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ON A GENERALIZATION OF LAGUERRE
POLYNOMIALS

Nota *) di S. K. CHATTERJEA (a Calcutta)

1. — In a recent paper [1], the writer has defined the poly-
nomials T{(x) by the Rodrigues’ formula

1 .
(1.1) T (x) = ;—'w—"e"‘D"(:c’f"e"") ,
where k is a natural number. The polynomials T\%(r) are of
exactly degree kn (n = 0, 1, 2, ...). They satisfy the operational
formula

n . n .Er .
(1.2) E(m]) —krt*+a+j)=mn !rgor_! T+, (2)Dr .

The following are the consequences of the operational for-
mula (1.2):

(1.3) nT (@) = (@D — ka* + a + n) T _,)(x)
m + ” mn‘m.") x aX+n4r r X,
1) (") @) = 35 TR @D TR ).

The polynomials T{®)(x) are generated by the function

(1.5) | (1 — t)-=-1 exp [x*u(t)] = f T® (z)tn
. n=0

*) Pervenuta in redazione il 17 giugno 1963.

Indirizzo dell’A.: Department of mathematics. Bangabasi (‘ollege
(Calcutta (India).
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where
) =1— @1 —t)-*.

In the same paper the writer has also proved the following
properties
k+1

k
AR e+ 1-n18,. @

(1.6) = (a+1) z (— 1)'( ) @ _ (@) — kTS (@)
_ r a) — 1 . 1)r
an 3= (4) o1 s@ =k 3 -1 (¥) 1@
(1.8) @) =3 @ Prrg
r=0

This work of the writer generalizes some properties of the
Laguerre polynomials L®(zx). Indeed, when k =1, T@(r) =
= L®(x). A similar generalization viz., T®(z), has been pre-
viously studied by Palas [2]. The purpose of this paper is to
discuss a more general class of Laguerre polynomials.

2. DEFINITION: We first make the definition

(2.]) ﬂ:)(x p) _l_x "‘eukD"(d‘“*"'P pzk)

where k is a natural number.

. We now show that the polynomial T%®(z,p) is of exactly
degree kn (n = 0,1,2,...). In this connection we know the
result [3], for which I must thank Prof. H. W. Gould: ‘

(2.2) g - th()z(— 1)'( )z*-fD;zf

Thus we obtain from (2.1)
T(:z(w, P) =

”1 w-aenbz( )(D" cwluu)(D.? ,.,t) _

8=0
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z)(a + n)(n 8) ! z*(D*e- 7<)

562082 (G0)

s (36T

=1

Now we know that

Aev(5)z0 000 o

Thus we finally obtain

(2.3) T, p) = z w“i( 1)'( )("‘*"*"’),

n

which is the explicit formula for T?(z, p).
In particular, when k = 1, and p = 1, we derive

7=0 n

P

which is the explicit formula for the general Laguerre polynomials

L®(x). Thus T®(x,1) = LO(x).

3. — OPERATIONAL FORMULAE: Recently we [4] have derived

the general operational formula

(3.1) z-eDr(xin+eY) = f]"‘[l{m"‘(z +a+ k)Y,

(k=1,23,..),

where z =« D and Y is any sufficiently differentiable funection
of z. The operators on the right of (3.1) commute only when

k=1.
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Thus we derive
n
(3.2) e Dr(a=+me~7**Y) =[] (D — pka* + a + j)Y
j=1

Again we observe
. (n
Dr(a=tne-r2y) =3 ( ’ ) Dr-r(grtre-»*)DrY =
r=0
= n ! ze-r=* z T,{ﬁ*:g(.z:, p) DY,

whence we obtain

(3.3) 1 z-2er=* Dr(grtne-ra*Y) = i d T2+, p)DrY

. n! ’ ’ ~r=0 7'! k(n— )\ p

It therefore follows from (3.2) and (3.3) that
» n wf
@4 @D —pka* +a + )Y =n!3 =5 TN, pD7Y
= r=07T !
If we set Y = 1, we derive from (3.4)
n
(3.5) n! TQ(z, p) = jIII(wD — pka* + a +§)-1
Further if £ = 1, and p = 1, we obtain from (3.4)
n
(3.6) M@ —z+a+j)Y =n! z T“"*’)(w, 1)Dr'Y
j=1

which may be compared with the operational formula for the
general Laguerre polynomials, derived by Carlitz [5].

In a recent paper [6], Gould and Hopper have genera.hzed
the Hermite polynomials by the definition

3.7) Hi(z, a, p) = (— 1)z ~%e**D"(2"¢~"*")
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We remark that a"H}(xz, a, p) yeilds a generalized class of
polynomials of exactly degree kn (n =0, 1,2, ...), provided k
is a natural number. Consequently if we write

z"Hy(z, @, p) = H‘t:)('t’ p)
then

(3.8) HR)@, p) = (— 1)"2"-2e>* D"(a%e~>*)

Thus the polynomials H{®(z, p) are related to our polynomials by
(3.9) H(@, p) = (— 1) ! TGz, p).

Now returning to the operational formula (3.5) we obtain
(3.10) (— 1)"H@(z, p) = ’_]'[”l(a;D — pkx* + a — n 4+ j)- 1

More generally we have from (3.4)
(3.11) fl”]l(a:D—pkw"ﬁ—a——n-l—j)Y:

iz n
=3 (— 1) wHR @ DY
r=

This operational formula viz., (3.11) seems to be of parti-
cular interest. Indeed, using ¥ = 2, p = 1, and a = 0, we have

I @D — 22¢ — n + §)¥ =

7=1

—3 (- 1)-—r( ’r‘) e HS,_ (2, 1)D'Y

r=0
Now noticing that
H‘,‘;,)._,)(m, 1) = o~ a—r(T),
where H,(z) denotes the ordinary Hermite polynomials defined

by
H,(@) = (= 1)e=De,
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we obtain

n n
TID — 20— n + j)¥ =23 (— 1)ﬂ—v( " ) H,_(2)DrY
i=1 . r=0
Now we note that
n
(3.12) r I @D — 22° — n + j) = (D — 22)~.
j=1

For, (3.12) is evidently true for n = 1. Next assume that
(3.12) is true for n = m. Then we have

m+1

o e VT (D — 205 — m — 1 + j) =
1

m

= - (gD — 202 — m) [ (¢D — 222 — m + )=
j=1

= r-tn-0(xD — 222 — m)r™(D —2x)" =

= p~m+) . pm(pD — 20)(D — 2x)" =

= (D — 2z)m+1,

Hence by induction (3.12) is true for all positive integers n.
Thus we finally derive

(3.13) (D — 2z)" = ;(_ ,),.-,(' 'r') H,_(r)Dr,

a formula which Burchnall [7] derived some years ago.
4. — SOME APPLICATIONS OF THE OPERATIONAL FORMULA:
From (3.5) we note that

(4.1) nT&(x, p) = (£D — pkr* + a + n)TR,_,\(x, p).
In particular, when k = 1, and p = 1, we derive
(4.2) nT(2, 1) = (#D — & + « + n)T® (x, 1)

which is well-known for the Laguerre polynomials L®(r).
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Again in terms of the polynomials of Gould and Hopper,
(4.1) stands thus

(4.3) H(z, p) + (@D — pka* 4+ a)H, &P, p) = 0.
Next we consider
(m + n)! TR, , (@, p) =

mn n
=[] @D — pkr* + « + n + j) I] (@D — pkr* + e +1)- 1
i=1

j=1

— ! T] @D — pke* + & + 1 + §) - T, p)

=1

=m!n! z bt::+ N, I’)D'T(“)(x’ P);

which implies that

wh (") TR ) =
min(m,n) i
- 'go —1 T 5@ P D TR, p)-

The formula (4.4) readily yields the corresponding formula
for the polynomials of Gould and Hopper:

(4.3) HE i, p)

min(m,n) m
=3 =1 (T e ESES @ PP EE G, p).

5. — GENERATING FUNCTION: We shall now show that the
polynomials 7T'@(z, p) are generated by

(B1) gl ) = (L — )= oxp [poult)] = 3 T, Pt

where
u(@) =1 — (1 — )~
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From the definition (2.1) we observe

(5.2) TNz, p) = e,.kg (_ P) (kr +;: -+ ’n) o,

It may be noted that (2.3) is a consequence of (5.2).
Now we notice that

(53) 18, ) = 57 [ 910 0
Also
64) [ {0 — 1= oxp (parute)] _

= o [ —o-roxp (— (t=3) ))...

—n'e"’z(—'p) (kr+a+n)w”

r=0 n

Thus a comparison of (5.3) and (5.4) with (5.2) eonfirms (5.1).
Now from the generating function (5.1) we easily derive the
following maultiplication formula:

(5.5) T (@m 2, p) = TE(x, mp) ,

which, in terms of the polynomials of Gould and Hopper, shapes
into

(5.6) HD(wm**, p) = HE(x, mp) ,

which may well be compared with (3.9) of [6, p. 54].
It is also interesting to note from (5.5) that

(5.7) T®(z, m) = L'*(mr).
Again we observe

(I — )= texp [pril — (1 — 1)-*}]
=1 —1 F1 — )-Fvaxp [pe{l — (1 — t)-F}}
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whence we obtain

S T, pt = (1 — t)-=-P fof‘.';’(w, .
0 n=

Now comparing the coefficients of t» on both sides we get

(5.8) 186, = 3 EZ P ),

r=

where @ and f are arbitrary real numbers.
Next we notice that

3 T, p + g

= (1 — t)=*ter={1-0-074} . (1 — p)-B-1¢e*{1-00-074}

= § T (@, p)tm - EOT(Q(w, q)tr
m=0 n=

Thus we obtain the following ¢ doubly-additive’ addition
formula

69)  TEP@p + o) = 3 T TR ).

In particular, when p = ¢ =1, and ¥ = 1, we derive

(5.10) Tets+0(z, 2) = 3 L@ IO (2) .
(1]

m=
It follows therefore from (5.7) and (5.10) that

(5.11) Lo 20) = 3 I9(@)IP (),
0



On a generalization of Laguerre polynomials 189

which is implied by the well-known formula of the Laguerre
polynomials

6.12) Le+A (@ +y) = 2 L(@) L2 (y) -
Again returning to (5.1) we obtain
(1 — e 290 o 1 — o — petlgta 9
whence we notice
11— t)“lélm"-lﬂ:’(w, p) = [(a+1)1 — 1)* — pkat] -éoT‘::’(w, ).

Performing the indicated multiplication on both sides and
comparing coefficients of ¢* on both sides, we derive

k+1

k
(5.13) zo(— ( + )( + 1 - T)Tk(n-i-l—-r)(w’ p) .
r=
x kY mio (@)
+ 1),-;)(— 1) ( r) T3 (,, (@, p) — pka* T3 (x, p) .
Lastly we observe °
(1 — 00 200 — piorria — o — 1)g(e, 1),
whence we obtain in like manner
& )
(5.14) Z (— 1)y ( ) DT ,(, p)

k k
- pkx“—lrgl(— 1)y ( r) TE_ . (x, P) .

13
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