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SOME FORMULAS RELATED TO GAUSS’S SUM

L. CARLITZ *)

1. Chowla [1] ] has proved the formula

where m, n are arbitrary odd positive integers. By contour integration
it is shown that

where m, n are odd and positive. Ramanujan [2] proved that

Comparison of (2) and (3) gives (1).

*) Indirizzo dell’A.: Dept. of Math., Duke Univ., Durham, N. C., USA.
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In the present note we shall give a simple elementary proof
of (1). Indeed we shall prove the slightly more general formula

where m, n are odd, (a, 2mn~ = 1, aa’ « (mod and (a/mn) is

the Legendre-Jacobi symbol. For a, = a’ = - 1, (4) reduces to (1).
In addition we prove 

-

where m is odd and (a, mn) = 1.

2. If m is odd and ~ = I it is clear that

Let a be an integer prime to Then

Let aa’ = 1 (mod 2~nn) ; then
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so that

Since

and

(6) become8

We shall now show that

where a and n are any odd integers. Indeed

and

which evidently yields (6).
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Substituting from (3) in (7) we get

But, by a familiar formula for Gaussian sums,

where is the Legendre-Jacobi symbol. Thus (9) reduces after
a little manipulation to

3. We consider now the sum

where now m is odd and (a, mn) = 1.

so that

Let aa’ = 1 (mod mn) ; then
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It follows that

by (10). This evidently completes the proof of (5).
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