’A. Depont. of Math. Thapar Institute of Enginnering and
Technology, Patiala (India).

1) I am thankful to prof. G. P. Srivastava who has so kindly allowed me
to go through his unpublished manuscript [9].
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The object of this paper is to study the sum of Flo,'f, in detail.

__ %3 —ia,a" 50,05 —m, —mn;
% F_F]'l(d:o,o’ )
- > (@)p (@”)g (D)p (@')g (— M)y (— m)q

».g=0 ()pyq(e)p (¢')g 1 g

a’ by —n
d—+p, ¢

(@)p (b)p (— m)p
@p (pp! *?

Now using the transformation [2]

. a,b,—m] (¢ — bm d—a,b, — m;
(2.1) (g = om a1 4b—c—m
we get
(¢ —b) ™ (a)y (b)p (— m)y [d —a 4+ p, b, —n; ]
(2.2) F= > F. p
’ @ o @y @pp! a4l —d —n

_ @ =) 3 @—a) 0= F[d—a'ﬂ,a,b,—m;}

0" ) g=0 (d)q(1+b,_c,_”)qq!4 3d+qycyd_a,
Choosing
(2.3) d=a-+a
and
(2.4) d4+c=14a+b—m

+F3 on the right reduces to ,F, Saalschiitzian.
Using Saalschiitzian theorem [8], we get

(d — @) (d — b)Y (¢" — 1)y a,b’'yd —b+m —mn;
(@ (@ —a — Dy (¢)e P 3d4+m14+b—c—nd—0|"

F =

This ,F, reduces to ,F, under six different sets of conditions and
the resulting ,F, can be summed by Gauss theorem.
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Thus assuming the conditions (2.3) & (2.4) are satisfied, we get

(2.5)

F =

(Dypgn (A — @ — D) (@ 4+ b — d)y

ifd=0b+4b" and a=1+4d —c¢" —n.

which is the same as (1.1)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

— (d - a’)m-}-n (d - b)m—l—n
(d)mgn (d — @ — by, (M),

if ¥ =d—0>b and ¢/’ =1 —n—m.

(=D (€ Vmsgn m !
o (@) (1 = ) (¢ ) (€")n

ifd=a —m and b’ =d — b.

(d - a’)m (0, - b,)m (0,)m+n
(@) (@) (¢ )m (¢")n

ifd=a—mand a —b+4+m=1+b"—c¢ —n.

(d - a/)m (d - b)'m (a’)n m !
(@) (d — @ — Bl (/) (@ — b)a (m — n) !

==

ifm=nlifa=1+b —¢ —n
and

ifm << n d="b —m
= 0.

_([@—a)n (@ —Db)y (b" —b)p(d —a — D)
(Dm (d —a — b)m (— b (d — b)y

ifd=b —mand ¢’ =1+4b—mn.

provided b is not a positive integer < n.
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Now using (2.1) in the right hand side of (2.2), assuming
d=>b + b’ and changing the order of summation, we get

B+ —ahm ¢ (" — b')q (b)g (— 1)y

. F=
(2.11) @) @n e T—b — )b+ —a)yq!

7 b+¢ —a —|—n,b+q,a,—m
‘ 30,d+n,b+c —a +q

This ,F, is Saalschiitzian if (2.4) is satisfied.
If c=b+4 ¢ —a’+ n, F; reduces to 4F, which can be sum-
med by Saalschiitzian theorem and we get

F = (b+0 —a’ —a')m b+0—'a,)n( - m
o b+ —a m(c)nd)n(c_a’—a)m

¢ —b,b,—n
¥ 2e—n+myec—a —n|’

If further ¢ = b 4 n» — m it reduces to ,F, and is summed by
Gauss theorem. Hence

14+a—bpn@—>0ud—a—a),m!
(1 — D) () (@" — M)y (1 + A}

(2.12) F=

Ifb=d—bd+c=14+a+b—mec¢ =a"—mye=b+n—m.

Similarly if we take d = a — n in (2.11) and assume condition (2.4)
is satisfied, then summing ;F, by Saalschiitz’s theorem we get

(@—0)n(d+ ¢ —a)u(c’ — a')n (— M)m

= @ = G F o —

¢’ —b' b, — n+m,
o —n,b+c¢ —a + m|’

This 4F, reduces to ,F, if either a’=d+m or o’ = ¢’ + m,

'3F
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which can be summed by Gauss theorem. Thus

\ (0" (6" — b )p—m (6" — @) (1 4 D) !
. F =
(2 13) (cl)n (d)'m (1 + b)n—m (n —_ 'M) !

=0 ifn<m

ifn>m

provided d=0b4b"d+c=14+a+b—ma=d-+na" =d+m
and

_ (B ) (BD)ngrm ! n!
(2.14) b= (1 —a' ) (A (n—m)! (b+n—m)

ifn>m

provided d =06+ b, d4+c=1+a+b—ma=d+ na =c+m.

3. In this section, we consider that case of F,y in which
one parameter in the numerator cancell one parameter in the de-
nominator.

—a,a’;b,b 5¢,¢ 2 (a)y (b)p (0) b, ¢’
=F0,3( a,a 50,05 ’)=Z » O \% @ 1Oy
F=Ti\q. o0 o @y (0 p! 2t a4

which by Gauss theorem is

(3.1)

_I'@d—¥v —d)I'a) a,bye,d —b — ¢ ;
T r@a—v)rd—ec)* 3led—uv,d—c

choosing d = b+ b’, ,F; in (3.1) reduces to ,F,.
Thus
_I'b—¢)I'(d)

I=Tora—e "

a,c6b—¢;
e, d — ¢’

It can be summed by Gauss theorem if d =c¢ -+ ¢’ or e=b — ¢'.
Thus

(3.2) f= re—e)r@rerle—a—>b—c)

')yreyl'e—a)I'(e—b+4 ¢
ifd=b+b =c—+ .
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> _ rer@rd—ae—c—c) N ),
(3.3) “TOTld—a—o)d—o—7) ifb=d—b=e+4 ¢

Using Saalschiitz’s theorem, we get

o=@V —o) 'V —a)'d—a—c—¢)

(34) = TOHTW —a—ol@—a—)\Td—c—) )

provided d =b -+ b',d+e=1+a-+ b+ ¢ and a or ¢ is a nega-
tive integer.

Using Dixon theorem, we get

F(b—o’)F(d)F(l+—;—a)F(a)F(1 —I—%a-—b—c—l—c’)

(3.5) —
o+ a)F(e — % a)F(d o — % a)F(l +a—b—oto’)

provided when d =b + b’ and
either e=14a —c¢,d=1+a — b4 2¢’
or e=1l4+a—b+4+c¢,d=14+a—c—+c'.

The above ,F, can be summed by Watson theorem in four
different sets of conditions. Sum under one set of condition is

3.6 f=

F(%)I’(b — T @ F(c +%)r(1 —d+ o+ o)

I(b)T(%--i--é-a)I’(—;—-l-—;-b--‘;—O’)T(%———;—a—l—c)I‘(—;——%b+—;—c’+c)

ifd=1b+b,e=202d=1+a+b+ .
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The ,F, can also be summed by Whipples theorem in two dif-
ferent sets of conditions. Sum in one case is

3.7 =
w21=2 (b — e I'(d) (e

1 1 1 1 1
b —d —e\ ' — i Y/
5 +2 c>1(2b+20 20)

2

.
&

1 1 1, (1 1\,
I(b)l(?a+—d—?c)F\—2—a+?c)l<
ifd=b+4+b,a+b—¢ =1, and d +e¢e=1 -+ 2¢ 4 ¢

Taking ¢=d — b’ —¢’, (Fy; in (3.1) reduces to 3F, which ean be
summed by Saalschiitzs, Dixon, Whipples theorem, hence giving
at least four different sums of F,';.

I express my sincere thanks to Dr. S. Saran (Punjabi Univer-
gity) for his kind supervision in the preparation of this paper.
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