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QUEUES WITH INFINITELY MANY SERVERS

by Lajos TAkAcS

Abstract. — In the time interval (0, 00) calls arrive in a telephone exchange in accordance with a
recurrent process. There are an unlimited number of available lines. The holding times are mutually
independent and identically distributed positive random variables and are independent of the arrival
times. In this paper we determine the limit distribution of the number of the busy lines at the arrival of
the n-th call as n — co.

Résumé. — Dans Plintervalle (0, co) des appels téléphoniques sont arrivés d la centrale selon un
processus récurrent. Il y a des guichets disponibles en nombre infini. Les durées de service sont des
variables aléatoires indépendantes positives avec la méme fonction de distribution et indépendantes
aussi des instants d’arrivée. Dans cet article nous déterminons la distribution-limite du nombre des
guichets occupés a I'arrivée du n-iéme appel quand n — oo.

1. INTRODUCTION

In a telephone exchange there are an unlimited number of available lines and a
connection is made immediately after the arrival of each call. Denote by 1, the
arrival time and by y , the holding time of the n-th call arriving in the time interval
(0, 00). We assume thatt,—1,_; (n=1,2, ..., 1o=0)and x,(n=1,2, ...)are
independent sequences of mutually independent and identically distributed
positive random variables.

Denote by £, the number of the busy lines at the arrival of the n-th call. In this
paper we shall determine the limit distribution of €, as n — co. The analogous
problem of finding the limit distribution of € (), the number of the busy lines at
time ¢, as t — o0 has already been solved by the author [1].

We shall use the notations
P{Tn—rn—léx}=F(x): P{T,,éX}:F,,(X)
and

P{y.<x}=H(x) for n=1,2,....
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Furthermore,
1 if .85,
6= L= &)
0 lf Tj > XJ
forj=1,2, ...

The expected number of calls arriving in the time interval (0, x] is

m(x)= OZO: F.(x) (2)

for x = 0.

2. THE DISTRIBUTION OF &,

We observe that if n > 1, then the random variable &, has the same
distribution as €, +€, + ... +¢,-;. Obviously, §, is equal to the number of
subscripts i=1, 2, ..., n—1 for which t;+y; = t,. If we replace ¥, %2, ...,
Xn=10Y Ane1>An_2, --., ¥1respectively,andt; — Ty, T, =Ty, ..., T,—Tp—1 DY
Tyu—Tn-1>Tn1—Tu_2, --., T4 —To respectively, then we can conclude that &,
has the same distribution as the number of subscripts i=1, 2, ..., n—1 for
which x; = 1;. Accordingly,

P{t,=k}=P{e;+e,+ ... +¢,_,=k} )

for k=0,1, ..., n—1.
The r-th binomial moment of &, is

E{<§">}= ¥ E{e &, ...¢ } 4)
r 1<i,<ip<...<i,Sn—1

forr=1,2, ...,n—1,and 1 forr=0.Ifr=1,2, ..., n—1, then by (1) we obtain
that

E{e ¢ ...¢ }= Jw Jw Jw[l—H(xl)] [1—H(x;+x5)]...
(] 0

0

X[L—H(x,+ ... +x,)] dF, (x;) dF, (x;) ... dF, (x,). (5)

The distribution of &, is uniquely determined by its binomial moments. See
reference [2]. We have

L (o B

for k=0,1, ..., n—1.
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3. THE LIMIT DISTRIBUTION OF &,
Now we shall prove the following theorem.

THEOREM 1: If

a= J:de(x)<oo, (©)]
then the limit distribution
lim P{g,=k} =P, ®)
exists, and
Pk:ék(—l)""G)B, ©)
for k=0,1,2, ..., where Bo=1 and

) [+ roo
Br: Jr J\ J [1—'H(xl)][1_H(xl+xZ)]
0 [}

[}

X [1—H(x;+ .. Fx)]dm(xy) dm(x,)...dm(x,) (10)

forr=1,2, ...
Proof: By (3) we have
P{¢,<k}=P{e,+e,+ ... +e,-1 =k} (1)
forkz20andn>1whereg,+ ... +¢,_, is O for n=1. For n=1, 2, ... the
events {81+ ... +€,.y <k} form a decreasing sequence. Thus by the
continuity theorem for probabilities we obtain that
1imP{§,.§k}=P{za,§k} (12)
n— oo j=1

for k = 0. Hence the limit (8) exists and

i=1
for k=0,1,2,...

The random variables €, + ... +g,_, (n=1, 2,...) form a nondecreasing
sequence and if a < oo, then

P{i aj<oo}=1. (14)

vol. 14, n°® 2, mai 1980



112 L. TAKACS

Consequently, B,=1 and

B,= limE{<81+ "r'“"”)} (15)

forr=1, 2,... By (4), (5) and (15) we get (10).
If a < oo, then there exists a positive constant C such that

B, 2 C"/r! (16)
for r 2 0. If r=0, then (16) is trivial. Let r = 1.

Since
m(t+h)—m(t) < 1+m(h) 17

for t 2 0 and h = 0, by (10) we get the inequality

Bé(“"’“’))' Jw Jm ...ru—H(xl—h)]
h (4] [0} 0

x[1—H(x;+x,—h)]...[1-H(x;+ ... +x,—h)]
<1+m(h)>' (a+hy

xdx, dx, ...dx,

IIA

h r! (18)

for r=1, 2, ... and any h > 0. This proves (16).

By (16) and by the results of reference [2] we can conclude that (9) is valid for
any k=0,1, 2, ...

4. EXAMPLES
(i) Let
F(x)=1—e** (19)
for x = 0 and
a= j xdH (x) < c0. (20)
0
Then ‘
m(x)=Ax (21)
for x =0,
B,=(\a)"/r! (22)
for r 2 0 and
Py=e " (\a)/k! (23)

for k = 0.
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(i) Let
H(x)=1—e#* (24)
for x = 0 and

o(s)= jwe‘s"dF(x) (25)
4]
for s =2 0.

Then a=1/p is finite,

(el
D<1—<p(lu)>

forr=z 1, By=1 and P, is given by (9) for k = 0.
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