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A O (n) ALGORITHM FOR PROJECTING A VECTOR ON
THE INTERSECTION OF A HYPERPLANE AND R (%)

by Nelson MacuLan (M), Michel Mmoux (%) and Gérard Prateau (%)

Abstract. — We present a O (n) time algorithm for the projection of a vector on the intersection of
a hyperplane and R’} . A linear-time median-finding algorithm is used to determine the median of
the components of the vector to be projected. This extends a previous result of Maculan and Paula
Jr. concerning the projection on the n-dimensional simplex.

Keywords: Projection of a vector, computational linear algebra, subgradient methods.

Résumé. — Cet article présente un algorithme de complexité linéaire pour déterminer la projection
d’un vecteur de R™ sur Uintersection d’un hyperplan et de ’orthant positif. Un algorithme de
recherche de médiane en temps linéaire est utilisé pour calculer la médiane des composantes du

vecteur a projeter. Ceci généralise donc un résultat antérieur de Maculan et Paula Jr pour le cas
de la projection sur le simplexe de R™.

Mots clés : Projection d’un vecteur, algorithmes d’algebre linéaire, méthodes de sous-gradient.

1. INTRODUCTION

Given a vector Z = (Z1, T2, ..., Zn). € R™ we would like to
compute its projection on X = {z € R"|a’z = b, z > 0} where
a= (a1, a2, ..., ay)’ € R" and b € R are given, and a # 0.

We suppose X # ¢, that is, if b > 0 (respectively b < 0) there ex1sts 7
such that a; > O (respectively a; < 0).

This paper extends the results presented in [4] for the special case where
X is the n-dimensional simplex, i.e., for b =1 and a = (1, 1, ..., 1)T.
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8 N. MACULAN, M. MINOUX, G. PLATEAU

A different approach was proposed in [2] but without detailed complexity
analysis.

In section 2 we formulate this projection as a quadratic programming
problem and using the Karush-Kuhn-Tucker optimality conditions we state
some results which will be used in section 3, where we present a O (n) time
complexity algorithm. We conclude in section 4.

2. DEFINITIONS AND RESULTS

2.1. Problem Formulation

The projection of T on X can be stated as the following quadratic

programming problem:
n

T | —\2
(P): minimize 3 E:l (z; —Z;) (1)
]:
subject to
n
> ajzi=b )
7=1
z; >0, j=1,...,n. (3)
Associating the dual variables « € R and w; € Ry, j =1, ..., n, with

the constraints (2) and (3) respectively, we write the Lagrangean of (P)
as follows:

1 n n n
L (z, a,w):§Z(xj~fj)2+a Zajxj—b —Z wj T;j.
Jj=1 1=1 j=1

It is easy to verify that
oL

dz;
The Karush-Kuhn-Tucker optimality conditions (see e.g. [3]) are necessary
and sufficient for (P) and can be stated as:

Tj —Zj + aaj — wj.

T; —Tj+aa; —wj =0, 7=1...,n @)
z;w; =0, 7=1 ..., n (5
z; > 0, i=1,...,n ©6)
wj > 0, j=1...,n @)
n
Zajszb. 8)
j=1
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O (n) PROJECTION ALGORITHM 9

We can take z; and w; as a function of «, satisfying (4) to (7) in the
following way:

zj (o) = max {Z; — aaj, 0},

wj (@) = max {aa; — Z;, 0}.
We define ¢ (o) = }_/_; a; 5 (@), @ € R as a real function. It is easy
to check that ¢ is a piecewise linear function. '
We would like to compute a* such that ¢ (a*) = b, then the corresponding

z (a*) is the desired projection of Z on X.

2.2. Properties of ¢

- The following results are easy to prove.

ProperTY 1: z; (o*) = max {T;, 0} for all j such that a; = 0.

Let us denote J = {jla; # 0, 7 = 1, 2, ..., n} and consider for

a€R, ot (a) =3, ajzj(a),and ¢~ (@) = X ;c;_ a; z; (a), where
Jy ={j€Jla; >0} and J_ = {j € J|a; < 0}.

PROPERTY 2 (see figure 1): (i) T _is a convex decreasing piecewise linear
function with breakpoints «; = Z—’, Vi € Jy; (i) ¢~ is a concave
] : =
decreasing piecewise linear function with breakpoints o = ;—J , Vi€ Jo;
and (ii1) ¢ = <,Q+ + @~ is a decreasing piecewise linear function with break-
points a; = %—, Vj e J
2
Let us denote for a € R :
. z;
U+(a):{]EJ+[—J— >oz}
aj
and
- . z;
L (a)=<j€J-|= <ay,
aj
it is clear that
)= Y 4@ -aa)
JEUH ()
and
e (@)= Y a; @ —aag).

JEL ()
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Nl

[~
a, | |° a, a
0o Ty >
a, "*..-—-4-_‘\ a

igse
]

a, a |ag a, Ay Qe

Al

Figure 1.

This implies the following updating property of function ¢:
PrOPERTY 3: Given ot (o) and ¢~ () computed for a real number a,

the computation of ¢ (') for a distinct real number o may be achieved in
time complexity:

O(IL7 (&)= L™ (a) | +min {|UT(a) U ()|, [UT () [}) if e/ > &

or

O(IUT () =U* (o) | +min{[ L7 (a) =L~ (/) |, |7 (&) ]}) ifd <«
where | (-)| denote the cardinality of (-).
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Proof: The result is only checked for o/ > « (similar proof for the other
case). As we assume to have computed ¢ () and ¢~ (), the following
values are known:

)= Y T, gtle)= > d,

JEU+() JEU+(a)
(@)= Y &z, ¢ (= Y d
JEL~(a) jeL=(a)

where

e (@) =pT (@) ~ag* (@) and ¢ (a)=p (a)-aq (a)
Therefore, the result is proved by noting that:

T (a) - > a; T;

JEUH(e)=Ut(a’)

E: aj Zj

JEUT (o)

gt (a) - > a

JeUH (a)=Ut(a’)
> 9
jeU+t (a)

p~ (&) =p (a)+ Z a; Tj

jel~(a")=L~ (a)

Pt (af) = q o

q+ (Ql) = or

and
¢ (@)=qg @+ Y a
JEL—(a")~L~ (@)
thus

o () = ¢ (&) +e7 (o) = [p* (&) 497 ()] [¢7 (&) +¢™ ()] O
Without loss of generality we will assume b > 0 in the next sections
Gf b < 0, equality (2) has to be multiplied by —1).
Contrary to the special case of projection on the n-dimensional simplex,
the function ¢ may not be strictly decreasing as we show in the following
example.

vol. 31, n°® 1, 1997



12 N. MACULAN, M. MINOUX, G. PLATEAU

Given X = {z = (21, z2)T |321 —22 = b > 0} and T = (-6, —1)7,
we would like to find the projection of T on X. We compute the
two breakpoints a1 = —TG = =2 and az = —E% = 1; and we have

vt (a) =3max {—6 - 3a, 0} and ¢~ (a) = —max {—1 + «, 0}, that is,
-18-9 if o< -2
o= {70 oS

0 if a> -2
and
~(a) = 0 if a<1
® l—a ifa>1
then
~18-9a if a < -2
so(a)=<,0+(a)+so‘(a):{0 if —2<a<1
l-a if a>1

This is illustrated in figure 2.

-2 ;\:

Figure 2.

For b = 0, to compute o* such that ¢ (a*) = 0, we will not have
unicity for a*, because all o* € [—2, 1] solve ¢ (a*) = 0, in this case
z1 (a*) = z2 (a*) = 0.

2.3. A O(nlogn) Algorithm

Thanks to the properties of ¢, a classical procedure for finding o* such
that ¢ (a*) = b > 0 may be the following one.

Recherche opérationnelle/Operations Research
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ALGORITHM VEPROJECT

Sort aj = %, j € J in increasing order {the data are assumed to be
3

renumbered, so that o < ap < ... £ am};
if b > ¢ (ai1) then find o* € | — o0, a1 [ {case 1};
else
find k € {1, ..., [ J| =1} such that y (ax41) < b < @ (ok);

find a* € [og, ars1] {case 2};

endif

TueoreM 1: Algorithm VEPROJECT solves (P) in O(n log n) time
complexity.

Proof: We note that a* is obtained by using a linear extrapolation (case 1)
or by a linear interpolation (case 2), and by observing properties 2 and 3
for finding & in the second case, the if-statement requires a O (| J|) time
complexity.

Thus, due to the O (| J|log|J|) time complexity for the initial ordering
of the a;, j € J, the veproject algorithm solves (P) in O (n logn) time
(1] £ n and z (&*) is computed in O (n) time). O

Remark: With the assumption b > 0, ¢ (a)|) never exceeds b since,
for all & > oy we have ¢ () = 0 and ¢~ (@) < 0; then, for all
a > apy, ¢la) <0
3. THE LINEAR TIME ALGORITHM LIVEPROJECT

We present a linear-time complexity algorithm -denoted by LIVE-

PROJECT- whose goal is to search the projection «* = (x%, 3, ..., z})7
of a given point T = (F1, Tz, ..., Tn)? on X = {z € R"|a’ z = b,
z > 0} where a = (a1, a2, ..., ay)? € R? and b € Ry are given. For

each set of indices denoted by J, let us denote J_ = {j € J|a; < 0},
Jy ={j€eJ|la; >0} and Jp = {j € J|a; = 0}

ALGORITHM LIVEPROJECT
J:={1,2, ..., n}
if b> 0 and J4 = ¢ then return {the problem has no solution};
else
for each j € Jy do zj := max {Z;, 0} endfor;
foreach j € JLUJ_ do a; := % endfor;

a;

vol. 31, n° 1, 1997
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if max {o |7 € J+} < min {a;|j € J_} then
for each j € J4 U J_ do x} := 0 endfor;
return (z*);
else
pt:=0; ¢t :=0; p~ :=0; ¢~ := 0;
o := 0 {value of ¢ for the current value of a € R+, i.e.,
o=¢(a)=(p"+p7)—algh +¢7) where p* —agt =
¢ (a)
and p~ —ag” = ¢~ (o)}
S :=listof oj forallj € Jy U J_;
while | S| > 3 and o # b do
oy := median of the list S; {au, is obtained in time O (| S|)}
L:={jeJyUd_|o < am};
E:={jeJyUl_|oj = an};
U:={j€JpUd_|a; >anl;
Pl = Yjevns, 4% @ = Lievns, 9
PT = Yjerns. %55 41 = Yjeuns. 05
o=@ +pf +a" +4¢f) —am (P +p7 +a +a);
if 0 > b then
pT =P 4Py + Yjepns 9 T
¢ =47+ Yjerns 6
J:=UU{m}
S := listof o forall j € J;

else
if 0 < b then
pt=pt +pof + > jeEng, @ Tj;
qt = ¢t +¢f + Tjcpns, o
J = LU {m}
S := list of o forall j € J;
else {o = b}
pt=pt +pf; ¢ =g+ 4
pT =P P ¢ =q
endif
endif

Recherche opérationnelle/Operations Research
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endwhile;
if o = b then o = apy
else

{am € S, and when | S| = 2 the list S contains two distinct

elements }
o = pt4p——b

endif,

for each j € {1, 2, ..., n} such that a; # 0 do
z = max {z; — a*aj, 0}

endfor;

return (z*)

endif

endif

THEOREM 2: The LIVEPROJECT algorithm has linear-time complexity
O (n).

Proof: The proof given in [4] for the projection on the n-
dimensional simplex easily extends the more general problem studied
here. We briefly sketch the proof for completeness. The number of
iterations of LIVEPROJECT algorithm is bounded by [logz n]. For each
iteration k —denoting Sy the generic list S— the search for the median of
the list Sy, is achieved by a O (| Sy |) time complexity algorithm ([1]). The
time complexity of the remaining operations (partition of Sy, updating the
function ¢) is obviously O (| S |). In particular, these operations remove at
least lISZ—LIJ elements from the current set of indices J.

Note that [L‘S;LLJ > % provided that | S | > 2 (such a coarse lower

bounding is enough to get the result). Therefore at iteration k£ + 1 we have
S
|Serrl < 18kl = 155 = §1sil.
By noting that | S} | = n, and z* is computed in O (n) time complexity,
the global time complexity of LIVEPROJECT algorithm is

[log, ] [log, n] o\ k-1
O Sk =0 - n)=0(m) O
ONEY > (3) (n)

vol. 31, n° 1, 1997
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4. CONCLUSIONS

The algorithm proposed here to find the projection of a vector on a
hyperplane in R% can be used to solve subproblems arising in some iterative
optimization methods, for example, to find the solution, through subgradient
techniques, of some dual problems obtained by Lagrangean relaxation in
combinatorial optimization.

REFERENCES

1. A. V. AHo, J. E. Horcrorr and J. D. UrLman, The Design and Analysis of Computer
Algorithms. Addison-Wesley Publishing Company, 1974.

2. C. MicseLot, A Finite Algorithm for Finding the Projection of a Point onto the
Canonical Simplex of R". Journal of Optimization Theory and Applications, 50(1),
1986, pp. 195-200.

3. M. Moux, Mathematical Programing. John Wiley and Sons, 1986.

4. N. MacuLan and G. G. de Paura Jr., A Linear-Time Median-Finding Algorithm
for Projecting a Vector on the Simplex of R". Operations Research Letters, 8 (4),
1989, pp. 219-222.

Recherche opérationnelle/Operations Research



