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A PROXIMAL REGULARIZATION OF
THE STEEPEST DESCENT METHOD (*)

by A. N. Iusem (") (**) and B. F. Svarrer (1)

Communicated by Jean-Pierre CROUZEIX

Abstract. — We introduce a quadratic regularization term (in the spirit of the proximal point
method) in the line searches of the steepest descent method, obtaining thus better convergence
results. While the convergence analysis of the steepest descent method requires bounded level sets of
the minimand to get a bounded sequence, and establishes, even for convex objectives, only optimality
of the cluster points, our approach guarantees convergence of the whole sequence to a minimizer
when the objective function is pseudo-convex, whether its level sets are bounded or not.
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Résumé. — On introduit un terme de régularisation quadratique (dans [’esprit de la méthode du
point proximal) dans les minimisations unidimensionnelles de la méthode du gradient, et on obtient
ainsi des résultats de convergence plus forts. Tandis que ’analyse de la convergence de la méthode
du gradient demande des ensembles de niveau bornés, et démontre, méme pour des fonctions
convexes, tout seulement I’optimalité des points d’accumulation, notre régularisation permet de

démontrer la convergence de la suite toute entiére & un minimisateur quand la fonction objectif est
pseudo-convexe, méme dans le cas ou les ensembles de niveau ne sont pas bornés.

1. INTRODUCTION

The steepest descent method (also called Cauchy’s method, or gradient
method) is one of the oldest and simplest algorithms for minimizing a real
function defined on R™. It is also the departure point for many other more
sophisticated optimization procedures. Despite its simplicity and notoriety
(practically no optimization book fails to discuss it), its convergence theory
is not fully satisfactory from a theoretical point of view (from a practical
point of view the situation is even worse, but here we are not concerned with
this issue). More precisely, standard convergence results (e.g. [1]) demand
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124 A. N. IUSEM, B. F. SVAITER

that the initial point belong to a bounded level set of the objective function f
(and henceforth that f have at least one bounded level set) and fail to prove
convergence of the sequence generated by the method to a stationary point
of f, establishing only that all its cluster points are stationary. Even when f
is convex (in which case the stationary points are the minimizers of f) the
level set boundedness assumption is required, and the result is just what has
been called weak convergence to the set of minimizers of f (a sequence {z*}
is said to be weakly convergent to a set S if {z*} is bounded, z¥+1 — z*
converges to zero and every cluster point of {z*} belongs to S).

It is true that from a computational point of view weak convergence is
almost undistinguishable from full convergence, but failure to prove full
convergence is theoretically insatisfactory. On the other hand, the condition
of bounded level sets is quite restrictive both theoretically and practically.

In fact, the hypothesis of bounded level sets is indeed essential not only for
convergence but also for well-definedness of the steepest descent method: we
give next an example of a convex and differentiable function with nonempty
set of minimizers and unbounded level sets for which the steepest descent
method fails in the first iteration.

It is well known that if C' is a closed convex subset of R, P: R" — C
is the orthogonal projection onto C and g (z) = || P (z) — z||?, then g is
convex and differentiable, C is the set of minimizers of g and V g (z) =
2(z — P (z)). Consider C;, Cy C R? defined as C; = {(z1, z2) : 21 > 0,
xz2 > 1/z1}, C2 = {(z1, z2) : 73 < 71 — 2}, let P; be the orthogonal
projection onto C; (i = 1, 2) and take f(z) = || P (z)—z ||>+|| P2 (z)—z ||%.
It follows that f is convex and differentiable, the set of minimizers of f
is CiyNCy = {(z1, z2) : 71 > 1+ V2, 1/21 < 23 < x1 — 2} where f
vanishes and V f (z) = 4z — 2P, (z) — 2 P, (z). It is easy to check that
P1(0,0)=(1,1), P2(0,0) = (1, —1) so that V f (0, 0) = (-4, 0). If we
start the steepest descent method at 20 = (0, 0), we are required to minimize
f on the halfline L = {(¢, 0) : ¢ > 0}, but the minimum is not achieved,
because L N C1 N Cy = & and the distance from L to C; N Cy is O so that
f(z)>0forall z € L and;g%f(x) = 0.

In this paper we show that addition of a quadratic regularization term (in
the spirit of the proximal point method) to the linear searches of the steepest
descent method removes such obstacles and, for the case of a pseudo-convex
objective f, it is possible both to prove full convergence of the sequence
to a minimizer of f and to eliminate the assumption of boundedness of
the level sets.
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A PROXIMAL REGULARIZATION OF THE STEEPEST DESCENT METHOD 125

We start by recalling the proximal point method for minimizing f : R" —
R. Starting from an arbitrary 2° € R", a sequence {z¥} C R” is defined by

2 = argmin{f () + A | 2"~ |°}) S

where {A;} is a bounded sequence of positive real numbers called
regularization parameters. The origin of this algorithm can be traced back
to [5], and its applications in the area of convex optimization were fully
developed in [7], [8], where it is proved that under reasonable assumptions
of f the sequence {z*} defined by (1) converges to a minimizer of f. See
[4] for a recent survey on the proximal point method and its extensions.
We remak that this method is in general a theoretical device rather than an
implementable procedure, because the minimization subproblems in (1) are
in principle as hard as the basic problem min f (z), and some numerical

algorithm is required to solve them in order to get each iterate z*.

In this paper we do not analyze the proximal point method as given by
(1). Rather we limit ourselves to add a regularization term of the form
Ak ||z — 2% ||2 to the line searches of the steepest descent method.

Our proof is based upon the notion of quasi-Frejér convergence, introduced
for the first time [2], which will be discussed in the next section.

2. THE PROXIMAL REGULARIZATION OF THE STEEPEST DESCENT METHOD

Given a continuously differentiable function f : R® — R, the steepest
descent method for the problem

: 2
i S ) .
is given by
Initialization:
¥ e R"

Iterative step:

a = arg>min f@@* —aVvf(h) €)
a>0

ghtl =gk — ap V f (xk) )

i.e. oy minimizes the restriction of f () to the halfline starting at ¥ and
passing through z* — V f ().
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126 A. N. IUSEM, B. F. SVAITER

Our method consist of using instead the restriction of f (z)+ A || z —z* ||?
to this halfline. If z = 2% — a V () then f (z) + g ||z — 2% |2 = f(a* -
aV f(zF)) 4+ a® M\ || V f (%) ||*. Therefore the proximal regularization of
the steepest descent method replaces (3), (4) by

ag = ar§>rélin{f (@ —aV f @)+ a2 M|V S ()2} (5)

gFtl =2% —q V¥ (xk) (6)
where || - || is the Euclidean norm and {Ax} C R satisfy
A< <A (7

for some ;\, X such that 0 < )\ <

We proceed to the convergence analysis. From now on {z*} refers to the
sequence generated by (5)-(6). We assume that problem (2) has solutions.
Let f* = m}{l f(z).

zeRr"

PROPOSITION 1: The sequence {x*} is well defined and, for all k,

V@YV (@F) =205 A || V £ (&F) |12 (8)

Proof: Let @i () be the minimand of (5), ie. ¢ (a) = f(z* —
aV f (zF) + a? M\ ||V £ (z%)||>. We claim that problem (5) always has
solutions. If V f (z¥) = 0 then ¢y, is constant and from (6) z*+! = 2* for
any choice of aj. Otherwise ¢y (a) > f* + o? MV f (%)), implying
le ¢k (@) = oo, so that the minimization in (5) reduces to a bounded
?ntgr%al and existence of oy follows from continuity of .

Observe that ¢} (a) = =Vf(z* — aVf (@F)VSf (=F) +
2a X ||V f (2%) |2, so that ¢} (0) = —||V £ (zF)[|> < 0. It follows
that either V f (z¥) = 0, in which case (8) holds trivially, or oz > 0,
in which case, using (6),

0= (ar) ==V @@V +2a VG2 O
and (8) follows from (9).

PRrOPOSITION 2:
@ f* < fEH + Al - 2R P < f (25,
@) {f (&)} is decreasing and convergent,

o0
i) Y & = 2F |2 < oo,
k=0
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(v) lim (zF+! — %) = 0.
k—oco
Proof:
(i) With ¢y, as defined in the proof of Proposition 1, use (5) and (6) to get

F(") = or (0) > ox (ax) = f(aF —ax V F(@%) + af M | V £ (&) |
= F(@*1) 4+ A || 2P — 2k |2

which proves the rightmost inequality. The leftmost one is trivial.
(ii) Follows from (i) using Az > O.
(iii) From (D) and (7), A[|&*! — ot |2 < N ||a!t! — 2! |? < f (o)) -
k

f(@*). Summing on 1,4y "l o™ —a! |2 < f(2%)~f(a**1) < f(a%)-f*
=0

>
so that 3 |21 = 2k |2 < T (f (a9) = f*) < oo.
k=0 A
(iv) Follows from (iii).

PROPOSITION 3: If % is a cluster point of {z*) then V f (z) = 0.
Proof: Let {z'*} be a subsequence of {z*} such that Llim zl = Z. By
s 00
Proposition 1 and (6)

VNV (@) =20, N, |V f (@) P

10
Con e V@)

By Proposition 2 (iv), (7) and continuous differentiability of f, the left hand
side of (10) converges to ||V f (Z) || as k goes to co, and the right hand
side of (10) converges to 0, i.e. V f (Z) = 0.

We remark that up to now we have not established existence of cluster
points of {z*}, which will be proved below with a convexity hypothesis on
f, but we chose to prove stationarity of the limit points before existence
in order to complete the set of statements that hold without demanding
convexity. Of course, if we assume that z°0 belongs to a bounded level set
f, then by Proposition 2 (ii) such set contains the whole sequence, which is
therefore bounded, in which case Proposition 3 implies the standard result of
weak convergence to the set of stationary points, i.e. even without convexity
our algorithm fares as well as the usual steepest descent method. But our
main goal is to get rid of the boundedness assumption and nevertheless prove
full convergence, which we do next for the case of pseudo-convex f.

vol. 29, n°® 2, 1995



128 A. N. TUSEM, B. F. SVAITER

We present now the notion of quasi-Fejér convergence, introduced in [2].

DerINITION 1: A sequence {y*} C R™ is quasi-Fejér convergent to a set
U c R" if for every u € U there exists a sequence {ex} C R such that

oo
e >0, > ex < ocoand [PFH —u? < [|gF - ulP + e
k=0
The following result was proved in [3, Theorem 4.1] for rather general
distances. We give here a proof for the Euclidean distance in order to make
this paper self-contained.

ProposiTiON 4: If {yk} is quasi-Fejér convergent to a nonempty set U then
{y*} is bounded. If furthermore a cluster point y of {y*} belongs to U then
y = klim .

o0

Proof: Take u € U. Apply iteratively Definition 1 and get ||v* — u||? <

k-1 0
ly° — u|? +Z€z < |19° = u|?® + B, where 8 = Zsk < oo. It follows
=0 k=0

that {y*} is bounded. Let now y € U be a cluster point of {y*} and take
any § > 0. Let {y'*} be a subsequence of {y*} such that klim Y = y.
—00

Since y € U there exists {ey } satisfying the properties of Definition 1. Take
oo
) - 6
ko such that E ex < 3 and k such that I > ko and ||y'* — y||* <

k:ko 2
Then, for any &k > [j :

k-1
PRI SR S L
- A =

Since § is arbitrary, it follows that y = lim y*. O

k—oo0
We present next our quasi-Fejér convergence result. We remind that f is
pseudo-convex if and only if it is differentiable and (y — z)!V f (z) > 0
implies f(y) > f (z). It is immediate that differentiable convex functions
are pseudo-convex.

ProposITION 5: If f is pseudo-convex then the sequence {:ck} is quasi-Fejér
convergent to the set of minimizers of f.
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Proof: Let z be a minimizer of f. Then
|z = 2" 2 = ||z —2F P - | 2* - 22
= 9 (Z _ Z‘k)t (J}k+1 _ xk)
=204 (2 —2")' V f (a¥) (11)

using (6) in the second equality. We claim that (z?i’?k)t Vf(z*) <o.
Otherwise, (z — )V £ (z*) > 0 and we get f(z) > f (z¥) by pseudo-
convexity of f. Then z* is also a minimizer of f, and therefore V f (z¥) = 0,
in contradiction with (2 — z¥)* V f (2*) > 0. The claim is established.
Then, we get from (11) ||z — 21|12 < ||z — 2% |? + ||z — 2F+1 |2
and the result follows from Proposition 2 (iii) and Definition 1, with
er = ||zFT — 2R 2. O

Finally we give our main result.

TueoreM 1: If f is pseudo-convex and attains its minimum on R™ then the
sequence {x*} generated by (5), (6) converges to a minimizer of f.

Proof: By Propositions 4 and 5 the sequence is bounded, so it has cluster
points. By Proposition 3 any such cluster point is a stationary point of f, and
therefore, by pseudo-convexity of f a minimizer of f. The result follows
from the second statement of Proposition 4. [

3. FINAL REMARKS

The computational performance of the steepest descent method has been
up to now quite disappointing. Not only it has a best a linear convergence
rate (e.g. [6], though this happens with all first order methods) but the
fact the gradients at consecutive iterates are mutually orthogonal leads to
poor performance (“hemstitching” phenomena, see [1]), unless f has almost
spherical level sets.

We do not make any claim in the sense that our regularization is not
subject to the same limitations (though in our scheme consecutive gradients
form an acute angle, which in principle looks better, and the freedom in the
choice of the regularization parameters Az, which control the size of such
angle, could have interesting computational effects); we just present a very
simple variant of the method for which much neater convergence results
can be obtained, eliminating at same time the rather annoying hypothesis
of bounded level sets.
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Nevertheless, we remark that the addition of the quadratic term to the

line searches represents a negligeable additional computational burden, and
in compensation, besides the better theoretical results presented above, the
minimand ¢, of the line search will be in general better behaved than the
restriction of f to the halfline (e.g. if f is convex then yy, is strictly convex) so
that numerical procedures used to perform the line searches can be expected
to be more efficient for our proposal, whether they are nonderivative ones
(e.g. Fibonacci search) or derivative ones (e.g. Newton’s method).

~ O
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