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ON PLURILINEARITIES
AMONG PROJECTIVE SPACES

Memoria *) di MAR1I0 BENEDICTY (a Pittshurgh) **)

The goal of the present paper is to give a suitable and exten-
sive definition of graphic plurilinearities, i. e. of those pluricorre-
spondences among projective spaces which generalize the con-
cept of homographies, collineations, etc. between two linear spaces,
with the inclusion of the « singular » cases.

For the history of special cases already studied by other
Authors and by myself, [1] and [5] can be consulted, while [2]
is systematically used here as a set of preliminary results.

Besides the definition (Sect. 2), the main results of this expo-
sition are: sets of necessary and sufficient conditions (Sect. 6),
some properties of plurilinearities (Sect. ¥), a sufficient condition
(Sect. 8), and the classification of the plurilinearities among
three projective lines (Sect. 5).

A more detailed study of plurilinearities among special spaces,
such as linear, may be object of a future paper.

0. Notations: In this section only those notations which may
somehow differ from the ordinary usage are listed.

*) Pervenuta in redazione il 30 luglio 1962.
Indirizzo dell’A.: Department of Mathematics, University of
Pittsburgh, Pittsburgh. Pa. (Stati Uniti d’America).
**) This research was supported by the United States Navy through
the Office of Naval Research under Contract No. 3503(00), Project
NR 043-262, at the University of British Columbia in Vancouver.
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0.1. The symbol {... | :::} denotes the set consisting of all
the elements ... for which :::.

AS B means: A is a subset of B.

A<B means: 4 is a proper subset of B.

o] denotes the empty (or void) set.

X, also in the form X;es, denotes the Cartesian product of
a finite number of disjoint sets; it is commutative and associa
tive by convention.

| 7 | denotes the order of the set .J.

Throughout this paper, the letter I shall indicate a prescribed
finite set, which shall be taken, for simplicity, to be the set
{1,2, ..., t} of the first ¢ natural numbers (¢t > 1).

0.2. Whenever o finite collection of sets is given, all denoted
by the same main letter 8 (e. g. 8/, or 8*/, with j € J), then the
symbol S<J)> (respectively S*<{J)>) shall denote their Cartesian
product, otherwise indicated by a symbol like X;es87?.

Similar conventions shall be adopted for z/ (»fe &%;jed)
and x(J) (x<J> € S<JI)), for yi, 2%, ete.

0.2.1. If some of the sets S’ (j € J) had elements in common,
they would be previously replaced by disjoint copies.

0.3. The definitions of projective space (equivalently: graphic
irreducible space) and related concepts are assumed (cfr. [2],
[3], [4]). However, the following facts have to be noted.

0.3.1. A projective line is any set of order not less than 3;
if it is though a subspace of dimension 1 of a projective space
of larger dimension, then it may possess some additional struc-
ture. In any case a line shall be systematically denoted by the
main letter B (such as R’, R*, RY).

0.3.2. A pencil of [k]’s in a projective space [n] is defined as
the set of all the [k]’s satisfying the condition C<[k]< D, where
C iz a given [k — 1], D is a given [k + 1], C<D, 0 < k < n.
The subspace C shall be called the axis (or centre) of the pencil,
D the carrier.

0.3.3. The symbol [H] (H<S8; 8 = projective space) denotes
the minimum subspace of 8 containing H.
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1. Pluricorrespondences.

1.1. DEFINITION: A pluricorrespondence (short: ple.) among
the sets S/ (jed; |J | = w = natural number), or ple. on S<J >,
is a subset T of their Cartesian product: T<S<J) .

1.1.1. In particular, @ and S<J> are plc.’s on S<J). For

=2, 3, the terms bicorrespondence (or correspondence) and
tricorrespondence are used. For v = 1, a plc. is evidently the same
as a subset of 8.

1.2. DEFINITION: For every ple. T on S<J) and for every
subset JU JHBcd; JO 2 @), the projection from T into S(JD)
is the mapping :z(JD; T: T~ S(J‘j), which associates with
every x{J> (x(J>€T) the element x<JD>; in other words:
(@D TO)(Xjer #) = Xm0

The ple. P<JD; T), detined on S(JD> by

P TS = (adY; )T

is called the projection of T on Sc«Jby .

1.3. DEeFINITION: For every ple. T on S<J), for every subset
Ju (JDEJ), and for every choice of the subsets S*i (S*ic §i;
j € J), the restriction of T to the S* ’s is the plc.

Tn (S*JU> x S¢J — gty .

It shall be denoted by one of the symbols: R(S*<JUy; TS;
R<8*(j e JO); T>; R<8*1, ..., 8*; T>, assuming, in the last
instance, that JH = {1y eoey Jo} -

1.4. DEFINITION: For every ple. T on S<{J), for every subset
J0 (J‘:'CJ), and for every choice of the subsets 8% (S*ic
< 8%; jeJY), the ple.

P¢J — JO; R¢S*<I0>; T
shall be denoted by T(S*<JU), or T(S*i(j € JUI)), or T(S*1, ...,

§*%) (assuming, in the last instance, that JU = {j,,... ,j.}) and
shall be called the image of S*¢JU> under T.
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1.4.1. In particular, T({#"} X ... X {#**}) can be denoted
also by T(x(JD>), or similarly.

1.5. The operations P<{...>, R<...>, T(...) enjoy several pro-
perties, all of immediate proof, such as the following.

1.5.1. Suppose T<S¢J>, o <JBcJUcJ; then

P ; PIB; Ty = PID; T .

1.5.2. Suppose T<S<J>, JAcdUc g, 8*ic 8 (jedgt).
(i) If 8** < 8% (j e JD), then

R(S**(JDy; R(S*JIUy; Ty =
= R¢S**¢JDy x S*¢ g0 — gby: 1> .

(ii) If 8* = 8§ (jeJO — JD), then
R¢S*JU>; T> = R<S*JLY; T .
1.5.3. Suppose T*<T<S<J>, JUcJ, S*ic§ (jeJD).
(i) R¢S*JIUy; T*> < RS*JIDy; Ty;
(i) if JO# @, then P<JU; T*> < PJU; Ty;
(iii) if JO<J, then T*(S*JUy) c T(S*<JUy).
1.54. If T<SI>, os<JUcJ, and S* <8 (jeJU), then

RS*JBy; PO, Ty = PID; R(S*IUy; Ty .

2. Graphic Plurilinearities.

2.0. From now on let 8 be a projective space of dimension
siel; |I|=t>1;8 >0)and set s = s s'.

2.1. DEFINITION: A graphic plurilinearity (g. pll.)" on S<I),
ar plurilinearity among projective spaces 8¢, is a ple. T on S<I>
which satisfies the following properties.

8
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(P.1) For every choice of k, J2, and y& (keI,JAcI — {k},
yA € S(JA>), the set P<{k}; T(yA)> is a subspace of Sk.

If t > 2, then for every choice of &, k, JA, and yA (hel,
kel,h+ kJAST — {h, k}, y2 € S(IL)) set

(%) F = Ph, k}; T(y2)> .

(P.2) If t > 2 and if there is a k (k € I) such that s* > 1, then
for every such k, for every F defined as above, and for every
line R* (R*<S*), one of the following two cases takes place:

(i) for every y* (y* € R*) the subspace F(y*) is non-empty,
and the set F given by

F = {F(y*) | y* € R*}

is a pencil is 8*; or
(ii) there exists a point y** on R* such that F(y*)< F(y**)
for every y* (y* € R*). '

2.2. REMARK: When ¢ = 2, then Def. 2.1 yields the graphic
linearities, which coincide with the homonymous correspondences
between two spaces, as defined in Sect. 1.1 of [2]). Consequently,
for t > 2, conditions (P.1), (P.2) can be replaced by the fol-
lowing:

(P’) if t > 2, then for every choice of h, k, JA, and yA (hel,
kel, h+k JAcI — {h,k}, yAeS<JA>) the ple. F given by
2.1( %) is a graphic linearity (Sect. 1.1 of [2]) between §* and S*.

For ¢t = 1, the only requirement is
(P°) T is a subspace of S

2.3. Evidently: SI) and @ are g. pll.’s on S<I>.

3. Special Pluricorrespondences.

3.0. In order to investigate properties of the g. pll.’s and,
in particular, to find sets of necessary and sufficient conditions
which characterize them among the ple.’s among projective
spaces, some special types of ple.’s are introduced in the present
section.
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Notations are as in 2.0.

3.1. DEFINITION: A T4 ple. is a ple. T on S<I), which
satisfies the following properties:

(A.1) for every ¢ (i € I) the set P<{i}; T> is a subspace of 8¢
(A.2) if t > 2 and if s > 0 for some ¢ (i € I), then for every
such i and for every hyperplane S of §% the ple. R(S¢; T
is a T4 ple.;

(A.3) if t > 2 and if, for some i (ieI), P{i}; T> is a point,
say y‘, then T(y¢) is a T4 ple.

3.1.1. REMARKS: Def. 3.1. proceeds evidently by induction
on the two indices ¢, 8 t =1,2,...; 8 =0, 1, ...).

3.1.2. When ¢t = 1, then condition (A.1) implies that T is
a subspace of S'. Conversely, still when ¢ = 1, every subspace T
of 8! satisfies trivially (A.1), while (A.2) and (A.3) are inappli-
cable.

When 8 = 0 and therefore s* = 0 for every ¢ (4 € I), then
the only subsets of S(I) are @ and S<I). Each of them satisfies
trivially (A.1) and (A.3); (A.2) is inapplicable. Thus the following
statement holds.

3.1.3. When t = 1, the T4 ple.’s are the same as the subspaces
of S1. When s = 0, all the ple.’s (i. e. @ and SI)) are TA.

3.2. If s* =1 for every ¢ (i €I), then conditions (A.2) and
(A.3) can be combined, and the following definition arises.

DEFINITION: A TR ple. is a ple. T among projective lines
R (i € I), which satisfies the following properties:

(R.1) for every ¢ (i€ I) the set P¢{i}; T)> is a subspace of R*
(thence void, or a point, or R¢);

(R.2) if ¢ > 2, then for every ¢ (¢ € I) and for every z* (v' € RY)
the ple. T(xf) is TR .

3.2.1. Evidently: The TE ple.’s are the same as the T4 plc.’s
among projective lines.

3.3. DEFINITION: A TF ple. is a ple. T on S<I) which satisfies
the following properties:

(B.1) if s < 1 for every ¢ (i € I), then P<{i}; T> is a subspace
of 8¢ (iel);

(B.2) if 8 > 0, then for every choice of the subspaces 8** (i€ I;
@ < 8*c 8¢ T,y dim §* < 3) the ple. R<S*I>; T is TB.
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3.4. DEFINITION: A TC ple. is a ple. T on S<I>, which sati-
sfies the following properties:

(C.1) if s* > 0 for every i (i € I), then for every choice of the
lines R¢ (Ri< 8¢; i€ I) the ple. R(Ri (1€ I); T is TE;

(C.2) if t > 2 and if 8* = 0 for some ¢ (i € I), then for every
such ¢ the ple. T'(8%) is 7€ .

3.5. DEFINITION: A TP ple. is a ple. T on S<I), which satisfies
the following properties:

(D.1) if ¢ =1 for every i (i € I), then P({i}; T)> is a subspace
of 8 (iel);

(D.2) if s* > 1 for some ¢ (i € I), then for every such 7 and for
every line R‘ of 8’ the ple. R(R*; T is T'D;

(D.3) if ¢t > 2 and if s' <1 for every ¢ (i € I), then for every %
and for every 2* (i € I; 2¢ € 8¢) the ple. T(z¥) is TP .

3.6. REMARK: As already noted for 7'4 ple.’s, the definitions
of T4, TB, TC, TP, and TE ple.’s proceed by induction on the
indices ¢, 8. In each case a statement analogous to 3.1.3 holds,
namely:

3.6.1. LEMMA: (i) When t = 1, then g. pll.’s, T4 plec.’s, TB
ple.’s, TC ple.’s, TP plec.’s, and (if 8* = 1) TE ple.’s are all the same
as8 the subspaces of S'. (ii)) When s = 0, then all the ple.’s (i. e. &
and S¢I)) are g.pll.’s and T4, TB, TC, and TP ple.’s.

Proof. (i) is implied immediately by (P.1); (A.1); (B.1) and
(B.2); (C.1) and (R.1); (D.1) and (D.2); (R.1), in the respective
cases. In cases TB, TC, TP the result is obtained by proving that,
if R1c 8! and if R* and T have at least two points in common,
then R'cT. (ii) follows from a direct verification.

3.7. REMARK: Most of the proofs given in the sequel are con-
ducted by induction on the two indices t and s (ft =1, 2, ...;
¢ =0,1,..), on the ground that, by 3.6.1, the statement in di-
spute is true when t = 1 and when & = 0.

4. TR Bicorrespondences.

The classification of the TE ple)’s between two projective
lines RY, R? is immediately derived.
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4.1. Either
T(,).I T=9o y

or, if T+ @, both P{i}; T> (¢ = 1,2) are non-empty. Three
possibilities arise: (a) P<{i}; T> = {s*} (z** e R%; i =1, 2);
(B) P(i}; T> = {o*}, PARY; T> = B (G, b} = {1, 2}); a™e
€ R); (y) P{i}; T> = R (i =1, 2). Cases (a) and (B) yield re-
spectively

T(z).II T = {m*l X m*z}

(x* = fixed point on R¥; i = 1, 2);

Ty 11T T = {z*} x R
{j, »} = {1, 2}; #* = fixed point on RY).

Case (y) implies that T(x‘) # o for every ¢ and for every
z' (i = 1, 2; o' € RY). Therefore:

(ya) T(x*) has always dimension 0. Let v: R* — R? be defined
by the position r2! = T'(x) (2* € R!). Consequently 7 is a mapping
and, since 7-? = T'(#*) (#® € R?), t is bijective. This gives

T.IV T = {a* X o |2*e R},

where t: R' — R? is a bijective mapping.

(yB) T(x*/) = R*» for at least one j and for only one point
z* of R’. Set {h} = I — {j}. If y'e R/ — {x*/}, then T(y’) =
= {&**}, with z*»e R*; T(x**)2{x*), y’}; therefore T(r**) =
= Ri. Thus TcT', with T' = ({#*} x R) U ({«**} x RY).

Suppose y! X y*eT — T'; then {x*' X x*,a% X ¢, y* X
x #*%, yt X y?}<T, and each one of the sets T'(a*), T(z*?),
T(y'), T(y?) is a line; this is in contradiction to assumption (yp),
so T =T and

T).V T = ({.’I)’n} X R}) U (R X {m“"})
(z** = fixed point on R¢; i = 1, 2)
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(yy) T(2') = R* for at least one j and for at least two points,
say v/ and 2/, of R! (j = 1, 2). Then for every z* (r*e R*) the
set T(x*) contains y’ and 27; therefore T(x*) = R’ and

Ta-VI T=R x R*.

1.2. The previous analysis proves that every T correspond-
ence between two lines is necessarily of one of the types above.
It is immediately verified that each of them represents actually
a TR ple. between two lines, for every choice of the arbitrary
elements appearing in each type. Therefore

THEOREM: The TE correspondences between two projective
lines are those described in Sect. 1.1, formulae T(,).I-VI.

S. TR Tricorrespondences.

Although not necessary for the sequel, the classification of
the TR ple.’s among three projective lines is given in this sec-
tion.

5.1. Let T be a TEB ple. on R' X R* x R? the R ’s being
projective lines. In the following, the letters j, k, k shall denote
a permutation of 1, 2, 3;i. e. {j, b, k} ={1,2,3} = I.

The first obvious case is

Tg)-I T=2.

Another trivial case is T = R' x R* x R?, listed below as
case XIX. In the remainder of this section T is supposed to
verify

(% %) s<T<R' x R* x R*;

therefore P<{i}; T) is, for each i (i € I), either a fixed point
o* of R’ or the line R* itself.
The following conventions shall be adopted:
() *¢ denotes a fixed point on R¥;
(3O0) 7: R - R* an/dor ¢: R* —» R* are bijective mappings.
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(@) If P{k}; T> = {o**}, then T = {x**} x T(x**), with
T(x**) # 3. By (R.2) and 4.1 the following cases arise for T:

T 11 T = {.’D" X ¥ X m*’} (cfr. (O));
TwIII T = {o* x 2*} x R (cfr. (O));
T IV T ={x X 12’ X z** |2’ € Ri} (efr. (D), (@O));

T(s.V T = ({#* x x**} X R* U ({o** x o**} x R) (cfr. (O));

T VI T =R x R* x {o**} (cfr. (D).

(p) Suppose now P({i}; T> = R* for every i (i€ lI). Set
T¢ = PA — {i}; T). By 1.5.4, 3.2, and 4, T is a TE ple. Since
P{i}; Ty = P{i}; T> = R¢ for every @' (i’ € I — {i}), it fol-
lows that T* is of one of the types T(,.IV-VI. Accordingly, the
following cases arise: at least one T is of type T(,.IV; no T¥ is
of type T(,.IV, at least two are of type T(;.V; no T* is of type
T(y.IV, exactly one is of type T(;.V; all T* are of type T(,.VI.

(Ba) T is of type T(,.IV. Therefore Té = {z* x @z* | 2* € R}
(cfr. (O0)) and T = {&’ X 2* X ga* |27 X a* € T*}; the classi-
fication of T depends only on T* The following cases are thus
obtained:

T .VII T ={o X w X gro’ |2 € R’} (cfr. (OO));

T.VIII T = (R X {o** X @o**})U {o* X a* X gr* |z € R}
(cfr. (D), (@O));

TeIX T =R X {z* X ga* | x*c R*} (cfr. (COO)).

(Bp) TV and T* are of type T(;.V, T* is of type T(y.V or VI.
Bet T = ({#**} x R*)U ({#**} x R*, T* = ({s*} x RMU
U ({y**} x B).

(BPa) If y*» « x*», then T*(x**) = {x*} and, for every
z* (2* € R*), v*» X x* € TY whence T(z** X x*) # g and T(2**) =
= {@*/} X R*. Similarly T(y**) = {#**} X R‘. Suppose z*€ R’ =
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= R*» — {x*» y*}; then evidently T'(s*) = {x*/ X z**} and

(%% %) T = Unpem{*} x T@) =
={@**} xT(@**)) U {y**} xFy*") U (U,cr {z*} xT(z*)) .

The fact that z** x z*/ x r** and y** X x*/ X x** belong,
respectively, to the first two terms of ( x% % %) implies

T X T = ({a** x 2*} x R*)U ({y** X z**} X R)U
U ({z* x o**} x R*) (cfr. (O0)).

(BBB) If y** = x*», then 2* e R (R" = R* — {o**}) implies
necessarily T(2*) = {#*/ X x**}. Therefore T(z*’ x x**)2R",
whence T(z*/ x x**) = R*» and x*/ x z** X x** € T. Therefore

T = Upem {2*) X T(*) = ({2**} x T(@**)v
U(Upear {2} x T@") = ({@**} x T(@**) U ({a* x z**} x R*)

and
Th = UI‘GR“ T(mh) = T(x'h) U (UB*GI?” T(zh)) =
= T(@**) U {o* x a;“} = T(x*"),
whence
T = ({o**} x T* U ({z* X o**} X R*) .

This reduces the study of T to the study of T». If T* = ({y*/} X
X R*)U ({y**} x R/) with y* # @* or y**+ x** then case
(BPe) arises again. Therefore either y*/ = a*/ and y** = a**,
or T» = R/ x R*. Correspondingly:
T).XI T = ({#** x #*/} x R¥)y ({z** x x**} X R)U

({z* x z*} x R¥ (cfr. (O));

Tw.XII T = ({z**} x B x R})U ({z* X 2**) x R (cfr. @)).
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(BY) T = (&**} x B¥U({2*} x B, T = B x B¥ T* =
= R/ x R*» Then T(#* X 2*) # @ and {2*} x F(x’ x z*) e T’ for
every choice of #/ and z* (v € R?; 2* € R'"" = R* — {#**}). There-
fore T(x' x 2*) = {x*}, F(x’' x x**)2 R"', and T(®* X x**) =
= R*. Similarly, T(z’ X 2*) = {¢**} and T(»' x z**) = R for
every x’ as above and every z* (z*ec R" = R* — {x**}). Con-
sequently T = s, sacpix mp 187 X2} X T(@/ X @*) = s ({2 X
2* X r** |22 e R} U ({#' X #**} X R*)); in other words

T). XIII T = ({**} x R x R¥)U ({x**} x Rf x R*) (cfr. (O)).

(B6) All T ’s are of type T(;.VI. Then, under hypotheses
(% %) and (pd), the following statements are rather evident.

5.1.1. P{j}; T*> = R;

5.1.2. There is at most one point x*! (x*! € R?) such that T (x*!) =
= R* X R*.

In fact, if also T(x**)) = R* x R*, then T(z* x x*) 2 {z*,
z**i} for every z*, x* (#* € R*; s*€ R*), and T = R* X R* X R},
in contradiction to (¢ ¥%).

5.1.3. For every choice of i and x* (i € I; x* € R¥) the ple. T(x*)
18 of type T(,).IV or T(,.V, with the exception of no more than one
point, for which it can be of type T(,.VI.

On the ground of these statements, there are the following
possibilities.

(féax) On R* there is a point 2** such that T(x**) = R/ x R™
For every choice of y*, z*, =%, a* ({y* 2*}<S R"' = R* — {x*}};
#! X v*€ T(y*)) the following formulae heold: T(x’ x «*)2
2{y* z**}, T(x’ x x*) = R*, x' x xe T(2*); therefore T(y*)<
cT(z*) and, by symmetry, T(y*) = T(2*) = U, say. It follows
that T = {Jacpe {2*} X T(a*) = ({z**} x B’ x R*) U (U x R*).
If U is of type T(,.IV or Ty,.V, the following cases arise respec-
tively :

Ty.XIV T = ({&**} x R x RMU ({a' x wa! | @’ € R*} X RY)
(cfr. (O), (@O));
T.XV T = ({z%} x B* x B)U ({&*} x B* x R)U
U({xz**} x RB' X RY) (cfr. (O)).
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(Bd8) For every choice of ¢ and x* (i € I; '€ R*) the ple.
T(x*) is of type T(5.IV or V. If (% %) and (868) hold, then the
following lemmas (5.1.4 to 5.1.8) are valid.

5.1.4. LeEMMA: T(y/)ET(2*) for every choice of j, y’, and 2
(jel;y e Ri; 2 e Ri; y + 2*).

Proof. Suppose T(y!) = T(2); then for every #* X z* (x* X z*€
€ T(y?)) the set T(x* x x*) contains y’ and 2/, therefore it coin-
cides with R’. This implies T(y/)<T(x’) for every «' (¢’ € R);
because of the structure of the ple. ’s of types T(,.IV and V, this
implies T(y’) = T(«?), therefore T = T(y’), in contradiction to
hypothesis (53).

5.1.5. LEMMA: Suppose y’c R/, 2'e R’, y' +# 27, and that
T(y') and T(2%) are of type T().V. Set T(y)) = ({y**} x R*)U
U{y**} x R, T@) = ({#**} x R*)U ({z**} X R*). Then:
(i) y*» # 2% (i) y** = 2**; (i) T(y** x y**) = {y’}; (iv)
T(2** x 2**) = {27}.

Proof. (i) If y** = 2**, then {yf,2/}<T(y** X «*) for every
o* (2* € R*); therefore R/ = T(y** x x*) and R’ x R* = T(y**),
in contradiction to hypothesis (80f). (ii) follows by symmetry.

(iii) Evidently y/e T(y**» x y**). If the statement were
not true, then the following implications would follow: T(y** x
X y*t) p— RJ’ y#h X y*k € T(zl)’ 3nd y*h i z*h or ytk i z*k’ in
contradiction to (i) or (ii) respectively. (iv) follows by symmetry.

5.1.6. LEMMA: For every j (j € I) the ple. T(x?) i8 of type T(s). IV
for all poinis x* of R! with the exception of no more than two of them.

Proof. Suppose ¥’ and 2 are two distinet points of R/ such
that T(y’) and T(2/) are of type T(;.V. Let #'/ be any point of
R! — {y4, 2¥}. By 5.1.5 (iii) (iv) the pairs y** X y** and z** x z**
are not in T'(z'/). On the other hand, T'(y** x 2**) 2> {4, 2/}, there-
fore T(y** x z**) (and similarly T(z** X y**)) coincides with
Rs. Therefore T(x'’) contains y** X 2** and 2** X y** but not
y*» X y** or z** X z*; thus it cannot be of type T(,.V.

5.1.7. LEMMA: Ifx*» x x** € T(y’) n T'(2*) (y? # 2°), then {x*» X
X x**} X Ric T; thence T(x**) and T(x**) are of type T(5).V.

5.1.8. LEMMA: For every choice of i, y* and 2* (i€ I; y'e R
g € Ré; yt # 2%) the ple.’s T(y*) and T(z*) have no more than two
pairs in common.



On plurilinearities among projective spaces 123

Proof. Immediate consequence of 5.1.5, 5.1.6, and 5.1.7.

Still in case (f3f), the following possibilities have to be con-
sidered.

(fépa) On R?! there are two distinct points y*/, 2*/ such that
T(y*) and T(z*/) are of type T(,).V. Set T(y*/) = ({z**} x R*)U
U({2*} x R*, T(@*) = {y*} X R*) U ({y**} x R*. There-
fore: y* x 2**» X y**eT, y* x 2*» x 2**eT, y*i x y*» X 2%t ¢
€T, 2% x y*» x 2** €T, 2% x y* x y** e T, 2% X 2*v x
X y** e T. By 5.1.5, y** # z**» y** + 2**; this and 5.1.8 imply
Ty*) = (2%} x B¥) U ({2**} x RBY), T*) = ({y*} X B U
U ({y**} X R%), and similarly for T(y**) and T(z**).

Therefore for every i (i € I) there are exactly two points
x¢ (x' € R¥) for which T(x’) is of type T(;.V. For the moment
let this case be described as the:

T(3).XVI Hyperbolic Case.

(B3pB) On R’ there is exactly one point x*/ for which T'(z*f)
is of type T(,.V. If T(z*) = ({o**} x R*)U ({z**} x R*), then
{#* x **} x R*<T and {x* X x**} x R*<T, which imply
that T(x**) and T'(x**) are also of type T(,).V. Thus the conclusion
of (fdpa) implies that for every i (i € I) there is only one point,
x*, for which T(x*‘) is of type T(,;.V. Let this case be described
a8 the

T(s). XVII Parabolic Case.

(BéBy) For every x’ of R/ the ple. T(x’) is of type T(y).IV.
The conclusions of (fdfa) and (f5ff) imply that the same fact
is valid for every ¢ and every x* (i € I; #* € R*). Let this case be
described as the

T(y).X VIII Elliptic Case.

(pdy) As already noted before formula (% %), the following
case has to be added:

T(y. XIX T=R X R*X R.



124 Mario Benedicty

5.2. As for the existence of each of the found types and the
possibility of a subclassification, the following facts have to be
considered.

5.2.1. Types T(;.I-XV and XIX certainly exist for every
prescribed triad of lines, with the only restriction, in cases IV,
VII, VIII, and XIV, that whenever a bijective mapping between
two lines appears (cfr. (0O)), the lines be of the same cardinality.
In each case the construction of the TE plc.’s depends on the
choice of one fixed element on some of the lines, possibly of one
other element on one of the lines (case X), and/or the choice of
one or two mappings (00J). Evidently these choices can be made
in essentially one way, if the lines do not posses any additional
structure.

5.2.2. As for types T(3.XVI-XVIII, the following construc-
tions answer the question of existence and uniqueness.

(@) Since bijective mappings do appear between any two
of the lines, all three R‘’s must have the same cardinality.

(b) If the lines contain exactly 3 or 4 points (in case XVI)
or exactly 3 points (in case X VII), then extremely simple possibil-
ities arise, for which the conclusions (although not the proofs)
of this section are valid.

(¢) With the exclusion of cases (b), let R% be the set (pro-
jective line) obtained from R‘ by deleting the points y*:, z*!
in case XVI, and the point z*¢ in case XVII (cfr. 5.1 (fdfa);
i € I). Let T<X be the set obtained from T by deleting those elements
ot X #® X 2* of T for which z¢ = y*i or 2* = 2z*¢, or, respectively,
o¢ = z*¢ for at least one i of I. It is immediately verified that
TV is a ple. of type T(;).XVIII on B3 x R x RS,

(d) Conversely, if T? is a plc. of type T(y).XVIII on R x
X R¥ x RC", the inverse construction gives a TE ple. of type
XVI or, respectively, XVII on R' X R* X E°.

(¢) The structure of a TE ple. of type XVIII, say T, can
be described as follows. For every #* (2* € R?), identify the element
#* with the bijective mapping T(x3), interpreted as a mapping
a*: RB'— R A set R® of bijective mappings R' — R? is then
obtained, such that (cfr. 5.1 (888y))
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{A) for every »! X x? of R* X R? there is exactly one mapping
&r2 of R® such that x3(x') = a2.

(f) Conversely, if any two sets K, R? of the same cardinality
are given, it is always possible to construct a set R* of bijective
mappings satisfying condition (A), and the ple. T, defined by
the position T = {#' x 2% X o® | 2* € R'; a® € R*; #® = the map-
ping of R?® such that a3(2') = «?}, is immediately verified to be
TR and of type T(;). XVIII.

(9) Parts (d), (f), with remark (b), prove the existence of
the desired types of ple. for any prescribed lines. The possibilities
within each case depend on the choice of the set R? as described
in part (f).

(k) Any additional structure on the lines might give rise
to a subclassification of the TR ple. ’s.

6. Characteristic Properties of Graphic Plurilinearities.

6.0 THEOREM: Let S* (i € I) be projective spaces, let T be a
ple. on S<I>. Then T i8 a g. pll. if and only if it is of either type
T4, TB, TC, or TP,

In other words each of the sets of conditions: (P.1-2), (A.1-3),
(B.1-2), (C.1-2), (D.1-3) is equivalent to each other.

Proof. The statement is equivalent to the propositions that
each one of the sets given above implies the next one, and that
(D.1-3) implies (P.1-2) or (P°, P'). These propositions, together
with some auxiliary lemmas, are proved simultaneously, by
induction on ¢, 8 (cfr. Remark 3.7), in the following subsections
6.1-6.6.

6.1. Let T be a g. pll. on S<I).

6.1.1. LEMMA: If i€ I, 8*¢ is @ hyperplane of S%, and T* =
= R(8*; T, then T* is a g. pll.

Proof. If ¢ = 1, then the property is trivial. If ¢ > 2, let
notations be as in 2.2, with the additional condition P<{i}; y2)c
c 8% if i e JO. Set F* = P({h, k); T*(yD)>.

If i # h and i+ k, then F* —= F; F* is therefore a graphic
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linearity. If i =h or ¢ =k, say ¢ = h, then F* = R/S*; F, and
F* is again a graphic linearity by Thm. 2.1 of [2]. Therefore
(P’) is valid for T*.

6.1.2. LEmMA: If t > 2, i€ I, y'e 8% and T* = T(y*), then
T* is a g. pll.

Proof. Notations as in 2.2. If t = 2, then the statement
follows from (P.1) and 3.6.1. Suppose ¢t > 2. For every choice
of by k, J*, y* ({h,k}<I — {i}s h # k; J*<I — {i, h, k}; y*€
€ S¢JI*Y) set y& = y* x y* Then T*(y*) = T(y2) and P{h, k};
T*(y*)>, being the same as F, is a graphic linearity by 2.2. There-
fore T* verifies (P’).

6.1.3. PROPOSITION: Every ¢. pll. T is a T4 ple.

Proof. (a) Condition (P.1) (with J& = &) implies (A.1).

(b) Notations as in 3.1. By 6.1.2 [respectively 6.1.1] R($<%;
Ty [T(y)] is a g. pll. and, by induction on ¢ [ont], a T4 ple.;
this is precisely (A.2) [(A.3)].

6.2. PrROPOSITION: Every T4 ple. T is a TP ple.

Proof. Notations as in 3.2. (a) Condition (B.1) isx satistied
as a particular case of (A.1).

(b) Suppose S*i<Si for some j (j € I); therefore a hyper-
plane 8% exists, such that S* <8< 85, By (A.2), RS T
is T4; by induction on s, it is 7B. Since R<S* (i l); T)> =
= R¢8*: (i € I); R¢SY; Ty, the validity of (B.2) for R(S¥: T
implies its validity for T.

(¢) (A.3) and induction on ¢ imply immediately (B.3).

6.3. PrROPOSITION: Every TB ple. T is « TC ple.

Proof. (@) Suppose s' > 0 for every i (i€ I). (aa) If 2 > 1
for some j (j € I), then for every choice of the lines R’ (Ric S*;
i € I) the ple. R(Ri(i € I); T» is TB by (B.2), thence 7C by induc-
tion on s; thus (C.1) holds. (ab) Suppose s’ =1 for every i
(i € I). Then for every i and for every z* (i € I; «* € S¢) the ple,
T(x%)is T® by (B.2), thence TE by induction on ¢. In other words.
T satisfies (R.2); since (B.1) implies (R.1), T is TR and satisfies
therefore (C.1).

(b) Suppose t > 2 and s* = 0 for some ¢ (¢ €I). Then,
for every such i, T(87) satisfies evidently (B.1) and (B.2), thence
it is TB. By induction on ¢, it is 7C, thus (C.2) is valid for T.
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6.4.1. LEMMA: If T* is a TP ple. on S<I — {1}, if §' is a
point, and if T = S* x T*, then T is a T? ple. on S<{I).

Proof. (a) Since P<{i}; T> is the same as P¢({i}; T*> for
1+ 1, and since it coincides with S if ¢ = 1, then property (D.1)
is valid for T.

(b) Property (D.2) follows, by induction on s, from the
identity R<(R*; T> = R<(R!; S1 xT*>=8' x R(R*; T*) and from
(D.2) applied to T*.

(¢) When ¢ is taken equal to 1, then property (D.3) is
valid by construction. When % # 1, then T(2*) = (8! x T*)(z%) =
= 8t x T*(2*); property (D.3) for T follows from (D.3) applied
to T* and from the hypothesis of induction on ¢ (or trivially
if t =2).

6.4.2. ProposITION: Every TC ple. T is a TP ple.

Proof. (&) Suppose s* = 1 for every ¢ (i € I); then, by (C.1),
T is TR, and (R.1) implies (D.1).

(b) Suppose s* > 1 for some ¢ (i€ I), let R’ be a line of
8¢, and set T* =— R<(R¢; T). (C.1) is obviously true for T*. As
for (C.2): suppose 8’ = 0 for some j (j € I — {i}); then T(8’) is
TC by (C.2), thence a g. pll. by induction. Since T*(S7) = R(R’;
T(89)>, T*(8’) is a g. pll. by property (D.2) applied to T(S’),
therefore it is 7P, and (D.2) is valid for T.

(¢) Suppose t > 2, 8¢ <1 for every j (jeI), 1el, z*e 8"
If 8 =1 for every j (j € I), then T is TR by (C.1), so is T(z)
by (R.2); by induction on ¢, T'(2¢) is a g. pll., thence TP. If 8¢ = 0
for some % (i € I), then T'(8¢) is TC by (C.2), thence TP by induction,
and T is TP by 6.4.1. (D.3) is therefore valid for T.

6.5. Let T be a TP ple. on S<I).

6.5.1. LEMMA: Suppose: JJ = {i|iel;s>1}; JRc g,
Riisalineof 8! for every j (j € JR); yDi e 8i for everyj (j e I — JF).
Then R(R' (jeJR); T> and R(R (j e JR); T(yAUT — JR))»
are TD,

Proof. The first part is a repeated application of (D.2) (or
trivial if s* < 1). As for the second part, it is a repeated appli-
cation of (D.3) if s8¢ < 1 for all ¢’8; otherwise it is reduced to the
case 8° < 1 by choosing the line R’ such that ydie RIc 8! Ge
5 J0 — J%%), by considering R(R’ (j € JU); T, which is TP, and
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by applying the identity R(R/ (jeJU); T(yO<d — IJ¥)> =
= (RCR? (j € JO); TO)(y BT — I3

6.5.2. Lemma: If keI, if JAcI — {k}, and if y2 € SJD,
then P({k}; T(y2)> is a subspace of S*.

Proof. The statement is equivalent to the fact that, if y*
and z* are distinet points of P<{{k}; T(yA)>, then [y*, z¥]c<
< P{k}; T@wh)>. In fact there are in T two elements y and &,
the projections of which are y* and z* on §% and 42 (for both)
on S(JAy. By setting 8*¢ = [y, 2¢] for every i (i eI), the ple.
T*, given by T* = RS*<I); T, is TP by Lemma 6.5.1. Then
T*(y2) is TP by (D.3). The application of (D.1) to T*(y2) gives
8% = Pk}; T*y2)> <P k}; T(yL)>; the statement follows.

6.5.3. LEmMMa: If JACI, if y& e SIDY, and if TA = T(yd),
then TA is TP,

Proof. Netatiens as in 3.5. There is nothing to preve if J A= .
Suppose J2 # @. (a) (D.1) is true for T4 as a particular case
of Lemma 6.5.2.

(b) Suppose ¢‘ > 1 for some i (i€ I — JA). Then R(R’;
TA) = (R(R*; T>)(y2), which is TP by (D.2) and by induction
on s. Therefore (D.2)is true for TA,

(¢c) If t >2 and 8* <1 for every i (ied — JA), then
TAz) is TP by Lemma 6.5.1. Therefore (D.3) is valid for TA,

6.5.4. LemMa: If gc=dJUcI and if TO = P0; T, then
TO 4s TP,

Proof. Notations.as in 3.5. () (D.1) is valid for TU as a par-
ticular case of Lemma -6.5.2 and as a consequence of the identity
P{k}; TO) = P{k}; T> (ke D).

(b) Suppose 8¢ > 1 for some i (i € JU); then R(RY; TS =
= PJU; R(Ré; T>> and (D.2) is true for TH by induction on
s and as a consequence of the application of (D.2) to T.

(¢) Suppose |JU | >2 and s <1 for every j (jedJU);
then TU(z¢) = P¢JU — {1}; T(z")>. By Lemma 6.5.3, T(z%) is
TP and so is TU(z) by induction on ¢. Thence (D.3) is valid
for TH.

6.5.5. LEMMA: Suppose: JRcJUcT; JAST — JU; JU » o
yA e 8WAY; Ri is a line of 8 for every j (j € J¥). Then R(B’
(j e J%); PIT; T(yD)>> 48 TP.
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Proof. Corollary of Lemmas 6.5.3, 6.5.4, and 6.5.1.

6.6.1. LEMMA: A bicorrespondence between two lines 18 TP
if and only if it is TE.

Proof. In the present instance, conditions (R.1), (R.2) coin-
cide respectively with (D.1), (D.3); (D.2) is inapplieable.

6.6.2. PrROPOSITION: Every TP ple. T is a g. pll.

Proof. Notations as in 2.1. Suppose ¢t > 2 and define F as
in 2.1(%). All amounts to proving that (P’) holds, i. e. that F
is a graphic linearity.

In every case P({h}; F) [respectively, P<{k}; F>] is a sub-
space of S* [S*] by 6.5.5, 6.5.2, and by Thm. 10.2 of [2]. This
proves the statement completely if s*s* = 0. Suppose now
8** >1 and let R*, R* be lines in S* 8* respectively. By
6.5.5, R(R* R*; F)is T?; by 6.6.1, it is TE, thence of one of the
types T(,).I-VI of Sect. 4. These types coincide with 10.1(a)-(f)
of [2]; thus the hypotheses of Thm. 10.2 of [2] are satisfied and
F is a graphic linearity.

7. Properties of Graphic Plurilinearities.

Notations as in Seect. 6. The following properties of g. pll.’s
follow from Thm. 6.0.

7.1. TuEOREM: If: T is a g. pll. on SU>; JACI; for every j
(jedD), 8* is a subspace of 8i; z<dBcl — JA; JRcJU;
for every j (j € JX), 8% is a subspace of Si; then R(S% (j € JN);
PO, T(S*<IDY)>> is a g. pll.

Proof. By (B.2), R<8* (jeJB);T> is a g. pll. Since
T(S*(JDY) = P — JA; R(S* (j e JBY; T, F(S*WJD) is a g.
pll. by 6.5.4. Then 6.5.4 and (B.2) imply the statement.

7.2. THEOREM: If T is a g. pll. on SKI)>, and if k€I, then
P{k}; T) is & subspace of S*.

Proof. (P.1).

7.3. THEOREM: If, for every i (i € I), 8* is a subspace of 8,
and if T is & g. pll. on S*{ID, then T is a g. pUl. on SCID.

Proof. By induction (cfr. Remark 3.7); notations as in 3.4.
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Properties (D.1), (D.3) are evidently satisfied.

As for (D.2), if R*<=8*f or if R‘n S8*' = &, then the property
is trivial. Suppose R‘n 8* = {y‘} (y*€ R¢; i € I). Then T(y’) is
a g. pll. on S<I — {é}> by 7.1 and by induction on t. By 6.4.1
and by the identity R<(Ri; T> = {y*} X T(y*), RR; T> isa g
pll. on {y*} x S — {i}>, thence, by induction on s, it is a g.
pll. on R x S — {i}>. (D.2) is therefore valid.

7.4. THEOREM: If: I =I'UI"; I'nI" =@; T and T*
[TSR and T**] are g. pll.’s on SI'> [on SKI'">]; T*<TR; T**<
TSR, T = (T* X THR) Y (T x T**); then T is a g. pli.
on SUUD.

Proof. Notations as in 2.1. For ¢ = 1 the statement is trivial;
suppose £ > 2 and define F as in 2.1( %). All amounts to proving
that (P’) is satisfied, i. e. that F is a graphic linearity.

(a) Suppose first J& =g. If {h,k}<I' (and similarly if
{h, K}=I"), then F = P({h, k}; TX>, which is a graphic linea-
rity as a consequence of the application of (P’') to TS Ifhel
and k€ I'’, then F is a graphic linearity because of the following
facts: (i) P<{h}; TSy, P<{h}; T*>, P{k}; T, and P((k};
T**) are subspaces of S* S* respectively: (let them be tempo-
rarily denoted by W, X, Y, Z); (ii) F= (X x Y)Uu(W x Z);
(iii) W2 X, Y22Z; (iv) Thm. 8.9 of [2].

o (b) It JA % g, set yA =y x y, with y' e S’ n DY,
y“eS(I”nJA>. Then the statement follows from the appli-
cation of part (a) to the images of ', y'/, and yA under the ple.’s
involved.

7.4.1. COoROLLARY: T3® X T2 i3 a ¢. pll.

Proof. From 7.4, when T* = T3,

7.4.2. COoROLLARY: If: T is a ¢g. pll. on S>; I =1'v1";
I'nl"=g; y=y'xy"eT; yeSID>; y"eSU">; then
{y'} X T(y")X({y"} x T(y")) is a g. pll.

Proof. From 7.4, when TH = T(y") T+ = {y'}, TSS =
= T(y), T** = {y"}.

7.5. THEOREM: Notations as in 2.1. For the set F given by -
F = {F(z*) | #* € R*}, there are the following three possibilities:

(a) F(x*) i3 constant for all the points x* of R*;
(b) there exists exactly one point x** on R* such that
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(i) F(x*) is constant for all the points x* of R* —{x**}, and (ii) F(x*) <
< F(x**);
(¢) F is a pencil and the mapping f: R* — F defined by
fxx = F(x*), is bijective.
Proof. (P’) and Theorem 3.2 of [2].
7.6. An immediate consequence of Thm. 10.2 of |2] is the
following. -
THEOREM: Notations as in, Sect. 2. If T<S<I), then T is a
g. pll. if and only if one of the following conditions is satisfied :
(P®) ¢t =1 and T is a subspace of 8%;
(P"”") t> 1 and for every choice of h, k, JA, and yA as in 2.1:
(i) either s*s* = 0 and P({h}; T(y2)> and P{k}; T(yD)>
are subspaces of S*, S* respectively;
(ii) or for every choice of the lines R*, R* in S*, S* respec-
tively, the ple. G given by

G = R(R*, R*; Ph, k}; T(y2)>>

18 of one of the types T(5).1-VI of Sect. 4.
7.7. THEOREM: The classification of the g. pll.’s between two
or three projective lines is given in Sects. 4 and 5 respectively.
Proof. 4, 5, and 6.0.

8. 1Y Pluricorrespondences.

In this section another special type of ple.’s among projec-
tive spaces S¢ (i € I) is considered, as well as its relationships
to g. pll.’s.

For every i (i € I) let 8% be a point or a projective line Rf;
let L be defined by L = {4 | i € I; dim 8% = 0}.

3.1.1. Suppose: I =J°UK° J°NK°=g, K°2L, az°€
€ SCK*>. Furthermore, if J° # @, a collection of bijective map-
pings 1%: R/ — R* is given, such that o1}, = 1§, (i €J9),
j€J ke J°). This is equivalent to fixing j¢ (j° € J°), preseribing
arbitrary bijective mappings ¢}: R*— R! (jeJ°; 6% = 1), and
setting 73, = ojo(09) 1.
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DEFINITION: With notations as above, a 77 ple. is a ple.
U?*, on S<I>, given by,

U = {{z°} X (Xjes,0%") | @' € R} .

In other words, U° consists of the elements obtained by
choosing fixed points on some of the S3% ’s and, on the remaining
ones, variable points which correspond to each other by means
of prescribed coherent bijective mappings.

3.1.2. A T7 ple. can now be defined as follows.

Let the following elements be given: a partition I = K U
U(Usea/®) (B2 L;EnJ*= @; J*+ @; J*nJF =@ for a€cAi,
BeA,a+ ;0 <|A|=integer); two elements a (= a<I)) and
b (= b<{Iy) in S¥(I), such that a‘ = b whenever ic K and
a' = b* whenever i € I — K. Furthermore,if K<I (i.e.if 4 # &):
a proper order is given in A4, say < (for instance by setting
A4 = {1% 2%, .., w*}, with 1*<2*<...<w*); for each a (« € A)
let a collection of coherent mappings t% be given, with the same
properties as in 8.1.1, provided []° is everywhere replaced by
[1* and with the additional condition t5a/ = a*, 75b/ = b*
(jed*; hede).

For every o (¢ € A) set: K*=1 — J* z*=a<{KUJ™*U...U
UJE-U x b¢JJEHY® y .. yJP*), and let Uz be the TI ple.
obtained from Def. 8.1.1 by substituting = for °.

DEeFINITION: With notations as above, a 7Y ple. is a ple.
U on S3(I, given by U = {a} if K =TI and by U = |J.e4 U*
if K<1.

3.1.3. Evidently

LewMa: If JAcI, if U is T, if P{j}; Uy = {yi}s 8%
for every j (j € JD), then U(y<IDY) is TY.

3.2.1. Let the 8’8 (i € I) be projective spaces and suppose
a = all) e S5, b = b<I) e SI>.

DEFINITION: A join of @ and b (in S<ID) is any one of the
TV ple.’s obtained by applying Def. 8.1.2 to the entities a, b, §3%,
with §3% = [ef, b] (i€ I). The set K is necessarily given by
K = {i|ieI;a’=b‘}; the other elements which appear in
Def. 8.1.2 can be chosen arbitrarily, within the allowable possi -
bilities.
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8.2.2, DEriNiTION: If, in addition to the data of Def. 8.2.1,
a ple. T is given on S<I), and if @ and b lie in T, then a join of
a and b in T is (whenever existent) a join U of @ and b, satisfy-
ing the condition U<T.

Phrases like « U joins @ and b in T » shall be used.

3.3. DEFINITION: A TF ple. is a ple. T on S<I), which satisfies
the following condition:

(E) if acT and beT, then there exists a 7Y ple. which joins

aand bin T.

8.4. PROPOSITION: Every TE ple. is a g. pll.

Proof. By Thm. 6.0 the statement is equivalent to the fact
that if T is TE, then it is TB. In order to prove this, choose no-
tations as in 3.3 and proceed by induction on s, ¢ (cfr. Remark 3.7);
the fact that T and TP ple.’s are the same when ¢ = 1 and
when s = 0 is trivial.

(a) Suppose s* <1 for every i (i €I); set X = P{i}; T).
If X =g or if X is a point, then (B.1) is satisfied; otherwise,
suppose a‘€ X, bie X, a* # b*; then a and b can be found in T,
such that their projections be a* and ‘. Let U join @ and b in T,
which implies 8% = [a*, b¥] < 8. Because of Def. 8.2, §%ic X,
therefore X is a subspace of 8¢ and (B.1) holds.

(b) Suppose 8 > 0, {a, b}=T* = R(S*I); T)>.If Ujoins a
and b in T, then the inclusions [a% b7]< 8*¢ imply that U< T*.
Therefore T* is TE and, by induction on s, it is a g. pll. Thence
(B.2).

() If t>2, iel, P{i}; T> ={y’}, y° €8 then a*' =
= b* = y* for any two elements a<{I), b<I) of T. If U joins
these elements in T, then U(y*) is 7V by 8.1.3 and it joins a<{I —
— {i}> and b<I — {i}> in T(y%). By induction on t, property
(B.3) follows.

8.5. REMARK: Property 8.4 cannot be reversed, namely not
every g. pll. is a TF ple. A counterexample is the following.
Suppose R = {a, b, ¢, d} and consider it as a projective line;
let R?, R® be two copies of R!; for brevity let pgr denote the element
p X qxr, with peR, qe R*, re R*. Let T be given by T =
= {aaa, bba, cca, dda, add, bad, cbd, decd, acc, bde, cac, dbc, abb,



134 Mario Benedicty

beb, cdb, dab}. T is a g. pll. of type T(;).XVIII, however the two
elements bha, cac cannot be joined, in T, by any T plc.
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