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ON RELATIONS OF CURVATURE TENSORS
OVER SEN’S SYSTEM OF AFFINE
CONNECTIONS

Nota (*) di HrisHIRES SEN (@ Cealcutta)

In this paper an attempt has been made to generalise in
a certain way some properties of curvature tensor in Rieman-
nian geometry. In course of his investigations on parallel
displacements of vectors in a Riemannian space, Prof. R. N. Sen
(Sen, 1950 a) has obtained a system of affine connections which
behaves in a very interesting manner.

His system may briefly be described as follows: Consider in a
Riemannian space with the fundamental tensor g;; an arbitrary
parallel displacement of a contravariant vector &' defined by

1.1) dEt + TiEidz! = 0.

Denoting the covariant derivative with respect to the paral-
lelism (1.1) by a comma followed by indices, consider, along with
(1.1) two other parallelisms given by

& + (T + g¥ga, j)E'd2! =0,  dE 4 IEdai =0

which are respectively called the associate and conjugate
of (1.1).
Denoting the coefficients of the three affine connections by

(*) Pervenuta in Redazione il 5 settembre 1958.
Indirizze dell’A.: Department of Pure Mathematics, University,
Calcutta (India).
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the notations

(1L.2)  e=T%, o*=Ty+g%a;, o=T5,

it is seen that the coefficients have the involutory property
a** =d" = a.

Parallelism (1.1) is called self-associate if ¢ = a¢* and self-
conjugate if @ = a’. Further if we put

Gn=a, a=2a*, a;=a*, a.=a**,..,
«=g¥%a,i, @ =g%n, Y= 9"9i1,
B = g"gm(Ty —T70), B.= ggjmlii — T'),
we obtain the following cyclic sequence of 12 terms (if they
are all distinet):
[ 1=, a;=a+a, a=d+a, aga=ata4+p—y,
s as=a+a+B—Y sG=e¢+ata+3+p—r,
(1.3) { ar=ad'+a4a.+B+B.—y, a=d+424B+B.—7,
a=a+a+B+B —7, alo:a’+“c+pc,
a; =a+ «+ 8, ap.=4da .

The sequence (1.3) is then used to construct the following
coefficients of affine connections'

1 1 * ' . ,
(1.4) (é (ap + aq))‘z 3 (ap + ag), (—; (ap + aq)) = %(ap =+ ag),

where a, , a, belong to the sequence (1.3). Sen’s system of affine
connections generated by a is finally formed to consist of all
affine connections which are generated by repeated applications
of *, / on the set (1.4). In this system, the Christoffel symbols
(which define the Levi-Civita parallelism) are given by

t) 1
(1.5) ; =5+, p=1,2...

)
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Levi-Civita parallelism is the only parallelism in Sen’s system
which is both self-associate and self-conjugate.

In a subsequent paper Sen (Sen, 1950 b) has obtained some
fundamental relations connecting curvature tensors formed hy
the coefficients of affine connections of the system. We state
the following result from his work as we shall need it frequently

in our discussion.
Let I‘., and L., correspond to two arbitrary affine con-

nections and let
Ty =Ti—Ly, 8=, R /3y

If l‘.,k, ,,k and A,,k be the curvature tensors formed with
I‘.,, L., and A., respectively, then

1 1
(1.6) A:jk — Q(P :jk + ngk) = ‘I(T T — T:jT:k)-
Consequently if a_I‘f, , b= L,,, c = \',,, d= in cor-
respond to any four affine connections such that

la—bl=|c—d|,
then

(1.7) C(a)+ C(d)— Cic)— C(d) =2 [0(% @+ b)) — CG c+ d))] ,

where

k.

(1.8) Cla) = Tije = = —

+ ThsTh — Thel?;

Similarly for the other curvature tensors in (1.7). As an
aplication of (1.7), Sen has shown that since, by (1.5),

1
2—(a,, + ap46) = %(aq + aqie), it follows immediately that
(1.9) Clap) + C(ag) — Clapre) — Clagre) =

= 2| 0(5 @+ 09) — 03 Gpse + aas0)|.
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Now we know that the fully covariant Riemannian cur-
vature tensor R,;, satisfies the following relations with re-
gard to indices:

(1.10) Bhijx + Bnikj = 0,

(1.11) Rhnijk + Bajri + Bnkij = 0,
(1.12) Rhijk + Rinjx = 0,

(1.13) Bhijxk — Rjkni = 0,

(1.14) Bk + Riw; i+ Rhj;e = 0,
and

Buije ;1 + Bnixt; j + Raij; 0 = 0,

where semi-colon denotes covariant derivative with respect to
Levi-Civita parallelism. For any arbitrary affine connection
a= I‘ﬁj , write

(1.15) onTix = Thie

It is then obvious from (1.8) that I'yx satisfies the property
of the indices (1.10). It is also obvious that if a is self-conjugate,
then T';jx satisfies the cyclical property (1.11). Further, writing
gn:C(a*)=T7yx, Sen (Sen, 1950 b) has shown that

(1.16) Pnijk + Tinje = 0.

Accordingly, if @ is self-associate, In;jx satisfies the pro-
perty (1.12).

The relation (1.16) may be considered to be a generalisation
of (1.12).

There are 6 such formulae over Sen’s sequence (1.3), na-
mely those formed with respect to the pairs (a,, a,), (a;, a,),
e (au ’ a12)°

In this paper we propose to generalise the relations (1.11),
(1.13) and the Bianchi identities (1.14) over Sen’s system of
affine connections.
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2. - The relations (1.10) to (1.13) are not all independent.
In this section we take up analogous consideration with regard
to an arbitrary affine connection. Put

@.1) Ay = Plu'j'k F Lyjri +Thaiiy 2= Lo+ ij. + I‘mi ’
Byin=Tyu+ | WP Dyiix =Ty — Lippg-

It is easily seen that ,A4,,, is skew in the 3 pairs of
suffixes i, j, k. ,A; is skew in pairs of suffixes &, j, k.
B,ijx is symmetric in k, i but skew in j, k. And Dy + Djpny = 0.

We establish the following properties:

) If App—1djmt1dmg — 14 =0 and B; =0 then
Dy = 0.

This is easily seen by writing out in terms of T, and
simplifying.

2) I 2445 — 24y + 24 — 245 =0 and By, =0,
then D, = 0.

Proof is the same as above.

3) If Dy, =0, then By, =0, 14,4, = 14 = 140 =
=14y a0 24,5 = A = 24 = 2Aiian-

For, we have

Ty = P:‘H.' = I‘im =—Tuu, t.e., By = 0.
Again, since B,;=—0, we have
I‘w'b = Piu.' v Tyn= ij ’ ij = ij .

Adding, we get A, — ;A . Similarly for the others.
4) 14, =14, if and only if 4, + 4,4, = 0.
For

1A = — 1Ay = 1A = — 14 = 14 -
Conversely,
Apin = — 1 = — 144, = Ayion = — 1A g -

This property remains unchanged if ,A,;; is replaced by
2A-Mik' ‘
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5) If B,,, =0, then A4, + 4,; =0.
This is easily proved.

6) Let I‘ﬁ, be self-conjugate. Then from (1.16), by taking
the sum of cyclic permutations of 4, j, ¥ and remembering that
Anpe =0, we have AMhj —0. Thus it is seen that if T%;
is self-conjugate, then

(2.2) 2Anijk = 0,

but ,4,; and lA;f;,-k are not necessarily zero.

3. - In this and the next section we generalise the rela-
tions (1.11) and (1.13) over Sen’s system of affine connections.
For this purpose we adopt the following notation. If @, and
a, are any two terms of the sequence (1.3), put

61 =T, O[5+ )= H¥+ .

Now let us suppose that a, and a, are conjugate to one
another.

Then % (ap + a,) and %(aHc + aq+6) are self-conjugate. Hen-
ce using notations (1.15) and (2.1), we get
i 1
s (“n'*“’q)lAw.‘r =0, * (a”+°+aq+°)1Amk =0.
Accordingly, from (1.9) we arrive at the following result:
(3.2) A4+ Ml = Ay + YA

In the sequence (1.3), the pairs (ea,, @,,),(a,, a;), (a,, a;)
are conjugate. Therefore the relations (3.2) over Sen’s system
give 3 formulae

a a a a _
g+ "2 A4 — Ay — M =0,

3.3 a . a — —a =
(3.3) A+ Ay — FAun — P45, =0,

a . G54, .. —%04 . G —
My + Ay 04,45 — Ay = 0.
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Again, by taking the cyclic permutations of 4, j, ¥ of (1.16)
and adding and using notation (2.1) we get

1Anije + 2Ainge = 0.
Therefore

*x
a{’AJu'ﬂc = — % Apjr.
Accordingly (3.3) reduces to
s Tl + M Ay — g — A4 = 0,
(3.4) a:Ahiik + a;Am'k — a;AIu'jk - a‘,'Al.u‘k =0,

a ; @ . —Gygq @ —
( My + “SApn — WAy — U245, = 0.

The equations (3.3) or (3.4) give the required generalisa-
tion of (1.11).

4. - Let us put u= { t .l, the Christoffel symbol. Then
)

by (1.5)
u= é(a, + 0,546 = %(aq + ag.6).
Now
Opre— Bp = Qg — Gp + (A6 — @)
and
Gy — Qgp6 = Gy — Ay — (Gg4s — Gp)
Also
Gppe— g = Ggpe— Gy .
Put
6g—a, =Vij, Gpyo— ag= Ay =044 — a,.
Then

tpys — 8y = Vij + Ajj, g — g4 = Vij— Aj;.
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Therefore, using notation (1.8), we have, by (1.6)
1 1
@1) O = C(3(pee + 85)) = 31 Ctpad + C@,)]

1§V -+ A (7 A5 — (74 4 AL (Thk + Al |

1
42) 0 =0(5(0me + 2) =31 Cltgun) + Clag)|
1] (Vb — A5 (75 — A% — (7 — Al (Vhe — A} )’
Adding (4.1) and (4.2),

@3)  200) = 11 Cla,) + Cag) + Clapad + Clegas) |
1

+5 d VoV A Al — ViV — A.,Awg
Again by (1.6),
20(5(@, + a)) — | C(@,) + Ciay) | = 5 (Vhely — Vi),
20(5 Gpva -+ 00)) — | CBpae) + Clag) | =3 (Al — A8%)-
Therefore (1.3) reduces to
20(u) — 3 0(a,) + (o) + Clapae) + Clogaa) | —
— 20(3(0, + 2,)) + | Clap) + Cla,)!
=20 (; (@pas + a,,)) — | Clapye) + Clay)} -

Or,
1
@8 200 — 20(3(0, + 89) + 5 C0) + 5 00 + ; ey

1 1
f— é C(aq+°) —2C (é (a,_,_. + aq)) =0.
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Also, interchanging p and g,
@5 200 —20(3@,+a) + 5 00 + 5 00 + 5 Clogao
_ %C(ap...s) —2¢ %(dq.,_., + a,,)) =o.
Taking half the sum of (4.4) and (4.5),
@) 2000 —20(3(0, + ) + Clay) + Clag) —

| 0(5 @rra + 30) + € (3 00sa + ap)) | =0.

Now C(u)= Rﬁ,k is the Riemannian curvature tensor which
satisfies R, — Rjxp = 0. Therefore, using notation (3.1), we
derive from (4.6) the following relation

4.7 (**Tnsjie — **Lyicns) + (“Cnijie — “Tjens) —
— 2(;(%+a“)r hijk — :(eo-+olp jkhi)
= (%("P"“"I“)I‘;,,-,-k — +(@+8erep ixhi) +
(O Oedpy 3O Odr )

The equation (4.7) may be considered as the required gene-
ralisation of (1.13).

5. - In this section we proceed to generalise Bianchi’s
identities (1.14) over Sen’s system of affine connections.

As before let T :,- be the coefficients of an arbitrary affine
connection and let I%x be the curvature tensor formed with
it. Denote the covariant derivative with respect to I} by a
comma and put I‘i,- — I‘j-.- = V:,- . Then by straightforward
calculation we derive

(5.1) T+ T, i+ Taje = Tia Vi + Doy Vi + Tiak Vi;.

In particular when I5; is symmetric, V:,-:O and hence
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(5.1) reduces to
(5.2) Tije1 + Lo, s + Thje = 0,

which is the identity of Bianchi for a symmetric connection.
Multiplying (5.1) by ¢, and summing with respect to ¢.
we get

(5.8)  Tnije,1 + Thirt, j + Tritj, ke = Triat Vik + Thisj Via + Thisk Vi
+ gne 1D + gne, i Toir + gne, 1 Ty -

As we have now to consider the equations (5.1) and (5.3)
over Sen’s system, it seems convenient to use the following
notations.

With reference to the sequence (1.3), put

(5.4) a, = %T Vo a’I‘:j — a”r:'.' = "PVﬁj .
It is immediately seen from (1.3) that
v+aV' —_ asz,. .

|
¢-5) )‘ a i(ag+a
{ ?( P+aﬂ+5)V‘i — aPV:] lf p 18 Odd ?( o+ ’+7)V:,' — a,-V:l

if p is even.
Also, we adopt the notation (3.1) for curvature tensors.
Further, denoting covariant derivative with respect to a,
by a solidus, put

(5.6) { 9T :,m f = a"ﬁszl + % :klli + a”I‘:lilk .

Thus, since I‘:,: e=a, = “ll‘ﬁi , equations (5,1) and (5.3)
may be written as

{ #Du } = 1Tl Vi + *Li; “Via + “ Tl 4V
and
{ “Thirt} = “Tria Vi + “Thisy 4 Vi + “Chisre V35

+ gne, 145k + gne, ;*Tisa + g ™ Wj -
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Now using these notations and applying (5.5) and (1.9), we
get from (5.1)

(8.7) {4The )+ 12T} + | 9T} + | T}
= (Ml — %L — “Tigt + %Ta) 4 Vi
+ (AT — %12Tigj — Gy + %oT%;) “1Via
+ (“iT% — %L — T + %Tiak) V3,
=9 %(ar"as)r:.l — %(a'x‘*‘an)l‘:d] a‘V;k
+ 9 %(“r*‘ae)l‘:,]. - %(“7"'“12)1‘28 il ey,
+ 2[%(“1"-“6) It — %(“14—“42)[‘2.,‘] Wy,
But
{ %(“rl“‘a‘l‘ijkl = %(ar*"“e)l‘ﬁ’ . ';‘(“1+“6)V;k
+ ‘;‘(arl-aa)rg’j %(arl-"c) V:cl + %(“A"‘as) P:sk %(“r"ao)V:j .

Similarly for {%(a""a")l' 5,'1:1! .

Therefore, applying (5.5)
(5.8) ig(a‘-’-a")r RS {;(a"—'_a")r ml =
[Hoterg, — ekl ayy +
+ [;(a,+a6) I, ,— 1(ay+a,) rt, 1 uyt, +
4 [0, — st e, 4.
Hence, from (5.7) and (5.8), we have finally
{“Digia ] 4 { *2 D} 4 { “Thjma | + | ol

= 2[{ %("rl'“a)l‘:ik” + ;(“1‘*‘“12)1‘21.” 1.
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Thus we have
[ {%Téut + %L} 4 { “Thja |+ | T}
— 2[{ §("‘*"’°’1‘5,-kz! + i%(a7+a“'l‘:jkl }1=0,
{“21‘5,-“! + iasréjkﬂ + €asrfjkz? + ia"rﬁ,’kz!
— 2[§ 3 ;2+09’l‘§7kl + i%(a3+a“)l‘:ikz }1=0,
{34} 4 (%5} + (o + { Sl

— o[ 28Dy 4 # ST ] = 0.

(5.9)

The three equations (5.9) constitute the required generali-
sation of the first of the identities (1.14). We now proceed to
generalise the other part of (1.14). In order to do so we require
the following property which is obtained from (1.3):

Writing V:i for “lej_, covariant derivative (with adopted
notation) of g

gwith respect to a,, ag is gij.k,

. ~8 8
(5.10) < s, Q10 18 Gij, k—Gik.j— Gjk,i —GisV ki —FjsVki,
. 8
« a5, A2 18 g.-j,k—gaV’;c,'—gjsti,
« a, and a, ave negative of onc another.

Now multiplying first of the equations (5.9) by g, ., sum-
ming for ¢ and applying (5.10), we get

(5.11) { U lhijrat + {2 Chijiat + { @ Trigrat + { “Lhijaa }
—2[{ $@ctas p nijk1} + Hetan) nijii } |
= gnt, (® Dijie + “12 Tijie — 4 Dije — *Tijxe)
+ g, (1 Dhia + %2 Dhiq — 91 Tiq — % Tia)
+ gne, k% I + %12 Tg; — %5 Ly — % Tyy)
(e Vi Gra Via)Ost Do — s Iy 300 s@tainl it
4 (gns Vs + gt VisX*12 T a— % Tia -+ +@c+a0) p :kl—;(ari-a”) Tirp)

+ @ns Vi 4 gra Vi) (12 Dlgj — B6 Ty 4 1@ . 3(04-00) gl
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By (1.9), we have
&4 T - %2 Djg — 91T — 6T = 2[%(a‘+a") Lije— 3@ +a)p i,
G4z i — % D + #erta) p i —#lerFe) p ik
=sectanpl, #0649 oy,
Therefore the right-hand side of (5.11) becomes
(512)  @gns+ gnaVh+ guVh)(HOH A Ty — 2+ eI,
+ (2gne.; + graVej + gtaV;;f)(%(a‘_H") Tha— 3% +a i)
+ @am + neVik + guVhaX HOH D Ly — 2GS TG,

Again, since %(a1 -+ a,,) and ;(a6 -+ a;) are symmetric, we

have from (5.3) and (5.10)
4 1 s 1
{ $(a,+64) Thijia} = [gm,z + 5 (gnsVa1 + guV’m)] $(@+a4) -P:jk

+ [ght,i + % (gnsV + g Vi) ] o) Tin

1 Y
+ [gm,k + 3 (gnsVix + gis Vi) (0o :li -
Similarly for
{ #0+o7) p nijkt } -
Therefore,
1 1
(5.13) of { #0Hd Dy} + {20 Dy} ]

= (29,1 + gVt + g Vi)l O+ Tipe — s@ste ik ]

;— %(“6+a1) Tt

+ 2gns, + gnsVii + guVii)[%(a‘_H") T k1]

+ Cgne,x + gnaVix + gt Vo) 3(0+010) I‘fzj —2(%+2) 1‘2:,'].
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Hence, from (5.12) and (5.13) we see that (5.11) finally
reduces to

{ % Chijia} + {2 Coigra} + { " Thijia b + { "L nijna |
—2[§ et p nijit b+ | iertaap hijkl §
4 HOFI D ) 4 (30 S D ] = 0,
Thus we have
{9 Dhijia} + | “2Dhigia} + 1% Drigia} + 1% Crijra}
— [ HOH2) D) (HOTH 40 T
4 {%(a,+a,,) Tnsjia} + | $(06+a5) Dhijr 1= 0,
{% Thijra} + 1% Chijrat + {28 Thijia} + { ® Lrsjra}
(5.14) T G Rl RTINS Ll

+ {2etas) Trija} 4 { #%s+e p nijrr} ] =0,
{44 L nigia} 4 1% Phigia} + 140 Thijia} + § 40 Dhigral

—2[ s@+eu) p nijia} + { 2(05+04) Trijiat

+1 2(@tas) Trijrat + 4 et rijkt} ] = 0.

The three equations (5.14) constitute the generalisation of
the second of the identities (1.14) over Sen’s system of affine
connections.
In conclusion, I acknowledge my grateful thanks to Prof.
R. N. Sen for suggesting the problem and for his helpful
guidance in the preparation of this paper.
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