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OPTIMAL SEQUENCING
OF CAPACITY EXPANSION PROJECTS
UNDER UNCERTAINTY (*) (**)

by Itzhak VENEziA (%)

Abstract. — In this paper we present an optimal policy for sequencing a finite set of capacity
expansion projects when the demand is uncertain and growing with time. By a sequencing policy we
mean a rule for determining the order and timing in which the projects should be introduced.

We analyze the effects of greater uncertainty on the optimal policy and on the results obtained
using the optimal policy. These effects depend on the shape of the cost functions. It is shown that with
increased uncertainty, if the cost functions are linear one must wait for higher demands before the
maximal capacity is reached. It is also shown that increased dispersion of the demand tends to
decrease the minimal expected discounted costs. The same conclusions hold true when costs are linear
up to some large output and in the case where costs are concave. Contrary to what might be expected,
the above results are not necessarily reversed when costs are convex. Intuitive explanations are
provided for all these results.

Keywords: Capacity Expansion; sequencing; uncertainty.

Résumé. — Dans cette étude, nous présentons une politique optimale pour déterminer la séquence
d’un ensemble fini de projets d’expansion de capacité quand la demande est incertaine et croissante
en fonction du temps. Il s’agit d’établir une régle déterminant dans quel ordre et a quel moment les
projets devraient étre introduits.

Nous analysons les effets d’une incertitude accrue sur la politique optimale et ses résultats. Ces
effets dépendent de la forme des fonctions coiit. On montre que dans le cas d’une incertitude
croissante et de fonctions coiit linéaires, on doit attendre que les demandes soient plus fortes avant
d atteindre la capacité maximale. On montre également qu’une dispersion accrue de la demande tend
a diminuer la valeur de I'espérance du coiit total amorti.

Les conclusions restent identiques quand les fonctions coiit sont concaves, et dans le cas ou elles
sont linéaires jusqu’d une certaine limite supérieure. Contrairement a ce que I'on pourrait penser, les
résultats ci-dessus ne sont pas nécessairement inversés quand les fonctions couit sont convexes.

Des explications intuitives accompagnent tous ces résultats.

1. INTRODUCTION

In this paper we investigate the optimal strategy for sequencing capacity
expansion projects facing uncertain growing demand. We consider both the
optimal determination of the order in which projects must be introduced and

(*) Received June 1980.
(**) The author wishes to thank Professor Charles Tapiero for his helpful comments and
suggestions.
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288 1. VENEZIA

the optimal timing of suth introductions. The optimality criterion used here
is minimization of the expected discounted costs involved in satisfying the
demand.

Problems of this type under certainty have been extensively discussed in the
literature (see, €. g., Butcher et al. [1969], Erlenkotter [1973], Erlenkotter and
Trippi [1976], Manne [1972]). Less attention has been paid to the case where
uncertainty prevails (see, e. g, Manne [1961], Tapiero [1973], [1979], Giglio
[1970]). These publications have usually treated capacity as continuous and
assumed that capacity increments of any size are possible. Most of them
considered regenerative or recurrent expansion projects and assumed that the
demand is described by a Wiener process (thus allowing for a negative
demand). Another feature common to papers concerning capacity expansion
is the treatment of capacity as a completely rigid notion.

Here we present a different framework, which may fit a large class of
capacity expansion projects. Our system services some uncertain growing
demand and is composed of several projects, introduced sequentially into the
system. Our analysis is applicable to the following kinds of systems:

(@) A water system servicing some region, each project representing a dam;

(b) A transportation facility such as a highway or an airport, each project
representing additional lanes or runways;

(¢) A power system generating electricity, each project representing a power
plant.

The demand for the services of the system (henceforth, the demand) is a
random variable, always depending on economic conditions and on time. At
any period, the economic conditions may be in one of a finite number of states
(depression, economic boom, and so on), which evolve over time following a
Markov chain process. Conditional on the state of the economy, the demand
is a random variable depending on a multitude of unpredicted factors such as
relative prices, changes in tastes, world events, weather conditions, etc. The
demand is growing, in the sense that, for any state of the economy, the
sequence of distribution functions of the demand shifts to the right.

We assume that the system can always satisfy the demand. However, the
costs involved in so doing depend on the available capacity relative to the
demand. We assume that, the larger the capacity, the higher the fixed costs and
the lower the marginal costs of supplying the demand. The costs include both
pecuniary and nonpecuniary costs incurred by the users of the system, the
latter category including poor quality of water, road congestion, low reliability
of the power system, etc. Thus, our model is applicable to public projects as
well as to profit motivated projects. Since there is no agreement in the
literature concerning the appropriate shape (linear, concave, or convex) of a
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CAPACITY EXPANSION UNDER UNCERTAINTY 289

representative cost function (see Walters [1963), pp. 48-52) our model has the
advantage that it can accommodate any shape of cost function.

In Section II we assume that the order in which projects must be introduced
into the system is predetermined by engineering or location constraints. Under
this assumption, we concentrate on finding the optimal timing for the
introduction of new projects. It is shown that the optimal sequencing policy
is characterized by certain sequences of critical numbers and critical intervals
(nonoverlapping and exhaust the real line to the right of the critical values)
which are functions both of time and of the economic state and capacity at
that time. In each period one must compare the current demand with the
appropriate critical value. Then, if the demand exceeds the critical value,
capacity must be increased. Otherwise, the decision should be postponed to
the next period. Given that demand exceeds the appropriate critical value, one
can determine according to the critical interval that covers the demand, which
project or projects should be added to the system.

In Section III we analyze the effects of increased uncertainty (dispersion,
risk) on the optimal policy and on the results obtained using the optimal
policy. In the literature only Manne [1961] investigated this problem. In his
model, treating the case where backlogs of demand are allowed (the case most
similar to ours, and most relevant for practical purposes), Manne (ibid.,
p. 648) has shown that when the costs of backlogged demand are linear,
increased variance has an undetermined effect on the minimum expected
discounted costs. No intuitive explanation has been provided for this result.
Here we shall analyze the effect of increased uncertainty using a broader (than
variance) definition of increased risk, and investigate this effect under various
assumptions about the shape of the cost functions. It is shown that with
increased uncertainty, if the cost functions are linear, one must wait for higher
demands before the maximal capacity is reached. Surprisingly, the expected
time that elapses until maximal capacity is reached may not increase with
greater uncertainty. The reason for this result is that greater uncertainty
implies a higher probability of obtaining high values for the demand and thus
of exceeding the critical values. This may offset the effect of the higher critical
numbers.

Another surprising result is that the expected discounted costs decrease with
increasing uncertainty. An intuitive reason for this result is that greater
uncertainty implies a higher probability of obtaining extreme values. An
increase in the probability of high values tends to increase the expected costs,
while an increase in the probability of low values tends to decrease these costs.
At first glance, it seems that these two effects should cancel out. The first effect,
however, is somewhat weaker than the second, because when a high demand
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290 I VENEZIA

is observed its influence on the costs may be partially offset by expanding
capacity. This net effect on expected costs will be called in the sequel the
“sequential decision factor”.

The same conclusions are reached also when costs are concave, or linear up
to some large output. Contrary to what might be expected, the above results
are not necessarily reversed when costs are convex.

In Section IV we drop the assumption that the order of introducing new
projects is predetermined, and present an optimal strategy for simultaneously
determining the order in which projects must be introduced and timing such
introductions.

2. THE MODEL

Suppose a system services the demand for some product (henceforth, the
demand). In order to satisfy this demand, the capacity of the system may be
increased by introducing projects 1,2, . . ., K. The problem considered here is
to determine the optimal timing for introducing the projects into the sysiem.
It is assumed in this section that the order in which the projects are introduced
is predetermined, given by 1, 2, . . ., K. Several projects however can be added
at the same time. The optimality criterion is minimization of the expected
discounted costs involved in servicing the demand, where the discount factor
is some known B<1.

In any period the demand depends on the economic state at that time. There
are I possible states of the economy, sy,s5, . . ., s;. These states evolve over
time, following a stationary Markov chain process. That is, the probability «;;
that the economy is in state s; at time ¢+ 1, given that it was in state s; at
time ¢, is the same for all t. Conditional on the state s; of the economy, the
demand X! is a random variable with cumulative distribution function
(CDF) F;(x) and expectation p; The growth trend in the demand is
represented by the assumption:

Fu(x)=Fi,+1(x) for all . @2.1)

1t is further assumed that for i=1,2, . . ., I, the sequences { F;;(x) } converage
to F;(x) ().

We denote by ¢ (x) the costs of satisfying the demand given that the system
includes projects 1,2, . ..,k (in this case we say, elliptically, that capacity

(}) It has been shown in some empirical studies, for situations fitting our model, that the
demand indeed converges. See, ¢. g., Rausser [1976], p. 326.
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CAPACITY EXPANSION UNDER UNCERTAINTY 291

is k). The costs of installing projects k+ 1, . . ., m, given that existing capacity
is k, are denoted by M;, and we define M,;;=0. The effect of increasing
capacity on costs is represented by assuming that for any demand, x, the
higher the fixed costs and the lower the marginal costs of satisfying this
demand. That is:

a@<a+1(0), k=1,.. -’K—l} 2.2)

de, (x)/dx > dcy + 1 (x)/dx, x=0.

We also have to assume that E [ck (x)] is finite [where the expectation is taken
with respect to F;(x)], since otherwise no meaningful evaluations of expected
costs can be made. It is also assumed that for all k<m <K, there exists an
X% such that ¢, (x) > ¢, (x) whenever x = x¥, and F,, (x¥,) <1 for some i. This
assumption simply states that for some relevant demands, the costs when
capacity is m, are lower than the costs when capacity is k. Unless this
assumption is made, there may be no justification for considering capacity m
in our analysis. The above two assumptions imply that two cost functions
corresponding to different capacities cross exactly once. A possible description
of these functions is provided in figure 1. The way cost functions of various

ul(x)
c(x)

12
1 Yie
it

Fig. 1

projects can be aggregated depends on the nature of the projects at hand.
When the projects are plants producing some product, the aggregation can be

vol. 16, n® 4, novembre 1982



292 1. VENEZIA

achieved by optimally allocating output among plants. In service systems
when the main advantage of increasing capacity is the reduction of delays to
customers and greater reliability of the system (e. g., transportation systems,
computer facilities, etc.), one must compute the delays and waiting times
under various capacities, and compute the costs accordingly.

The optimal expansion strategy is described in:

ProposiTION 2.1: For any state of the economy s; any period t, and any
capacity k, there exist integers mj, j=1,2, . . ., S, satisfying *:

k<mi<my<...<mg<K-—1,

and parameters V;*™ satisfying:

O<VPi* <Y fm <™ <. .. < Wik,

such that if x S\ capacity should not be increased, if Y < x <\5;*™ capacity
should be increased to my, if W™ Zx XY™ capuciiy should be increased to
m,, etc.

Proof : Denote by V;(x) the expected discounted costs of operating the
system starting at time ¢, given that the capacity is k, the economic state is s,
the observed demand is x, and the optimal policy is always pursued. The
expected discounted costs of operating the system, evaluated before the
demand at ¢t has been observed, are hence given by W% =E[V%(x)], where E
is the expectation operator with respect to the CDF F;, (x).

It then follows from Bellman’s [1957] principle of optimality that:

vk x) =Miny, > { Cm(X) + My + B —VI;E','ﬂ 1 } Eminm;k {uitkm (x)} (2.3)

where:
I

W?,.t+l= Z T W;",':+1- (2-4)

i=1

Since for any m>k, c,(x) intersects c,(x) at most once it follows
that also the u;*™(x)’s intersect at most once (see figure 1 for a typical
description of these functions). Denoting by {;*™ the point where u;*™ and
u;,“™-t intersect, and noting the properties (2.2) of the cost functions, one can
verify that the V% (x)’s can be written as:

(*) The indices m,, . . .,ms, and S may vary across different (i, t) combinations.
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Vi (x) =i (x) if x<yi

=umi(x) if Y <x<yim (2.5)
=ulm™s (x) if Y¥ms<x<oo.

Our result follows from the definition of V% (x) .
QED.

We next show how the minimal expected discounted costs W%, and the
critical values y&" can be computed. If k=K, no further expansions of
capacity are possible, hence W% denotes the maximal expected discounted
costs assuming that capacity remains fixed at K 1.e.:

W5=E[ T B Y cx(x:;,)] =3 B Y nyElex (X)L (2.6)

=0 j=1 =0  j=1

where the nf;’s denote the t-period lag transition probabilities (*). Convergence
of the infinite sum in (2. 6) is guaranteed since E [ck (x)] is finite.

When k <K, one observes from the definition of the W;*’s that:
- s —
Wh=E[Vh (0l = j VA (x) dF, (x)=j [ex () +B Wit 1] dFi ()
0 V]
%ﬂu —_
+ j (m, () B W41 + My ] dFa (3)
ik

bt | [emg )+ B W+ M ]dFu () (2.7)

vis
where the {’s satisfy:
Cr (\Il'i‘tk)+ﬂv_vki,:+1=cm, W)+ B Wite 1+ Mim,, (2.8

Cms_ 1 (‘I’:""'s) + B Wlsl_ ! + Mkms_l = cms (%"‘s) + B Wz’tls+ Mkms-

In what follows we show how these recursion relations can be used to compute
the W¥’s for all k<K

3) If = is the stationary (I x I) transition matrix, then 7, is the (i, j)th element of n".
Yy
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204 I VENEZIA

Since the W,/’s represent the costs of supplying the demand and since the
demand 1s growing in time, the W¥s are nondecreasing in t. From the
assumption that E[cg(x)] is bounded and since F,(x)=F,(x) for all ¢, it
follows that the W¥’s are bounded. Since these series of expected discounted
costs are monotone and bounded they converge and we denote by W the limit
of W¥, for all i and k. These limits satisfy recursion formulas similar to (2. 7)
and (2.8) except that one has to replace Wi and ,,*™ by W}k and ¢,*",
respectively. We shall next show how the W,*s can be computed, and that
based on the W,*s, the W,*s can easily be obtained.

The W /\*s are computed recursively. First one computes the W,X’s as the
limit, as ¢ approaches infimty, of (2.6). Then, in order to compute the
WX~ Vs, one notes that equations (2. 7) and (2. 8) become, after omitting the

subscripts ¢, the following system of 21 equations in 2I unknowns
(‘l’lx—l} WIK—la 1= 1, PEEERIN l).

W{‘“‘=JWI _[cx_,(x)+3v_vff—l]d1«z(x)

+ w[cK(x)—FBV—V,K-FMK_LK]dF,(x), i=1,...,1, (2.9

vkt
cx-1 (WK + B WK1 = (YK )

FBWEAMg_1 ks  i=1,..., I (2.10)

This system of equations can be solved numerically (see lemma A .1 in the
appendix for an existence proof). The W¥s can then be similarly computed
successively for k=K~—2,...,1 using at each step (2.7), (2.8), and the
W¥+ Ps obtained in the previous stage.

Having computed the W*s, one proceeds to compute the W¥’s. For this we
note that since the W¥%’s converge to W¥, by choosing a large enough T, W*
can be made as close to W¥ as one wishes. Substituting W* for W¥, (2.7) and
(2.8) can be used to compute the W¥#._’s, which in turn can be used to

compute the W¥7_,’s, and similarly all W¥’s, < T—1 can be computed.

We thus have an optimal strategy for timing the introduction of new
projects and a numerical method for computing the critical values ™. Below
we present some properties of the solution.

R AIR O Recherche opérationnelle/Operations Research



CAPACITY EXPANSION UNDER UNCERTAINTY 295

3. EFFECT OF INCREASED UNCERTAINTY ON THE OPTIMAL TIMING POLICY

We now evaluate the effect of increased uncertainty on the critical values

kK and on the expected discounted costs WX,. We define increased uncertainty
(dispersion, risk) as an increase in the risk of each X} foralli=1,2,...,I and
t=1,2,...,00 (*). We employ the Rothschild-Stiglitz [1970] definition of
increasing risk. We briefly review the definition. Let z; and z, be two random
variables with cumulative distribution functions H! (z) and H2 (z), respectively.
Then z, is riskier than z, if H!(z) is obtained from H?(z) by taking weight
from the center of the probability distribution and moving it to the tails, while
keeping the mean of the distribution constant. Rothschild and Stiglitz have
shown that this definition of increased risk is equivalent to two other definitions:
that an increase in risk is the addition of white noise to a random variable (°)
and that for all concave nondecreasing functions g(z), E,[g (2)]SE1[g(2)],
where E,(.) denotes the expectation operator with respect to H’(z), j=1,2.
In the sequel we shall mainly make use of the latter definition.

The effect of increased uncertainty on the minimal expected discounted
costs and on the optimal strategy depends, as will be shown, on the shape of
the cost functions ¢, (x). Walters [1963] reviewed the literature dealing with the
empirical measurement of cost functions. The main conclusion from his review
is that the shape of cost functions differ considerably from industry to
industry, and that it is hard to find agreement even about the shape of cost
functions within an industry. In public utilities, however, there is relatively
greater agreement. Walters (ibid., p. 50) finds about short run cost functions
in these industries that ““... over the observed range of output, marginal cost
is constant”. In profit motivated industries one tends to conjecture that U
shaped cost functions are the most prevalent ones. Surprisingly, constant
marginal costs have been found in a large number of industries. Some of these
findings however can be attributed to the fact that measured outputs were
below capacity (ibid., p. 51).

Consequently, we have decided to analyze the effect of increased uncertainty
under alternative assumptions concerning the shape of the cost functions. We
have chosen to start with the case where costs are linear at the relevant range
of demands. This is a convenient starting point since it elucidates the effect of
increased uncertainty, and the results of other cases can be obtained as simple
corollaries of this case.

(%) According to our definition the transition probabilities m,, do not change with increased
uncertainty

(%) Increased risk thus implies an increased variance, but not vice versa.
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296 1. VENEZIA

In what follows we let r be a shift parameter dentoing risk, and introduce
this parameter explicitly in the CDF of X; which will now be denoted by
F; (x, ). We denote by W% (ro), V5™ (ro) the minimal expected discounted costs
and critical values when risk is ro, and by W% (r,), y%™ (1) the same variables
when risk is 7y >ro.

We show in proposition 3.1 that if the costs are linear, then the minimal
expected discounted costs tend to decrease with increased uncertainty, and the
critical limits leading to maximal capacity (i. ., the Y¥X’s) tend to increase with
increased uncertainty. In the proof of this proposition we use the following
lemma.

LemMa 3.1 If for some t=T, Wi(r))SWi(ro) for all k<K, then
W5 (r) S W (ro) and ViE (ry) =& (ro) for all t < T and for all k<K

Proof : By induction. Assuming that W¥,., (r))SW¥,+s(ro) for some
t+1<T, it follows from the definition of the W’s and from (2. 3) that:

“oo
WE(r\= Vé‘:(_\f,ri)dF;i(x’_ri)

BN A

0o

~

” [mil: {c,,.(x)+Bw?,'r+1(r1)+Mkm HdF;(x,r1)
0o M2

r

1A

" {min {cn () + B WEke 1 (o) + Min 1 dFs(572)
)

r

1A

" min { G () + B WE1 (o) + M }) dFu (5 70)

=Wk(@o). (3.1

The first inequality stems from the induction assumption. The second inequality
follows from the definition of increased uncertainty since the minimum of
several linear functions is a concave function (see lemma A .2). Thus it follows
that W*, (ro)=W¥(r,) for all t> T,

The linearity assumption and (2. 2) imply that:

c(X)=pi+qi X, k=1,,. ..,K (3.2

where py<pr+1 and . >qrv1, k=1, .. ., K—1.
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Since, from (2. 8), the critical values %X satisfy:
c(UE+B Whiv 1 =cx (UE) +B W1+ Mig,

it follows that:

M =(qx—aqx;” ' [Mxx+ @k —po) + ﬁ(w,"ﬁ 1—Whee )l (3.3)

Since WX, ., is independent of risk and since W¥,., tends to decrease with
increased risk it follows that y*X tends to increase with increased risk, i. e.:

VK (rg) <X (ry) forall t<T.
QED.

ProposITION 3. 1: For all t, W& (ro) = W¥ (ry) and UiX (ro) SV (ry).

Proof : In lemma A .3 it is shown that the limits W¥(ro) and W¥(ry) of
{Wk(ro)} and { Wk (ry)} satisfy:

Wic (ro)gW{‘ (r1)9 i= 11 LRI aI' (34)

As explained above, the W¥’s are obtained by recursion starting from some
very large period t=T. For W¥7,, (ro) and W¥7., (r,) we use the steady-state
limits W¥(ro) and W¥(r,), respectively. It then follows from lemma 3.1 that
WY (ro)= W¥(r,) for all t<T. Since T may be chosen arbitrarily large, this
inequality holds for all . The inequality VX (ro) SWi¥ (1) now follows
immediately from (3. 3) since WX (ro)= W¥ (r1). This completes the proof.

We should note that with greater uncertainty one must wait for higher
demands to come along before maximal capacity is reached. This, however,
does not necessarily imply that the expected time required to reach the
maximal capacity increases with increased uncertainty (see Section V for a
counter example; an intuitive explanation has been given above).

We now turn to examine how the above results change when the linearity
assumption is dropped. For this we note that the crucial part in the proof of
lemma 3.1 (and hence of proposition 3. 1) is the part where the concavity of
V% (x) has been used to establish the second inequality in (3. 1). Thus, it is the
concavity of V% (x) rather than the linearity of the cost functions, which is the
more relevant source of the above results. The same conclusions therefore
hold whenever the functions V¥ (x) are concave. Consider for example the case

vol. 16, n° 4, novembre 1982



298 I. VENEZIA

where there are only two projects (°), suppose that with probability 1 the
maximal capacity can satisfy the demand (7), and denote by A4, the capacity
of Project 1. Suppose also that the cost functions are linear up to capacity and
then rise sharply. In this case the functions V% (x) will be concave if the
functions u}(x) and u?(x) intersect below A,, i.e., if capacity is “large
enough”. (See fig. 2.) Such a situation is not uncommon. Walters [1963], p. 51

u{x}

12
u (%)
u:Ll (x) it
S

B pe e - — e

Fig. 2

mentions several time-series studies of cost functions where it has been shown
that for the firms in the sample, costs were linear and measured outputs were
well below capacity. This implies that over a long period of time, these firms
increased capacity before full capacity has been reached. Such a behavior is
consistent with the situation depicted in figure 2.

It is evident that the same results (as in proposition 3. 1) hold also when the
cost functions are concave. Surprisingly however, these results are not
necessarily reversed when the cost functions are convex. This is due to the fact
that V% (x), the minimum of several (in this case) convex functions, is neither
necessarily convex nor concave. It thus follows that when costs are convex, the

(%) This can easily be extended to the case of more than two projects.

(7) If costs of exceeding capacity are infinite (i. e., if capacity is considered as a completely rigid
notion), then the assumption that £ [ck (x)] is finite implies the present assumption.
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minimal expected discounted costs can either increase or decrease depending
on the parameters of the problem. A heuristic explanation runs as follows:
when costs are convex, increased uncertainty has two effects on the minimal
expected discounted costs. On the one hand the expected value of any convex
function tends to increase with increased uncertainty. However, the “sequential
decision factor” tends to decrease the expected costs since the effect of higher
demands can be somewhat mitigated by increasing capacity.

4. THE CASE WHERE THE ORDER OF INSTALLING PROJECTS IS NOT PREDETER-
MINED

There are no conceptual differences between this case and the former one.
Notation however should be somewhat modified and more computations are
usually required to arrive at the optimal solution. For this case we need the
following definitions and notations:

N, {1,2,...,K};

A, set of all subsets of N;

A, element of 4;

a(A), number of elements in 4;

Z, N—A, i.e., set of elements of N which are not in 4;
@, empty set;

AB, the set {AVB};

M 43, costs of increasing capacity from A to AB.

Suppose the costs of supplying the demand are given by ¢4 (x) if the projects
whose subscripts are in A have already been installed (we call these projects,
elliptically, the projects in A). Then, in accordance with (2. 3), we assume that
A > B implies ¢4 (0)>cp(0), ¢4 (x) <cp(x). Suppose at time ¢ the projects in 4
are in operation, and the state of the economy is s;. Then the minimal expected
discounted costs of supplying the current and future demand, V#(x),
conditional on the current demand x, may be obtained as follows. Under the
above conditions one has 2*“ possibie actions available at time ¢t. Namely,

either install no project, or increase capacity to AB, where Be A. In the latter
case one should choose the action which minimizes the expected discounted
costs. It thus turns out that in this case the number of computations in each

stage is 2°Y, compared with «(A) in the former case. In the type of projects
that we consider, engineering and location consideration will usually eliminate
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many expansion possibilities. Thus the amount of computations involved will
usually be tolerable even if K is large.
Let:
. I

WA=E[V{(x)] and Wi=> m, Wi
=1

Then, if capacity is increased to AB (B=¢ means that no project is
installed}, the expected discounted costs of supplying the current and future
demand are:

up® (x)=cqp(x)+p —V_Vfﬂ 1+ M4, 4.1

that is, u2 (x) is the sum of the costs M 4p of increasing capacity from 4 to
AB, the costs of supplying the current demand, and the discounted expected

costs B W4B of future operations. Hence:

V4 (x)=min {u?®(x) }. (4.2)

BeA

The same techniques used in section II can also be applied here to determine
the W#’s. Also the optimal expansion policy is of a similar structure as in the
case where the order of installing the projects is predetermined. For any i,t
and A there is a critical limit 7 such that if x <\ capacity is not increased.
If x> 4, some critical intervals determine which projects should be installed.
In the context of a simple example, figure 3 illustrates the structure of the
optimal policy. In our example N={1,2,3,4}, A={1,2} and the possible AB
sets are: A, Ay, Az, A3, where A;={1,2,3}, 4,={1,2,4}, A3={1,2,3,4}. If
0<x=ZVy# capacity is not increased, if y#<x=<\y:' capacity should be
increased to A;, and so on.

5. AN EXAMPLE

In our example we consider a situation in which there are two projects to
sequence and we assume that there are only two states of the economy. The
notation in this section corresponds to that used in section IIl. The parameters
of the problem are given below.

Transition probabilities:

= MT11 Ti12 _ .75 .25
a1 Moz N .25 .75 ’
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A
ug (%)

Means pi.
Let:

n,=100(1.07), 12110
He=H,—1(1.06), 11 5t £20;
He=p—1(1.09), 215125,
W= -1+ 100(0,5) ~25, t>26.

The p¥’s are given by:
u1t=0a96 e, t=l,2, <5 005
par=1,04p, t=1,2,...,c0.

Cost parameters.

The costs of servicing the demand x when project k is the only one in
operation are given by:

a(X)=pr+qix,

vol. 16, n° 4, novembre 1982



302 1. VENEZIA

p1=1000, p2=2000;
q1=100, Q2=50.

The costs of servicing the demand x when both projects 1 and 2 are in
operation are given by:

c(x)=2500+30x.

The costs of installing project k are M;, k=1, 2, where:

M, =20000,
M, =70000.

The discount factor f is assumed to be 0.9.

The random variables X..

For each economic state i=1.2, and each t=1,2, . . ., the random variable
X may assume one of the seven values Wy—vovi, Mi—UVo vi,/ﬁ,
Hie— Vo Uit/\/ga His Hie+ Vo Ui:/\/g, Wit + Vo Vie/ \/5, Wi +vo v, Wwith respective
probabilities: 1/32, 2/32, 5/32, 16/32, 5/32, 2/32, 1/32. v, is a risk parameter
which will be assigned several values in the sequel, and the parameter v; is
given by v,=(u)2. It may easily be verified that for i=1,2 and
t=1, 2, ..., oo, X{ has a Gaussian-like shape, with mean p; and variance
(6/32) v5 i

From this form of the variance it follows that, the larger v,, the larger is the
dispersion of Xi. Thus the effect on the analysis of changes in risk will be
examined by inspecting the effect on the analysis of changes in vo.

RESULTS

The main results are summarized in tables I and II below. Table I lists the
Y;’s for vg=0.75. The optimal policy may be read from this table as follows.
Suppose the state of the economy in period 5 is 1, and project 2 is in
operation. Then, if the demand exceeds 113, project 1 must be introduced.
Otherwise no expansion should take place.

An interesting result revealed in table I is that y%, <{#%,. In other words, the
critical values corresponding to improved economic conditions (when the
demand is on the average higher) are lower than those corresponding to less
favorable economic conditions. The reason for this is the following. When
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TasBLE I (*)
Critical Values V%, for Vo=4.242

t 'l/:x ‘1’5: W%l %
) 132.6 128.9 121.8 119.1
2. 125.9 123.7 117.3 116.2
3 122.2 121.1 115.4 114.3
4. .. ..., 120.3 119.4 113.7 113.3
S 118.9 118.4 113.0 112.7
6. ......... 118.3 118.1 112.6 112.5
7o 118.0 117.9 112.4 112.4
8 ... 117.8 117.8 112.4 112.4
9. ... .. ... 117.8 117.8 112.4 112.4

(*) Since the {% converge, V%=V for ¢ = 10.

economic conditions are favorable, it follows from the Markov process
generating the economic conditions that favorable economic conditions are
expected to prevail in the near future. Hence it is advantageous to increase
capacity in order to meet these high future demands, even if current demand
is low.

In table II we present the expected costs, W%, k=1,2, i=1,2, for t=1 and
four values of vy. We also present the following statistics:

E (T ): the expected time elapsing from the origin until full capacity is
reached, if the project introduced at the origin is k and the state of the
economy at that time is s;

E (T¥): the expected time elapsing from the origin until full capacity is
reached, if the first project introduced is determined optimally and the state of
the economy at the origin is s;;

&:: the probability that project 1 is the first one introduced, given that the
economic state at the origin is s;.

It follows from table II that E (T#*) is not a monotone function of vo. This
confirms our statement in section I that the expected time elapsing until the
maximal capacity is reached does not necessarily increase with greater
uncertainty. In our example it turns out, owing to the bounded range of the
X?s, that it is always optimal to introduce project 1 first, and to introduce
project 2 a few years later. The reason for this is that the installation costs of
project 2 are high. Thus the benefits derived from postponing the introduction
of project 2 are large relative to (W} —W3%)—the benefits derived by
introducing it first.
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TaBLE II

Parameters W, E(T*"), E(T?), &; for Selected Values of vy

vo 1.414 2.828 4.242 5.656
Wi ...... 15341 15316 15285 15250
Wi ..., 15474 15444 15409 15372
Wii ... 10471 10464 10456 10446
Wiy ..., 10538 10530 10522 10513
E(TtY. ... .. 3.14 3.18 3.08 3.09
E(T$Y. ... .. 2.41 2.94 2.63 2.64
E(T¥). ... .. 2.68 2.60 2.36 2.56
E(T$). ... .. 2.06 2.08 2.12 2.19
E(TYH. ..... 3.14 3.18 3.08 3.09
E(TH. ..... 2.41 2.94 2.63 2.64
B oot 1 1 1 1

By oo 1 1 1 1
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APPENDIX
LEMMA A.1: The functions W¥, i=1,...,n, exist and are unique for all
k<K

Proof : Here we assume that k=K—1. A similar proof applies also for all
k<K-—1.

Consider the transformation h: R% — R’ (where R% =the nonnegative
part of the I dimensional Euclidean space) defined by:

h,(v)=E[H(x)], i=19 . ',Ia (A.l)
where:
H(x)=min{G(x),g(x)},
I

GX)=c(x)+B Y mi;v; ' (A.2)
i=1
I

g(x)=cK(x)+MkK+B Z Tfij Wf

j=1

We show that h(.) is a contraction mapping, hence from Ross [1970], it
follows that there exists a unique function v* satisfying:

I
v;":EI:min{ck(x)+B Y n;jv;",g(x)}], i=1,...,L. (A.3)

j=1

This unique function v* is by definition, W¥ Ross has also shown that:

v;*: lim h?(Vo), i=1’ > . -,I, (A'4)

n—aoo
where v, is an arbitrary element of R’.

In order to show that h is a contraction mapping we need to demonstrate
that:

max | b; (') —h; (v*) | Sp max | v} —v?|,
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where p<1 is some parameter. For this we note that:

hi(vl)_hi(vz)EE[mjn{ck x)+B Z i 0}, g(x)}]

ji=1

I
—E[mm{ck(x)+ﬁ Z ;j nga g(x)}ji

j=1
rw} - * ©

= [ex (x)+B o] dF;(x)+ g(x) dFi(x)
v o v oyl
X4 - * ©

— [ex(x)+B v?] dF;(x)— g (x) dF;(x)
o 0 Y *‘2

< [Yam+pharm+ [~ g dRw)
LY 0 .)' W.l

N+ dR - | T g dR®
o 0 o *'1

éﬁl;il—;izléﬁm?xlv.-‘—v,?l, i=1,...,1

where:

The first inequality follows from the fact that {? is chosen so as to minimize
h:(v?). The second inequality is obvious.

Likewise, one can show that:
b (0?) — s (o) S B max | oF — o} .
Hence max | h; (v*)—h; (v") | £ B max|v? —v}|.
QED.
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LeMMa A.2: Let g, (x), .. .,8.(x) be n concave or linear functions, then
g(x)=min{g, (x), . . .,gn(x)} is concave.
Proof : Let x,=a x; +(1—a) x; for some 0<a=1:
g(x)=min{g; (xa), . . ., & (%) }
zmin{ag; (x1)+(1~a)g(x2), . . ., 0 g (x1)+(1 =) gn(x2) }
2omin {g; (x1), - - -, & (%1) } +(1—) min{g; (x2), . . > 8n(x2)}
=a g (x1)+(1—a) g (x2).
QED.
LEMMA A .3: The limits W¥ satisfy W¥(r\)=W¥(ro) for all k<K, i<I
Proof : As shown in lemma A . 1:

WE=lim h?(v),

where the function h; is defined in A . 1. As shown in lemma A . 2, the function
H (x) is concave. Hence it follows from the definition of increased uncertainty
that for any ve R% h;(v|ry)<h;(v|ro) and thus:

W¥(r)=lim hi(v|ry) < lim h}(v|ro) =Wi (ro).

QED.
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