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NOTE ON A CIRCULAR CUBIC. HAVING ONE OR
MORE SEXTACTIC POINTS AT INFINITY

Nota I (*) i Hirivas Basent ¢ di Biswarcre MukHERS

(e Calrulla).

Introduction. - The present investigation relates primarily
to the special category of circular cubics, possessing sextactic
points at infinity and secondarily to other tvpes of cubics. As a
matter of convenience, the entire paper has been divided into
four sections. Sec I deals in the first instance with the separale
conditions for a circular cubic I' to have its real point (K) at
infinity and its double focus (O) to be sextactic, then follows
the connecting link between the two conditions. Then Sec 11
outlines an allernative method of ascertaining the conditions
for K to be a sextactic point, which has the advantage of fin-
ding the actual equation of the osculating conic at K, (if and
when sextactic;. Thirdly, See LIl deals (in the manner of Sec 1I)
with the conditional determination of the osculating conics at
the two civcular points I, .J, when lknown to be sertaclic:
the latter portion of this section classifies I' into two categories.
according as the three points K, I, J (supposed sextactic) are
«cognate» or «non-cognate» (). Special prominence is given
to the first category of cubics, fur which K, I,.J are «cognate»
sextactic points: it is shewn turther that this type of cubic i:
also definable as a «central» circular cubic, endowed, as & matter
of course, with a characteristic property expressible in terms

(") Pervenuta in Redazione il 2 settembre 1950.
(1) Two sextactic points (of a cubic) have here heen termed «cognate»
when they possess a eommon tangential.
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of ths triad of «cognates sextactic conics at infinity. Lastly,
Sec 1V deals with the projective generalisation of the property
(just mentioned) to the most general type of bicursal cubic (cir-
cular or otherwise).

Although the subject-matter is classical in origin, and there
are casual references to known results, still the paper is belie-
ved to embody a decent amount of original matter,

Skcrion 1.

1. — Condition for the real point K at infinity on a
circular cubic I' to be sextactic.

2. — Condition for the double focus O to be a sextactic
point.

1. - With the double focus taken as the origin and the real
asymptote taken parallel to the axis of y, the equation of a cir-
cular cubic I' assumes the form:

(1) =M EEFE+¥)Ffartdby+ec=0,

where ax 4 by 4 ¢ = 0 represents the satellite to the line at
infinity.

Let K be the real point at infinity on I' and K’ its tan-
gential. Then K is sextactic, if and only if K’ is an inflexion.
But K’ is none other than the intersection of x —-A = 0 and
ar 4 by ¢ =0 and has, therefore, for its co-ordinates:

ak + ¢
b — 2.

An arbitrary transversal through K’, which may be taken
in the form:

(2) wx + by +e=px—»),
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(where . is a disposable parameter) will cut (1) at two other
points, whose co ordinates will satisfy the equation :

(3) Sy tp=0.
and, thereﬂvre; alsv the y — eliminant of (2) and (3), vis
4) 2P (=) =20 (w—a) (k) 0%+ (| 1:)"= 0.

Cunsequently K is an inflexion, provided that there exists
a ‘p’, for which (4) is identical with:

(5) (E—Nr=0.

[dentification of (4) and (5) gives rise to two equations,
whose p. — eliminant, vis

(8) )@+ )k +ac! +Ratc)|hatc)+ BN =0

must then be the necessary and sufficient condition for the cubic I
to have K for a sextactic point.

2. - The (circular) cubic I' being supposed to be given by
the equation (1) of Art. I, we shall now investigate the condition
for the double focus (¢.e., the origin O) to be a sextactic puint
on I'.

In the first place we observe that I' will have O for an
«ordinary» point, if and only if

(1) c=10

and that, subject to this conditian, the equation to I' reduces to
(2) (=X (B4 4) factby=0.

A glance at (2) shows that the tangential O of O, which
is, by the way, the intersection of (2) with the tangent at O vix,

-
[
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is designable also as the intersection of (3) and

x-—‘")\“—‘:U.

Noticing that O will be sextactic when and only when O
is an inflexion and employing a mode of reasoning, similar to
that of Art 1, we find without much difficulty that the point O
will be sextactic provided that, over and abuve the condition (1),
the special relation :

(4) MNa+0=0

is satisfied .

Recognising that the condition (6) of Art. 1 is automatically
satistied as soon as the two conditions (1) and (4) of the present
article are assumed to hold, we are squarely led to the following
theorem:

Tarorem A. - 7t a circwldar cubic (bicursal or wunicursal)
has its double focus for a sectactic point, it must have its
real point at infinity for a sertactic point.

For obvious reasons, the dircct converse ot the above theorem
is not generally true. Appeal to & priori reasoning, however,
shews that a modified form of converse theorem is valid. In
point of fact, if K be a sextactic puint and O lies un the cubic,
it is easy to see that O also will be of the sextactic type. Hence
the following. '

) Tueoren B. - If the double focus of any circular cubic
lies on its periphery and the real point at infinity is a sextactic
point, then the double focus must also be of the sextactic type.

3. - In this article we propuse to verify Theorems A and B
by the Principle of Residuation.
I, J, K being, as before the two circular points and the
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real point at infinity, and the double focus being supposed to
lie on the curve, we have the following equations of residuation:

1,0, U+/+K]=0,[2I+0]=0,[2]+0]=0.

Manifestly (1), (2), (3), when associated with the additional
relation [6 O] =0 lead to [6 K] = 0, thus confirming Theo-
rem A.

If, on the other hand, (1), (2) and (3) be associated with
(6 K]=0, then [60] =0 follows automatically, thereby con-
tirming Theorem B,

Stcriox IIL

1. - Alternative investigation of the condition for K to
be a sextactic point on I'.

2. — Determination of the osculating conic at K. if and
when sextactic.

4. We shall now outline an ¢ndependent method, which
determines not only the criterion for K to be a sextactic point
but also the actual equation of the associated sextactic conic
(when existent).

Keeping to the notations and conventions of the foregoing
Section, we start with the equation of a circular cubic I' in the
following form :

(1 (=N (@ +y)+aer+by +e=0.
Let us put:

(2) Us=2x -, Ve—arthy+e—n(x—=u),

where 7 is an wundefined parameter.
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Solving (2) for = and y, we get:

(3) r=U+nx, y=pU+qV +r,
n—a 1 ah+4c
where p = o g =, = — + ;

b
Substitution of (3) in (1) reduces it to the form ;

A4+ U 2(pr 0040 4 0) U+
+@2pe U+ UV +2qrU+1)V =0,

which can be reduced to the form :
A4 U+ @2pqU -+ UV +2¢qrU+ 1)V =0,

if and only if it is feasible to choose the single disposable pa-
rameter » consistently with the pair of conditions:

pr+x=0,

(3 .
N+ rt4+n=0.

Evidently the whole thing hinges on the evanescence of
the » — eliminant, 2. ¢., on the condition :

(6) 6@+ YN +caj + Aa+¢) (a4 + A8 =0.

That is to say, when (6) holds, I' can be accommodated to
the symbolic form :

(7 kU*+ 8V =9,
where the constant k and the conic S are defined by:

b!

(8) k= (_)TZz—i-c)’;()m -+ (f)’.%—)\’bt:’
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and

C2n b

® SE)\a—f ¢

U+ UV —2Rat) U b62=0.

Now since the right line U touches the conic S at a real
point at infinity (say, K) we conclude, on the strength of the
lemma (2) quoted below, that the equation (7) represents a cubic,
having a six-pointic contact wih S at K, provided that the
relation (6) holds. To be more explicit, when the condition (6)
s fulfilled, the circular cubic I, defined by (1), will have its
real point at infinity, viz. K for a sextactic point, the oscu-
lating (%.e., six—pointic) conic thereat being the conic S,
defined by (9).

Secriox 111,

1. - Conditions for the circular points (at infinity) 7, J
to be sextactic points on I'.

2. - Equations to the associated sextactic conics (when
existent) .

5. A circular cubic I' being, as before, taken in the
Cargresiay form:

(1) @—NE@E+ Y +ax+by+c=0,

we now propose to tind the condition that the circular point I
(at which the tangent is r + iy = 0) may be a sextactic point.
If we put:

. (2) Apply the lemma that if a right line §, touches a conic T at a
point P, the cubic
T = pgs (where p is a constant)

must have P for a sextactic point, the osculating (¢.e., six—pointic) conie
whereat is T'.



U==z+1y,
Vi=ax +by+c—n+1iy),

(where n; is an wundetermined parameter), we have, on sol-
ving (2) for z, v,

e (m + i) U +Vy—e and g = (“__’f_'f}) Ul‘—. Vyte
‘ t(a+ ib)

a -+ ib

The equation (1), when expressed in terms ot U,, V,, evi-
dently takes the form:

U, -+ ib)(2n, — a + ib) -+ Ui {(n, + 1b) (— 2¢) —
—(2n,—a+th) e+ r(a+ ib)]
+ Uy - [2eje + Mo+ b))} + ny (@ + ib)?)

+ Vi [UT @y —a3ib) 420V, 20,2¢ +

3)
+ Nea+ib)! 4 (a+ib)2] =0.
This will admit of the symbolic torm:
(4) RyUTH S, V=0,

(where k; is a constant and §; a conic), when and only when
it is possible to adjust the single parameter »; (sv long undeter-
mined) in such a way that the coefficients of both UP and [
in (3) may vanish simultaneously.

For this to be possible, the necessary and sufficient con-
dition is to be derived by equating to zero the n; - eliminant
of the two equations:
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2c (ny + )+ (20, —a + ib) e+ h(atib)| =0,
2e e k(a4 )|+ ny (a+ ib)? =0,

and is accordingly expressible in the form:
(@ +db) (a24-b2) e+ Ala FD) | 44202 4

+3ek(a4db) +R2(a+ b))l —2dhe(a + 16)2 = 0.

If, then, we interpret the equation (4) in the light of the
lemma, quoted in the foot note to Art 4, we reach the following
conclusions :

(i) that {H) represents the condition for 1" to have the
eireular point I as a sextactic point,

and (i) that, subject to the condition (5), the sextactic conic
(S;) at I is given by :

Ss=00Eny—a+30) 420, 1,

(6)
— QU 12¢ +h(a i) 4 (atib)2 =0,

where
'2P;c+)\(a -+ @b) |
(@ + ¥h)? )

ny = —

6. - Judging from considerations of symmetry, we readily
realise that the necessary and sufficient condition for 1" to have
the other circular point at infinity (J) for a sextactic point is
deducible from (4) ot Art 5 by changing ¢ into — i and is
accordingly expressible as:

(@ —db) (a* + b¥) Ve - N (a - b)) ! -
(1) 40202 4 Bk (a—b) 402 (0 — b))

+2dbe(a—b)2=0.
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This condition being complied with, the sextactic conic at .J
can be presented in the form:

(2)  S=Ul(dny—a—3ib) +20, ¥, —2 U120+

+Ma—ib)| + (@—ib)r =0,

where
UVy=a—1y,
‘ Veo=(aa +hy 4 ¢) —ny (r—1y),
and ? nz=.__2c;"'+)~{a—-ﬂ;);

(n — 7h)?

7. - Amalgamating the results of Arts 4-6, we can readily
obtain, in the following form, the typical equation of a circular
cubic T, for which the three points at infinitv (K, I,J) are
sextactic :

O (=N (@ +9?)+ar+t+by+e=0,

it being tacitly understood that the coefficients A, a, b, ¢ satisfv the
three relations (6) of Art 4, (5) of Art 5 and (1) of Art 6.

Fuarthermore, subject to the afore-said conditions, the sex-
tactic conics (S, S, S;) at K, I,.J are respectively :

2N, .
‘ S={age VAUV —20ataU+ir=0,

' S, =Ui(dny—a+3ib)+2U, 7, — 20U, |2c+ X (a +
—l—ih)}—‘.— (a+db)2=0,
Sg=Ui(4ng —a—3ib)+ 20U, V,—2 Ugi2¢ 4 N(a—

—ib)! + (@a—ib)2 =0,



where
U=ar—X\, V =@a+by-t+ec)—n (x—»\),
Uy=o+iy, Vi=(ax+ by +e¢)—ny(x+1y),

Uy=z—iy, Vy=(ax+hy+ec)—mny(x—1y),

_ M@+ b))+ ac e — _2cje4-M(at b))

and ak+rc o (a4 ib)? ’

2r i+ \(a— ib)|
(@ — ab)?

722=—.

Now it is a tame affair to verify that the centres of aber-
rancy (3) (say, C, A, B), answering to the points K, I, J, are
respectively given by :

)\)\a—{-c ¢+ \(a+eb) _c+)\(a+ib)
(’ b “)’ 3 at-ib i(af-db) {’
(¢ + A(a—1b) ¢+ A(a—1b)

and a—ib i (@ — 1b)

Before we proceed further, it is easy to see that if two
sextactic points P,Q of a (bicursal) cubic be cognate (7. e.,
co-tangential) the third sextactic point R, collinear with them
must also be «cognate» with them. If, on the other hand, P, Q
be «non-cognate» (sextactic) points, R also is «non-cognate»

() As is well-knowan, the centre B of the osculating conic of any given
analytic curve (2) at a point ais often designated as the cenire of aber-
rancy of € (at «) and the line « 8 as the associated axis of aberrancy.
When « moves on Q, 8 will trace out a curve (say, E), called the curve
of aberrancy, which is often definable as the envelope of the warialble axis

of aberrancy. The line « § touches E at B, which becomes a cusp (on E),
as soon as « becomes a sextactic point on Q.
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with them. This basic principle being borne in mind, (bicursal)
circular cabics (endowed with three sextactic points at infinity,
rix K, I,J) may, broadly speaking, be divided into two distinct
species, according as the three sextactic points are «cognate»
or «non-cognate» .

These two categories of circular cubics will now bhe taken
up one by one.

Species I. - When K, I, .J are «non -cognate» , the cubic
is given by equation (1) of Art T, it being implied that the
coefficients A, @, b, ¢ are subject to three relations, ix. (6) of
Art 4, (5) of Art 5 and (1) of Art 6. Plain reasoning shows
that the three centres of aberrancy C, A and B are all distinet
and are further collinear (*), the actual line of collinearity being :

(B) M@ +b) feal+be-y—)(hate)+ 20 =0.

It may be noted that this line is «conjugate» to the line
at infinity with respect to each of the sextactic conic 8, S,
and S, at K, J and J.

Furthermore, the axes of aberranecy at I and J (which are
none other than the lines: z +iy =0 and x —74 —0) in-
tersect each other at the double focus. Interested readers may
pursue this investigation still further.

Species 11. - When, however, K, I, J are «cognate» the
line at infinity is a harmonic polar of I'. Consequently, the
common tangential, (which is an inflexion), is the double focus
and at the same time A = r = 0. Accordingly the cubic I' be-
comes central, its centre being no other than the double focus

() This result is, in a sense, a confirmation of G. D. Buar’s ohserva-
tion that the three centres of aberrancy — called limiting centres by him
— answering to the three points at infinity of a plane cubic-lie on a right
line. (Vide Bull. Cal. Math, Soc., Vols. XII — XIII). What is remarkable is
that this lemma, proved by Brar only for cubics with three real points at
infinity, holds even when one of the points is real and the other two are
imaginary circular points at infinity.
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(0, 0). Moreover the equation of this central circular cubic,
referred to the centre as origin, assumes the simple form:

(4) ¥ (2® 4 %) + ax+by=0.

The three centres of aberrancy being now obviously coinei-
dent with the double focus (0, 0, by virtue of (2) of Art 7
we arrive at the following theorem :

Al

Turorev C. - If « (bicursal) circular cubic has the three
poinls at infinily for ccoynate» sextactic points. it must reduce
to a cenlral cireular cubic haring the double focus for its
centre (°). Furthermore, the (hree seatactic conies al infinity
must be concentric, harving the centre of the cubic for ils com-
mon centre.,

The converse also isx true, For, from the equation (4) of a
contral cireular cubic it is manifest that the three points at in-
finity K. I. J are co-tangential, having the double focus (0, 0)
for the common tangential: and since the double focus is an
inflexion, K, I. .J are «cognate» sextactic points

We can now designate o «central circidar ciubic» as a
(eircular) cubic, possessing three <cognate» sextactic points at
infinity. In the succeeding articles we shall be exclusively inte-
rested in this variety of circular cubies.

8. — At the very outset we shall state an elementary lemma
of Projective (ieometry, rii. that the n (= 3) pairs of straight
lines of the type

a2t +2hvyt+boyt=0 (r=1,23.,1

(%) Apropos of Theorem C, one may refer to (‘masres’s general pro-
positiou, which being paraphrased, reads thus :

The necessary and sufticient condition for a (hieursal) cubic to he central
is that the line at infimty bhe a harmonic polar [Vide S M, Gangony' s
« Theory of Plan: Curves» . Vol 1l. p. 4]. .

24
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are in involution, if and only if, the rank of the rectangular
matrix

a, (,..., @,
hyy hey.oooy b,

h

byy byyueny, b,

be equal to 2.

As an immediate application, let us take the general type
of central circular cubie in the Cartesian form :

(n z(@*+ y)+ar+by=0,

it being understood that the centre (which is an inflexion) has
been chosen as the origin and the real asymptote as the y- axis.

The equations to the three (concentric) sextactic conies at
infinity, deducible from (5) of Art 4, (6) of Art 5 and (2) of Art 6
(by setting A == ¢ = 0) now assume the simple forms:

(2) art—hry=>bt
(B) 2 (a+3ih)—4bary+ y? (@a—ib) = —(a + 1b)2,

4) =22 (a—3ib)—4bry+ y?(a+ ih) = —(a —ib)p.

In view of the obvious identity :

b
| a, _?7 0 =Ov
a -+ 314b, —2b, a—h
a—31ib, —2h, a—+ b

the above mentioned lemma enables us to conclude that the
three pairs of asymptotes of the three sextactic conies(2). (3),
(4) are in involution. Consequently the three pairs of points of
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intersection of the above sextactic conics with the line at infinity
are also in involution, Manifestly the foci (I',J’) of this point-
involution are the points, where the focal lines of the line-invo-
lution formed by the asvmptotes meet the line at infinity.

For obvious reasons, the AOT"J' is self-conjugate with
respect to the three (concentric) sextactic conics at K,I,J.
We are, therefore, led to the following theorem :

Tarorex D. = The points, where the line at infinity inter-
seels the three (concentric) sextaclic conics ab infinity of a
rentral cireular ecubic are in Involution. Furthermore, these
three (sextactic) conics at infinity possess a common self- co-
njugate triangle, one of whose vertices coincides with the double
focus (i.e. the centre) of the cubic, the opposite side bheing
located along the line at infinity.

Secerioy 1V,

1. - Generalisation of Theorem 1) hy projection.

2. - Triad of sextactic eonics for any hieursal cubie (eir-
cular or otherwise).

|

10. - The above proposition on central circular cubics admits
of easy generalisation through projective transformation, leading
ultimately to interesting results about the wnrestricted type of
bicursal cubics. Suppose that Il is an unrestricted bicursal cubic,
of which one of the (nine) inflexions is 4 and the associated
harmonic polar is I.. The three points, o, 3, 7, where L cuts
II must he «cognate» sextactic points, having A for their common
tangential. Let U, T and W be the sextactic conics of Il at
o, B, 7 respectively.

If we now project two of the sextactic points (say, 5, )
into the circular points at infinity (3", 7'), it is clear on all
hands that Tl will project into a eentral circular cubie 1", whose
centre (/. ¢., double-focus) will be the projection A" of A and
whose real point at infinity - which is none other than a sex-
25
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tactic * point -~ will be the projection of « . Further the osculating
conics ', V', W', answering to the three points (at infinity)
o', B', 1" of II' will be simply the projection of the sextactic
conics U, V, W, belonging to II .

Appealing to Theorem I on central circular cubics, we
promptly perceive that the three seatactic comics U', V', W' of
[I possess a common self-conjugate triangle, one of whose vertices
is at A', the opposite side being located along the line at infinity
(B 1) and that the intersections of the line at infinity with
U, V', W’ are in involution. Now since polarity and involution
are projective properties, we may safelv conclude that the three
sextactic conics, belonging to Il , possess a common self- conjugate
triangle, one of whose vertices is located at A4, the opposite side
coinciding in position with the associated harmonic polar L
and that I, meets U,V, W in points of involution. It is needless
to point out that though U', V', I (of II') are concentric,
having A' for their common centre, U/, ¥V, W’ (of II) do not
necessarily possess a common centre.

Remarking that the projective contrivance described in the
previous paragraph is applicable to the triad of <«cognate»
sextactic conics, altaching to any one of the nine points of in-
flexion with an associated harmonic polar, we can finalise our
results in the undermentioned form :

Tarores E. - Each of the nine triads of «cognates sextactic
conics of a bicursal cubic possesses a common self-rconjugate
triangle, which has the associated inflexion for one of its ver-
tices, the opposite side being located__along the corresponding
harmonic polar. Furthermore, every such triad of seiluctic
conies intersects the atlached harmonic polar in points in
involution.

* Manifestly, the inflexional or sextactic character of a point remains
invariaut during projective transformation.



