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ON THE BUSY PERIOD FOR THE M|G|1 QUEUE
WITH- FINITE WAITING ROOM

by E. J. VANDERPERRE (})

Summary. — The Laplace-StteItjes transform (L.S.T.) of the probability distribution
Sunction of the busy period for the |G 1 queueing system with finite waiting room can be
obtained by using a supplementary variable method (a Markov characterization).

In the present paper, it is shown that applying this method, it is rather easy to analyse
queueing systems with a finite waiting room and with Poisson input.

1. INTRODUCTION

For the well known model of the M|G|1 queue with finite waiting room,
Cohen [1] obtained the L.S.T. of the distribution function of the busy period
in a rather simple way using a Markov renewal branching argument.

In this paper, we use a simple method based on the inclusion of a supple-
mentary variable (Markov characterization). Moreover, the method is not
restricted to queueing systems with Poisson input.

2. MATHEMATICAL ANALYSIS OF THE SYSTEM

Denote by A~! the mean interarrival time of customers and by F(.) the
distribution function of the service times. Let 0y denote the duration of a
busy period of the M|G|1 queue with K waiting places. A customer who finds
all waiting places occupied, cannot enter the system. He departs and never
returns (overflow).

Moreover, let X, be the number of customers waiting in the system at any
Jinstant of time 7 and x, the past service time of the customer being served at
time ¢. It is assumed that a customer arrives at time z = 0 and that he meets
an empty system.

(1) Département de sciences économiques, Université de Hasselt, Belgique.
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The busy period 6y is the time between ¢ = 0 and the first instant at which
the system becomes empty (the absorbing state).

Fori=20,1, ..., Kand ¢, x > 0 we define
pit, x)dx‘?ifPr[A’ =Lx< X <x+dx|x =0]

By simple probabilistic arguments, we have for i =0,1, ... K—1

—-Ax O‘x i
(i—nN!

pilt x) = Z::;Pj(t—-X, 0 +)e [l — FGO)

i=k-1 ‘ 1=R=i-i kx'
Pl x) = Zo p,-(t—~x,0+){1 'ZO e XX ) }[I—F(x)]
i= =
The Laplace transform with respect to ¢ of p; (¢, x) will be denoted
by p¥(s,x);Res > 0. '

If we consider the events in which x, = 0 +, then we obtain the following
set of recurrence relations for the boundary values of the functions p¥(s, x) ;
i=0,1,..,.K—1,

j=it+t (M i+1—j
P0D =30t Yy A0+ [ e dF(x)
j=0 i+1— )
j=K~1
6 PEi(s.0+) = Zo P}, 04)
< j=
© I=K—-1-j 1
Csx -x ()
foe {1— :;; T }dF()
| PX(s,0+) =0
where 3,; is the Kronecker symbol.
Let
f(s) def f e dF(x) Res> 0
o

f( )dcf f e—sxc-?\x (7\)() dF( ) i> 0
(4]
The L.S.T. of the probability distribution function of the busy period 9,
will be denoted by E { e 2%},
Clearly
¢)) E {95} = fy(s)pb(s, 0 +)
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The following column K-vectors will be used.
560 4) o460 +), s Y5, 0+), oo pE1(5 0 AT
i=[,o0, ..,0, ...,07

and the X X K matrix function
(i f» 0 o . . . 0o 0o o]
fo(s)  fis)  fols) O . . . 0 0 0}
L6 HO A f) O . . 0 0 0

P(S)dze_f . . . . . . . . . .
fina@)  fi8) fiea(s) oo S2(8) fi(s) So() O O O

. . . . . . . . . .

fxfx(s) Jx-2(8) Sfx-3() . . . . Sf2(8) fi(8) Sfols)

ag-1(5) ax-»(s) ax-3(s) . . . . ay(s) ay(s) ao(s)
where. h
a; % fis) — Z fis)  i=01, ., K—1
By (1) we obtain .

U—PE)p (50+4)=1
where I is the unit matrix.

It can be shown that the matrix [/ —P(s)], 0 < Re s < 00, is nonsingular.

For K > 0 we define det [ — P(s)] = Ax(s) and Ay(s) = 1. By (2) and Cramer’s
rule, we have

% Ax_(s)
3 E OEY - k-1 K> 1.
3 {e } = fols) ) 2

But
=K=
@ A=A i) — =Z OBk 5) —F5 ™ Dax-1(S).
Let

Ag_i(s) .
©) Tre10) EZELZ j=0,1, ., K
f57%s)
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By (4) and (5) we obtain after some simplifications

j=K-1
) () = j;o L) Yr+1-508) + ag—1(s) K>1
Let
™ Y(s, )% Z x@Z° 2] < o)

where p(s) is the smallest root of the functionalequation Z — f(s 4+ A —2AZ) =0
Res = 0.

By (6), (7) and algebra, we find

Z Z — Zf(s)
® Y(S’Z)=1—z{l‘z—f(s+x—x2)}

If & denote a circle with center at the origin of the complex Z-plane and
with radius lZI < |e(s)|, Re s > 0, then by (3), (5) and (8) we obtain for
K=1,2,... Res >0,

dz

1—{1—f8)} 5~ I§ZK —il— 2 Z—fs + A —22)!

E {e72} =
1—{1—f(s)} 2—7;1-{)?((1 —Z) NZ—fls +r—22) !

It is easy to show that the result agrees with Cohen’s Theorem [1] p. 825.
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