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IMPROVED LOWER BOUNDS
TO THE TRAVELLING SALESMAN PROBLEM (*)

by Gianfranco D’ATrI (%)

Abstract. — In this paper we study the dual of the Travelling Salesman Problem as a source of lower
bounds for the primal problem. We consider an extended set of constraints and design a general iterative
procedure in the space of the multipliers, i.e. dual variables, which also provides new simple bounds.

0. INTRODUCTION

The Travelling Salesman Problem (TSP) has been widely studied in'order to
find optimal as well as approximate solutions, but no satisfactory algorithm yet
exists despite its quite elegant integer programming formulation.

In recent years emphasis has been put on its dual program which provides
good bounds to sub-problems generated during a Branch and Bound procedure;
moreover techniques have been introduced for optimizing, or sub-optimizing,
the dual by means other than the Simplex Method, unpractical for the size
of (TSP) and of its dual (?). The first use of such lower bounds has to be ascribed
to Little et al. [18] indeed they used an approximate solution to the related
Assignment Problem Dual.

A more sophisticated and computationally simple bound wds introduced by
Held and Karp [12, 13] and, in a slightly different way, by Christofides [3]: this
method solves related Spanning Tree Problem during an iterative procedure and
has been shown to approach the optimal value of the dual, i. . the best possible
bound in this context, in a short amount of computer time.

In [3] another technique was also presented solving a sequence of Assignment
Problems: for it good computational results are reported.

In this paper we study the dual of (TSP) in the symmetric case and give a
general “bound generator” framework in which preceding procedures are
imbedded or extended to the symmetric (TSP).

(*) Received June 1977. 3
(*) Institut de Programmation, Equipe “Graphes et Optimisation Combinatoire”.
() We must cite Miliotis [19] who resumed the Symplex for (TSP).
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370 G. D’ATRI

We use an extended set of constraints and a very large dual with multipliers
associated with each constraint; but they are handled implicitly, exploiting
results due to Edmonds and Johnson [6, 7].

This work is not a computational report or the description of a particular
algorithm, but an effort to understand the structure of a special combinatorial
problem, providing, as by-product, tools to be used in the design of algorithms.

For a general presentation of (TSP) see [2]; while for concepts and results
about Lagrangean relaxation [9] can be consulted.

The paper is so organized: in section 1 the structure of (TSP) and related
problems is studied; in section 2 a first lower bound procedure is presented; in
section 3 the general one is discussed.

~ SECTION 1

1.1. Let G=(N, E) be a graph with vertex set N={1,2, ..., n} and let the
non-negative (*) vector ¢=(c,),.s specify the costs assigned to the edges. Each
partial graph of G is assigned a cost equal to the sum of the costs of its edges.
A tour is a cycle passing through each vertex exactly once.

The Symmetric Travelling Salesman Problem is that of finding a tour in G of
minimum cost.

The following notation is used: for any set of vertices S in a graph, o (S) is the
matrix 4 and an index i, A’ is the column i of A and A, is the row i of 4; | X |
denotes the cardinality of set X or the absolute value of number X; R is the set
of all non-negative real numbers.

If we associate to each edge e the binary variable x,, the vector x=(x,), .
represents the partial graph G with edge set { e€ E/x,=1}; then the problem
can be formulated as the integer linear program

MIN c¢x,

Y o x,=22 for ScN, 0))]
(TSP) eew(S)

Y x,=n, (2)

eekE

x,=0 or 1 for ecE,

indeed any tour has »n edges and enters and leaves each subset of vertices at least
once.

(®) But this is not a restriction.
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TRAVELLING SALESMAN PROBLEM 371

In this paper we are concerned with relaxations of (TSP), that is, problems
with optimal value less than that of (TSP) and, possibly, solvable by efficient
algorithms: two families of them can be constructed by relaxing some
constraints.

For a given partition P={S,, ..., S,} of N, let us define the P-contraction
of G to be the graph G'=(V, E) with the same edge set as G and
vertices vy, v, . . ., v, such that the edge e links v; to v; #v;if e e 0 (S;) N @ (S;), or
it is a loop of v; if it links two vertices of S; .

An example is given in figure 1 where S, ={1,2,3},5,={4,5},S;={3}.

2 3

Figure 1.

For a given partition P and a non-negative cost vector f, we call:

P-Bicovering problem, the problem of finding a (2, 2, . . ., 2)-coveringin G’ of
minimum cost, that is
MIN fx,
(B,) Y x,=2 for veV, (3)
P ecw(v)
x,=0 or 1 for eekE,

P-Spanning problem, the problem of finding a 1-tree in G’ of minimum cost,
that is

MIN  fx,

Y x,21  for SeV—{v},. 4)
(TP) eew'(S)

Y x,=2, ()

ccols,)
x,=0 or 1 for eeE,
where ©' (S)=w(S)—w(y,).
Some comment is in order:
(@) in (TSP) there are obvious redundant constraints, e. g. ® (S)=w (N —S);
but their reduction is not in the scope of the paper.

vol. 12, n° 4, novembre 1978



372 G. D’ATRI

(b) in (Bp) and (T},), the variables associated to loops in G’ appear only in the
objective function: in an optimal solution they take value 0 whenever the cost is
non-zero, so they doesn’t affect the optimal value;

(c) for the special partition N={{i}/ie N },(Ty)is a 1-tree problem in G and
(By) plus the constraint (2), denoted (By), is a 2-Matching problem in G.

1.2. We have the obvious:
PROPOSITION 1: Let P-Bicovering, P-Spanning and 2-Matching problems have
cost vector f= ¢, then

v (TSP) = max (max v(By); max v(Ty); v(Bjy),
P P

It says that any of the cited problems are relaxations of (TSP) and so an
improved lower bound can be obtained by solving as many as possible of them.
Among them there is no best one, as showed in the following examples.

4 10 5 1 1 ¢
1 10

10 1 1

A Figure 2. B

In all the figures the numbers written near the edges are the costs.
Let us consider the graphs of figure 2, with
P={S,.5,} and S, ={1,23}, S,={4.5,6}.
For graph 4 :
v(TSP)=24; v(TY)=15; v(By)=6; v(Bp)=v(Tp)=20.
For graph B:
v (TSP)=24; v(T)=4; v(BN)=22; v(Bp)=v(Tp)=2.

There are better ways of using P-contractions than that suggested by
proposition 1, but this is the scope of section 2.

The introduction of these relaxations is justified by the fact that we know
efficient algorithms solving them and giving, as by-product, a dual associated
solution. Indeed, if we denote by B x=b* and TFx =" the linear systems
defining the convex hulls of the integer solutions to (Bp) and (T'), respectively,
we have:

R.A.LR.O. Recherche opérationnelle/Operations Research



TRAVELLING SALESMAN PROBLEM 373

THEOREM 1: For any problem (Q)=(By) —resp. (Tp) — there exists a multiplier
vector A=nF—resp. uW¥ —such that an optimal solution to the Lagrangean
relaxation of (Q), MIN fx+A (g—Qx), x.=0 or 1, is optimal to (Q);, where
Q x=q is the convex hull of integer points in (Q).

Furthermore, the multipliers are computable in polynomial time.

The first assertion derives from the duality theory for linear program-
ming, while the multipliers can be obtained by solving (Bp) with Blossom algo-
rithm [6, 7} and (Tp). with some modified version of Kruskal’s one [15, 20].

The full characterization of the convex hulls of integer solutions for (Bp)
and (T;) has been given by Edmonds [7] and Held-Karp [12], respectively.

Three remarks:

(d) theorem 1 is valid also for (Q)=(By);

(e) the reduced costs f'=f—XQ, which appear in the Lagrangean
relaxation, are non-negative and zero for variables with value 1;

\J) despite the large number of constraints in (Q) of theorem 1, the multi-
pliers with non-zero value are less than the cardinality of the edge set, |E ‘

The next theorem gives the tools for exploiting the results of theorem 1, as will
be shoxn in the next section. Let be
MIN dy,
(P) Hyzh,
y;=0 or 1, jeJ,

a linear integer problem and, for a conformable non-negative multipliers
vector A,
MIN dy+A(h—Hy),

(RP) e

y;=0 or 1, jed,
its Lagrangean relaxation then:

THEOREM 2, [4]: If ¥ is a solution to (P)and y’ to (RP,), set I = {je J/jg#y}} and
li=|d;—AHI|, then:

v(P)Zv(RP)+Y /. 6)

jel
SECTION 2

2.1. Let us rewrite problem (TSP) by introducing all the constraints needed for
the continuous characterization of P-contraction problems, but maintaining the
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374 G. D’ATRI

integrality condition on the variables, that is

MIN cx,
B¥x>b" for any partition P of N (7i)
(TSP) TPx=t* for any partition P of N (7ii)
Y x.=n, (7 iid)
eckE
"x,=0 or 1, for eckE,

then a Lagrangean relaxation of (TSP) is

{MIN cx+Aa—Ax),
x.,=0 or 1, for eckE,

where Ax=a is a synthetic representation of constraints (7) and A a non-
negative vector of multipliers associated to all the constraints (*).

The optimal value of a particular P-contraction problem is the optimal value
of a relaxation with all zero multipliers except those associated to the constraints
of this problem which are determined as specified in theorem 1.

(TSP,)

Now, let us suppose to have solved (By), i.¢. selected a multipliers vector A
according to theorem 1; the primal solution X solves (TSP,) and (By) but not
necessarly all the other P-contraction problems. If this is the case an optimal,
and then feasible, solution x to (TSP) must have some components different
from %. We can try to evaluate the summation of (6), or a lower bound to it, for
improving the simple bound v (TSP,).

If the partial graph G, is a not tour, then it is constituted by k> 1 connected
components whose vertex sets are S;, . . ., Si; in the iatter case, the optimai
tour Gz must enter and leave any of them at least once, so the edges of F'c F,
with

F'={ecE/%,=0andx,=1} and F={eeE/%,#X.},

are a (2, 2, . . ., 2)-covering of the contracted graph with P={S;, ..., 5;}.
If v, is the optimal value of (Bp) with costs /,=c,—X A° (20, see remark e),
using theorem 2, we have

v(TSP)20(TSP)+ ¥ [,20(TSP,)+0v,. ®)

eeF

Let us remark, now, that the S$olution x' of (Bp) produces a partial
graph G, u G, which is connected or constituted by new connected components

(*) For equality constraints in (TSP), written as two inequalities, we could take multipliers
unrestricted in sign.

R.A.I.R.O. Recherche opérationnelle/Operations Research



TRAVELLING SALESMAN PROBLEM 375

whose vertex sets are Si, ..., S}, so the same considerations induce us to
improve the bound of (8) via the solution of problem (Bp/) with objective function
coefficients /= /,—\' A°, where P'={S}, ..., S..} and A’ is the multipliers
vector associated to the primal solution x’ of (Bp).

More generally, the following is a bounding procedure:

BOUND 1:

Step 0: let P be a starting partition; bound=0;1=c¢; G=(N, Q);

Step 1: solve (By), using cost vector 1: let be v=0(Bp), x the primal solution
and A the associated multipliers vector;

Step 2: bound=bound +v; 1=1-14; G=G U G,;

Step 3: If G is connected STOP, otherwise P={S,, ..., S,}, where

S,, ..., S, are the vertex-sets of the connected components inG,
and GO TO step 1.

PROPOSITION 2: At any iteration bound is a valid lower bound to (TSP).

. Moreover, the procedure can be stopped before a connected partial graph is
obtained, and then the current bound improved as follows:

after step 2: Solve (Tp) with cost vector 1; bound =bound + v(Tp), where P is
the partition of connected components in G; STOP.

Indeed, a tour contains a 1-tree for the-contracted graph, so a lower bound to
the reduced cost of edges in F"'={ec E/x,#x,} is the optimal value of (Tj),

(here x is such that G,=G). Four comments:

(a) BOUND 1isthe generalization and extension to the symmetric case of the
procedure due to Christofides [3];

(b) it is easily realized that the enormous number of constraints (7) is only
implicitly considered, for the reduced costs are computed by the mentioned
algorithms;

(c) the number of variables decreases at each iteration of Bound 1 if multiple
edges in contracted graphs are reduced to two for each pair of vertices;

(d) in the first iteration, if the initial partition is N, (By) can be used as well
as (By); but, trivially, v(Bg)=v (By).

An example: Let us consider graph A of figure 2, the solution of (By) gives
w=v(By)=6 and the two connected components S,={1,2,3}
and S,={4,5,6} linked by two edges(l,6) and(3,4), of reduced
cost /=9 (°). Now, for this example, problems (B;) and (T,) are equivalent and

(>) The convex hull of integer points of (By) satisfies the following constraints
Xig +X,3+ X5, +X,23 and x,q+Xxq,+X,,+x;,23. and the optimal solution is obtained
assigning them multipliers Ay =1 and A, =1, 80 [, =13,=10—1=9.
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376 G. D’ATRI

their solution gives v, =18 and the improved bound for (TSP) becomes
w+v,=6+18=24, indeed the optimal value.

2.2. A procedure, analogous to Bound 1, can be conceived starting with the
solution of a 1-tree problem: here it is sketched.

Let us suppose that x" solves (Ty) and then a certain Lagrangean
relaxation (TSP,), but not necessarly the other P-contraction problems. The
graph G, or is a tour or it contains k= 1 vertices, say iy, . . ., i, of degree 1; in
the latter case, the optimal tour G;must meet each of them with at least one edge
other than that of the tree, so the edges of F u F, with

F={ecE/x,#x.} and F={ecE/x,=1}

area (2,2, ..., 2)-covering of G; if v, is the optimal value of (By) with reduced
costs /,=c,—AA°,

then L= Y .

Furthermore, /,=0, for any ecF, and so

Y L= 1,

eeFUF eeF
then v
v(TSP)=v(TSP,) +v,. (10)
Now or the solution x'* of (By) produces a partial graph G,..u G, without
cut-edges, or there are k'=1 sub-sets of vertices 'S, . ... S, linked to
l=N— ’“’1 P Sk oYy uun-y onc \.usv aud not }hu\ed among {hem, the Op[:mal
tour meets each of them at least with another edge, so these edges and those of
G,uG, are a (2,2, ...,2)-covering in the P-contracted graph with
P={IS,....8}. ’

As before, an improved bound can be found by solving (Bp) with reduced costs
l,=1,—)\" A°, where A’ are the multipliers associated to the optimal solution
of (By)-

Obviously, the procedure can be iterated until a partial graph is found with no
cut-edge.

An example: Let us consider figure 3, a minimum cost 1-tree in graph C is
the partial graph C,, with associated multipliers 1, =0 for all e E, and giving
the bound v(TSP,)=0; then a minimum reduced cost (2, .. ., 2)-covering
(or N- Bicovering) is C,, giving the bound v(TSP,)+v,=0.

In C, there are two cut-edges, (2, 7) and (7, 5), so we take S, = { 1,2, 34,
S,={ 4 5, 6} and I={ 7-} : C, is the contracted graph in which the minimum

R.A.L.R.O. Recherche opérationnelle/Operations Research



TRAVELLING SALESMAN PROBLEM 377

4 1 4
4] 0
Y 0
[¢] 2 3 5 o)
0 0
5 1
6 .
¢ ¢,
¢
b C,
Figure 3.
reduced cost (2, . . ., 2)-covering has value v, =1, and so the final lower bound

is v(TSP) +v,+v,=1.

Two remarks:

(e) itis easily realized that the solution of a (Tp)-problem can be inserted as an
intermediate step (only once) in Bound 1, as well as first or terminating one;

(f) thereare problems for which whatever version of Bound 1 doesn’t provide
a good bound: for graph in figure 4 the output of Bound 1 is 0, while v (TSP)=1
and v(By)=1.

Figure 4.

SECTION 3

3.1. In this section we describe a method for obtaining lower bounds without
graph structure considerations, and we show how it is related to those of
section 2.

Let be v(A\)=v(TSP,), p=the number of constraints (7) in (TSP),
SUPP (')=the index-set of non-zero components of vector (); we call dual
problem of (TSP):

(D) { MAX v(}),
AeRZ.
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378 G. D’ATRI

The main properties of function v()) are summarized in the following:

THEOREM 3 [9]: v(A) is continuous, concave and piece-wise linear;
v(D)=<v(TSP).

A method, called sub-gradient relaxation, has been introduced by Held-
Karp [13] and Held et al. [10] for problems similar to (D): the idea behind is to
generate a sequence { A"} of non-negative multipliers vectors by the rule
M*l=max(0, \]+0"¢g),i=1, ..., p; with g"a sub-gradientof v(")at 1" and €"
a step-length, chosen according to a rule guaranteeing convergence. In pratice
the method is used only for finding approximate solution to (D) which are,
obviously, lower bounds to (TSP).

However it is difficult to construct such a sequence for the Travelling Salesman
Dual considered by us, due to the enormous number of dual variables, i.e.
multipliers, which we hope to treat only implicitly.

The technique described below constructs a sequence of sub-spaces of RF,,

say { Z,},suchthat Z, ~ Z,, , # @ and v () is optimized over each Z,, obtaining
a sequence A" for which o (A"* 1) = v (1").

Let be G a matrix and p a vector of conformable dimensions, for a fixed A=0
the problem:

MAX v(),
D10 L=A+pG, (11)
p=0,
can be considered the dual of
MIN(c—A 4)x+Aa, (12)
Lz, o) (GA)x2Ga, (13)
0=x,=1,

indeed the Lagrangean relaxation of (L; ;) with multipliers p is the same as that
of (TSP) with multipliers A=X+p G.

If we get a multipliers vector p’ optimal for the dual of (L5 ;) and satisfying
A'=A+p' G20, then A" optimizes v(*) over the sub-space

Z'={AeR,/A=A+pG, p=0]}. (14)

Otherwise, set
0" =max {6/0<0=<1, A+08(' —1)=0} (15)

R.A.LR.O. Recherche opérationnelle/Operations Research



TRAVELLING SALESMAN PROBLEM 379

then A" =X + 0" (A’ —X) maximizes (") over the segment
Z"={LeR,/A=A+B(\'—A), 001} (16)
For a given sequence { G” } of matrices, whose selection will be discussed later,
the procedure can be described as follows:
BOUND 2:
Step 0: Let A°=0 be a starting multipliers vector; bound = v (A°); r=0;
Step 1: Solve (L, ;) and set A" "' =X’ or 1", as discussed above;
Step 2: bound=v (A" *'); r=r+1 and GO TO step 1.

ProPosITION 3: At any iteration bound is a valid lower bound to (TSP) and v (\")
is a non decreasing sequence of bounds.

The computational complexity of Bound 2 depends on the dimensions of A°
and G" as well as the complexity of (L, ;) problems, but special classes of
matrices G” exist providing an overall polynomial behaviour for Bound 2.

As first, let us point out that multipliers are only implicity handled at the same
time; indeed at any iteration the coefficients of (12) —apparently requiring the
tremendous product A A — are simply updated by the following recursion

(=N 1 A)=(c—NA)—p" G A4, (171)
Mtla=Na+p G a, (17 ii)
where p" is the multipliers vector associated to the optimal solution of (L, 4).

Moreover, the determination of 6”'in (15) —apparently requiring the solution
of a system of p linear inequalities — reduces to the search for the minimum
among | SUPP (") » SUPP (A * ') | numbers.

3.2. Let us now study special matrices producing easily solvable sub-problems
of the (L, ¢)-type.

Case 1: If Gisanm x p matrix —remember that Ais p x | E| — the resulting
problem is an m x |E| linear program; the computation of its constraints,
defined in (13), requires m x |E| scalar products, each of them obtained with

max | SUPP(G,)| multiplications at most.

So, for moderate values of m and | SUPP(G)) |, (L, ¢) is easily solvable.

A remarkable case is m=1, then the linear program reduces to a continuous
knapsack problem, which is solved by very simple algorithms.
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An example: Let be G an 1 x p matrix such that SUPP (G) is the index-set of
constraints (3) in (Bp), with P={S,, ..., S, }, then (L, ;) is

MINc¢ x+a’
Y x, =k,

ecE
0=sx,=1,
and it is optimal value, a lower bound to (TSP), is the summation of the k
smallest reduced costs ¢c,=c,—A A° plus a’'=Ara.

For constructing a sequence of 1 x p matrices to be used in Bound 2, the
following general strategy is useful.

At iteration r, let be x the solution so defined
x,=1 if ¢,<0, x,=0 if ¢,>0,
where ¢, =c,—\" A,; select a constraint, say the i-th one, which is not satisfied

by x and set Gi=1 and G;=0 for j#i.

If the selected constraint is one of (1), say ) x,22,let be ¢! and ¢? the two
- een(S)
smallest reduced costs in { ¢, /e €n(S)}, then

v Y =v (W) +c® +max(ct; 0)>v(\),
NFr=00 df i and M= A+
emark:
(a) The previous strategy, in its version for the directed (TSP), was implicitly

used in [18], exploiting the constraints (3) of (By).

Case 2: If G is an all 0-1 matrix such that:
@) | SUPP(G) |=1;
(i) SUPP(G,+SUPP(G) for all i#j;
(iii) { ) SUPP(G )= the index set of all the constraints defining the convex hull

ofinteger points of a P-contraction problem;
then GA x= G a defines this convex hull.

So, the linear program (L, ;) can be considered implicitly and solved by the
algorithms cited in section 1.

Now it is evident the following:
TuEOREM 4: Bound 1 is a special case of Bound 2.
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TRAVELLING SALESMAN PROBLEM 381

Indeed, at each iteration of Bound 1 the objective function coefficients are the
reduced costs of the preceding iteration and the constraints can be obtained
from A by an appropriate choice of matrix G".

ACKNOWLEDGEMENTS

I thank prof. Schiitzenberger and prof. Vignes for the opportunities of research they gave to me,
prof. Chein for having introduced me to the problem treated here and my wife Clara for her advises
and the type-writing of this report.

The researches were conducted under a grant from the Consiglio Nazionale delle Ricerche, Italy.

REFERENCES

1. M. BELLMORE and J. C. MALONE, Pathology of the Travelling Salesman Subtour
Elimination Algorithms, Ops. Res, Vol. 19, 1971, pp. 278-307.

2. M. BELLMORE and G. L. NEMHAUSER, The Travelling Salesman Problem: a Survey,
Ops. Res., Vol. 16, 1968, p. 538-558.

3. N. CHRISTOFIDES, Graph Theory: an Algorithmic Approach, 1975, Academic Press,
N.Y., pp. 236-280.

4. G. v’Atr1, Lagrangean Relaxation in Integer Programming, IXth Symposium on
Mathematical Programming, 1976, Budapest..

5. E. W. DUKISTRA, A Note on Two Problems in Connection with Graphs, Numerische
Math., Vol. 1, 1959, pp. 269-173.

6. J. EDMONDS, Some Well Solved Problems in Combinatorial Optimization in
Combinatorial Programming: Methods and Applications, 1975, B. Roy, éd., Reidel
Pub. Co., pp. 285-311.

7. J. EpMoNDs and E. JOHNSON, Matching: a Well Solved Class of Integer Linear
Programs in Combinatorial Structures and their Applications, 1970, Gordon and
Breach, N.Y., pp. 89-92.

8. M. L. Fisger, W. D. NorTHUP and J. F. SHAPIRO, Using Duality to Solve Discrete
Optimization Problems: Theory and Computational Experience, Math. Prog. Study,
Vol. 3, 1975, pp. 56-94.

9. A. M. GEOFFRION, Lagrangean Relaxation for Integer Programming, Math. Prog.
Study, Vol. 2, 1974, pp. 82-114.

10. M. Hewp. P. Worre and H. P. Crowper, Validation of Subgradiant Optimization,
Math. Prog., Vol. 6, 1974, pp. 62-88.

11. M. GonNDRAN and J. L. LAURIERE, Un Algonthme pour les Problémes de
Recouvrements, R.ALLR.Q., Vol. 2, 1975, pp. 33-51.

12. M. Herp and R. M. KARP, The Travelling Salesman Problem and Minimum Spanning
Trees, Ops. Res., Vol. 18, 1970, pp. 1138-1162.

13. M. HELD and R. M. KARP, The Travelling Salesman Problem and Minimum Spanning
Trees, 11, Math. Prog., Vol. 1, 1971, pp. 6-25.

14. K. HELBIG HANSEN and J. KRARUP, Improvements of the Held-Karp Algorithm for the
Symmetric Travelling Salesman Problem, Math. Prog., Vol. 7, 1974, pp. 87-96.

15. J. B. KRUSKAL, On the Shortest Spanning Subtree of a Graph and the Travelling
Salesman Problem, Proc. Amer. Math. Soc., Vol. 2, 1956, pp. 48-50.

vol. 12, n® 4, novembre 1978



382 G. D’ATRI

16. S. LIN, Computer Solutions of the Travelling Salesman Problem, Bell System Techn.
1., Vol. 44, 1965, pp. 2245-2269.

17. S. LN and B. W. KERNIGHAN, An Effective Heuristic Algorithm for the Travelling
Salesman Problem, Ops. Res., Vol. 21, 1973, pp. 498-516.

18. J. D. LITTLE et al., An Algorithm for the Travelling Sales Man Problem, Ops. Res.,
Vol. 11, 1963, pp. 972-989.

19. P. MiLioTs, Integer Programming Approaches to the Travelling Salesman Problem,
Math Prog., Vol. 10, 1976, pp. 367-378.

20. C.YA0, An O (| E|log log| V'|) Algorithm for finding Minimum Spanning Trees, Inf.
Proc. Letters, Vol. 4, September 1975, pp. 21-23.

R.A.IR.O. Recherche opérationnelle/Operations Research



