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OPERATIONAL FORMULAE
FOR CERTAIN CLASSICAL POLYNOMIALS - II

Nota *) di SANTI KUMAR CHATTERJEA (a Calcutta)

1. INTRODUCTION

In a recent paper!), we have found the operational formula:

[1{D + 2 + alo + b}

(1.1)
=3 (:) br-—rarry,_(z, a + 2r + 2, b)Dr.

where y,(z, a, b) is the generalised Bessel polynomials defined by
1.2) Ya(@, @y b) = b-ma2-cetl=Dn(gtn+a-tg-dlz)

Using (1.1) we have derived the following results:

(1.8)  bw.(@, 6 +2,b) = [[{e*D + (2 + a)o + b} -1
J=1

*) Pervenuta in redazione il 9 agosto 1962.
Indirizzo dell’A.: Department of mathematics, Bangabasi College,
Calcutta (India).
1) CrarTerIEA S. K.: Operational formulae for certain classical
polynomials, I, Communicated to the Quart. J. Math. Oxford.
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b Y 1(2, a, b) — ya(z, a, b)} ‘

(1.4)
= (2n + a)r {b’!lu(m, a, b) + noy,—,(v,a + 2, b)}
(1.5) Yo, @, B)
in(m,n) :
=mnm (m)(" ) ri(m - 20 +a — 1),(@/b)Ynr(®, a - 21, b)-
re=0 r r

* Ym-o(®y @ 20 + 27, D) .

In the same paper we have derived the formula:

»fa+n\ 2™ _ ,,._"_‘”_'(a“;
(1.6) Z.,(%m)m:‘l’ 1) = 'gor!L,,_,(w)D'_

where L{®(x) is the generalised Laguerre polynomials of degree n.

The object of the present paper is to derive some more ope-
rational formulae for the special case of Bessel polynomials
Ya(2, a, b), obtained by taking @ = b = 2, sometimes written as
Ya(x), and for the generalised Laguerre polynomials. Lastly we
study the formula (1.5) for the special case of the Bessel poly-
nomials just now mentioned. .

2. The Bessel polynomials of Krall and Frink:
The polynomials y,.(x) are defined by

(2.1) Yal®) = 2-"eH=Dr{ainee) .
In?), we have derived

Mz Dn(igtne =Y
(2.2)

- (:‘) 2n-rgtry, (@, 2 + 27, 2)D"Y

r=0

where Y is ‘an arbitrarily differentiable function of wx.
Now using the operational formula 2),

Dr - ¢?®) = ®®=[D + D'(x)]"

%) STEPHENS E.: The elementary theory of operational mathematics
(1937), 25.
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we derive

(2.3) etizDn(gine =Y ) = p2n [D 4 2 *i)]" T

r?

Thus it follows from (2.2) and (2.3)
o[04 B D)y
z
(2.4)

= z (:) 2n-ryprry (2,2 + 2r,2)D'Y
r=0
As a special case of (2.4) we notice that

(2.5) o [D 1 = 27y,(x, 2, 2) = 2"y.(2),

2nx + 1)
)
which was derived by Rajagopal 3).

Again we observe

D™ (x*~e-%=Y)

- §o ( :) DHa*™) Dr-H(e-1=)

(2.6) e S (:) (2:) o | gan-t (D + %)"-'Y

k=0
= gV i Ay ™ (D + —Z—)MY
me0 z
where
n!((2n)!

A""":('n—m)!(n—{-m)!m!

Thus from (2.2) and (2.6) we obtain

r=0

(2.7) QY=3 (’:) on-rg¥y._ (3,2 + 2r, 2)D'Y

165

%) RAJAGOPAL A. K.: On some of the classical orthogonal polynomials.

Amer. Math. Monthly, 67 (1960), 166-169.
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where

Q.= i A, ot (D + :‘T)m .

As a special case of (2.7) we note that

(2.8) 29u(2,2,2) = 3 Apuamm (D +’2:E=)n' 1

3. The Bessel polynomials of Burchnall: Burchnall ¢), found
additional properties of the Bessel polynomials 6,(z) defined by

0a(®) = z"ya(1/m) .
More generally he defined
(3.1) 0a(@, a, b) = (— b)—medege+an-1Dn(g—o—n+lg-bz)
Now we observe from (3.1)
Ou(m, 2, 2) = 0,(x) = (— 2)- =31 D™(p—"-1¢-3=) ,

Thus we obtain
D"(w-‘*"*‘e"”Y)

-3 ( " ) Drer(g-o-n+16-99)Dr Y

r=0

= g-bdsp-o-In+l i ( :) (— b)y"—"20, ,(v,a + r,b)D'Y

r=0

In other words,

W"’"‘_ID'(.’D"" +16"‘Y)

(3.2) -3(7) - orwtema+ oDy,

r=0

- %) BURCHNALL J. L.: The Bessel polynomials. Canad. J. Math.,
3 (1951), 62-68.
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In particular, when a = b = 2, we have

edzpin +1D"(-’L'_"_16 -3z Y)

(3.3) =3 (:‘) (— 2B, (&, 2 + . 2)D'Y .

r=0
Next we notice that

Dn(;p—n—le—lz Y)

(3.4) e [D _ ?%f_{]” Y.

It follows therefore from (3.3) and (3.4) that

z"[D—2w+n+1]"-Y

X
(3.5)

-3 (:‘) (— 22, (@, 2 + 1, 2)D°Y .

r=0

As a special case of (3.5) we observe

‘1 = (— 2)"0.(, 2, 2) .

(3.6) o [ D_ %ﬂi::r_l]

Again we notice that
Dn(m—n-le—lsy)

—_ i (;:) Dk(w—n—l)Dn—k(e—le)

k=0

= e—3* i Amﬂ—n—l—k(D — 2)u-bY

E=0
(3.7) = p-in-lg-3 i Ay ¥D — 2)"-*Y
¥=0

where

(n + k)!

Au.k = (_)hm .

167
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Thus we derive from (3.3) and (3.7) that

3.8) o ¥=3 (:’) (— 2)"~r2B,_ (x, 2 + 7, 2)DrY

r=0

where

Gn= 3 AnanHD — o)t
k=0

In particular, we obtain

= !
(3.9) (—2),(2,2,2) = 3 (—)* (n +k)!

AT m o @ o

which implies the explicit representation of 0.(z, 2, 2) viz.,

3 (n +Ek)!
Oul@, 2,2) = ,E., %n — k)1 & !

4. The Laguerre polynomials:
Carlitz ®), has recently proved that

1 noxr
 m—apz]n np—2z — Y orle+r r
(4.1) i ez Dz +ne Y)~r§0r!L._", (x)D'Y .
But we notice that
Dr(z=+re-2Y)
a+n—ait
x

= g*tne—= [D + . Y

Y.

(4.2) .. @D (z**"e—*Y) = o" [D + w]".

Thus we obtain from (4.1) and (4.2)

i ad a+n—ox|t LAY
4.3 — D 4+ —" Y_z._L(“‘l")@ DY
(') n![ @ [ I—r() -

r=0 "7 ¢

8) CARLITZ L.: A note on the Laguerre polynomials. Michigan Math. J.,
7 (1960), 219-223,
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As a special case of (4.3) we notice that

(4.4) LO(@) = ;”_'; [D - ‘iu]"- 1.

T

5. Special case of the formula (1.5):
Using a =b =2, n =1 and m > 1, we derive from (1.5)
the following

yﬂl"’ l(w)

GRS 'r")( ; ) 81012l 2527, 5,421,

r=0
Now making use of the relation

nn +a — 1)

2 yﬂ-l(w, a + 27 b)

d
(5-2) d_-m {yn(‘”’ a, b)} =

we obtain from (5.1)
Y 11(@) + 2(1 - B)WYmia(@) = (M + 1)(m 4 2)Y e (2) 5

which is the differential equation satisfied by the polynomial

Ym+ l(m)-
I am indebted to Dr. M. Dutta for his kind help in the pre-

paration of this paper.



