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Vector bundles on Riemann surfaces and Conformal Field Theory

Arnaud BEAUVILLE (*)

Introduction

The main character of these lectures is a finite-dimensional vector space, the
space of generalized (or non-Abelian) theta functions, which has recently appeared
in (at least) three different domains : Conformal Field Theory (CFT), Topological
Quantum Field Theory (TQFT), and Algebraic Geometry. The fact that the same
space appears in such different frameworks has some fascinating consequences, which
have not yet been fully explored. For instance the dimension of this space can
be computed by CFT-type methods, while algebraic geometers would have never
dreamed of being able to perform such a computation.

In the Kaciveli conference I had focussed (apart from the Algebraic Geometry)
on the TQFT point of view. Here I have chosen instead to explain the CFT aspect.
The main reason is that there is an excellent account of the TQFT part in the little
book [A], which anyone wishing to learn about the subject should read. On the other
hand the CFT is the most relevant part for algebraic geometers, and it is not easily
accessible in the literature.

This is an introductory survey, intended for mathematicians with little
background in Algebraic Geometry or Quantum Field Theory. In the first part
[ define a rational CFT as a way of associating to each marked Riemann surface
a finite-dimensional vector space, so that certain axioms are satisfied. I explain how
the dimensions of these spaces can be encoded in a finite-dimensional Z-algebra,
the fusion ring of the theory. Then I consider a particular RCFT, the WZW model,
associated to a simple Lie algebra and a positive integer, and I show how the
dimensions can be computed in that case.

In the second part I try to explain what is the space of non-abelian theta
functions, and why it coincides with the spaces which appear in the WZW model.
This allows to give an explicit formula for the dimension of this space. Then I discuss
how such a formula can be used in Algebraic Geometry.

I would like to thank the organizers of the Conference for providing such a warm and
stimulating atmosphere during the Conference - despite all the material difficulties they had

to face.

(*) Proceedings de la Conférence ” Algebraic and Geometric Methods in Mathematical Physics”,
Kaciveli (Ukraine), 1993.
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Part I : Conformal Field Theory

1. The definition of a RCFT

There are various definitions in the literature of what is (or should be) a
Rational Conformal Field Theory (see e.g. [B-K-Z], [F-S], [M-S 1], [S]); unfortunately
they do not seem to coincide. In the following I will follow the approach of [F-S], i.e.
I will deal only with compact algebraic curves.

I suppose given an auxiliary finite set A, endowed with an involution A +— A*
(in practice A will be a set of representations of the symmetry algebra of the
theory). By a marked Riemann surface (C,p, X) I mean a compact Riemann
surface (not necessarily connected) C with a finite number of distinguished points
p=(p1,.-.,Pn), €ach p; having attached a “label” A; € A. Then a RCFT is
a functor which associates to any marked Riemann surface (C,p, X) a finite-

dimensional complex vector space V¢(p, X) , satisfying the following axioms :
AO. Vpi(@) =C  (the symbol @ means no marked points).

A 1. There is a canonical isomorphism
Vo X) = V(5,3 %)

with X* = (A%,..., %),
A 2.Let (C,p, X) be the disjoint union of two marked Riemann surfaces (C',p’, X’)
and (C",5",X"). Then

Ve@X) = Vo (3, X) @ Ver (5", X) .

A 3. Let (Cy)iep be a holomorphic family of compact Riemann surfaces, parametri-
zed by the unit disk D C C, with marked points pi(%),...,pn(t) depending
holomorphically on t (fig. 1 below). Then for any ¢t &€ D there is a canonical

isomorphism

Ve, (1), X) = Ve, (0), 3) -

A 4. Same picture, but assume now that the “special fibre” Cy acquires a node s
(fig. 2a and 2b); we assume that the points p;(0) stay away from s. Let Co be
the normalization of Cy, i.e. the Riemann surface obtained by separating the two

branches at s to get two distinct points s’ and s . There is an isomorphism

Ve, (0t),X) = D Vi (#(0), ', s"5 X v,v%)

vEA
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p, (0)
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fig. 2b

There are a number of compatibilities that these isomorphisms should satisty,
but we won’t need to write them down in this lecture. Let me just mention that they
are most easily described in the language of vector bundles over the moduli space of
marked Riemann surfaces : for instance A 3 means that the spaces V¢(7, X) form
a projectively flat vector bundle over the moduli space when (C,p) varies.

The physicists usually want the spaces V¢(p, X) to be hermitian, with the

above axioms suitably adapted. I will not adopt this point of view here.

2. Physical interpretation

In this section I would like to discuss in a very informal and sketchy way
why these spaces appear in physics. We are considering a quantum field theory in
dimension 1+ 1, so space-time is a surface ¥ that we assume to be compact (and
oriented). We are given a certain type of geometric objects, that the physicists call
fields : these may be functions, vector fields, connections on some vector bundle...
One of the most basic objects in the theory are the correlation functions, which assign
to any finite collection of fields A;,..., A, located at distinct points z;...,z, on
Y a number (A1(2z1)...Ap(zn)) . Physically, each field A; corresponds to some

observable quantity (energy, momentum...); intuitively (and very roughly) we may
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think of (A;(z1)...A,(2,)) as the expectation value of the joint measurement of
these quantities at the given points.

These correlation functions are usually defined in terms of Feynman integrals,
for which no mathematically correct definition is known (in fact what we are trying
to do here is to bypass the Feynman integral by formulating its main properties
as axioms). These integrals involve a metric on the surface ¥, but if the theory is
conformal they actually depend essentially only on the conformal class of the metric
—1i.e. on a complex structure on ¥, which we see as a point m in the moduli space
of Riemann surfaces.

The symmetry algebra of the theory acts on the space of fields; let me
assume that each field A; belongs to an irreducible representation A; (these are
called “primary fields”). From the behaviour of the Feynman integral, the physicists

conclude that
(A1(z1) ... An(2n)) =< va(Z,m)|va(Z,m) >

where va(Z,m) is an element of Vy_ (2} X) which depends holomorphically on 2
and m (more precisely, va is a holomorphic section of the projectively flat vector
bundle formed by the Vy_(Z,1)); here < | > denote the scalar product on the
hermitian vector space Vy_ (2, X) From the known properties of the correlation
functions one may deduce that the spaces V¢(Z, X) must satisfy A O to A4 (see
[F-S]).

Let me conclude this section with an important warning : in the physical
literature the correlation functions are often normalized so that one gets 1 when
there are no fields. Here we consider unnormalized correlation functions, which means
that when no field is inserted we get the partition function of the theory — so this is
somehow the most important case. We will see later that in algebraic geometry also

the corresponding vector spaces Vc(@) play a prominent part.

3. The fusion ring

In this lecture I will be interested only in the dimension of the spaces V¢(p, X)
(this is why I didn’t care to be precise about the isomorphisms involved in the
axioms). Observe that as a consequence of A 3 this dimension does not change
when one deforms (holomorphically) the surface and its marked points; therefore
it depends only on the genus g of C, and of the set of labels (A1,...,A,) (the
order is irrelevant). It is convenient to introduce the monoid N®) of formal sums

A+ ...+, for n>0, A,..., A € A (“free monoid generated by A”). For
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T=A+...4+ A, EN(A),weput
Ny(z) :=dimVc(pr,. -y Pr; A1, -5 An)

where C is any Riemann surface of genus ¢ with n arbitrary (distinct) points
P1,---,Pn- S0 we can view N, as a function from N into N. Let us write the

consequences of our axioms. A 0 and A 1 give respectively :
(1) No(0)=1 and  Ny(z*) = Ngy(z)

(we have extended the involution A — A* to N by linearity).
A 3 has been already taken into account. As for A 4, there are two cases to
consider (fig. 2a and 2b). In case a), the normalization Co has genus g — 1, so we

get :

(2) Ny(z) = ZN9—1($+)‘+)‘*) :

A€EA
In case b), Co is the disjoint union of two smooth curves C' and C", of genus
g' and g¢" respectively, with ¢’ + ¢" = g ; the curve Cgy is obtained from Cg by
identifying s’ € C' with s € C"". Some of the marked points (p;) of Cy lie on

C', while the others are on C" ; let z' = Z Ai, 2! = Z Aj. Using A 4 and
p; €EC’ p; ECY
A 2 we get

(3) Ng(a'+32") =Y Ny(a' +v) Nou(z" + v*) .
VEA
Clearly formula (2) allows to compute all the N, ’s by induction starting from
Ny , so the problem is to compute the function Ng : N(A) — N . For the case g = 0
the above relations read
(F0) No(0)=1;
(F 1) No(2*) = No(z) for every z € NN ;

(F2) No(z+y) =D No(z+v)No(y +v*) for z,y in NV,
veA

These relations (together with (2)) are called the fusion rules. We are now
faced with a purely combinatorial problem : can we describe in some simple way
all functions satisfying these identities? Here is the elegant solution found by the
physicists.

Let me define a fusion ruleon A as afunction N : NW — Z satisfying (F 0)
to (F 2); I will assume moreover that N takes at least one positive value on A.
I will also assume that N is non-degenerate in the sense that for each A € A, there
exists an element z of N® such that N() 4+ z) # 0 (otherwise one can forget this
A and consider the restriction of N to A —{A}).
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Let us denote by F the free abelian group Z* generated by A ; we will

consider A as a subset of F.

Proposition 3.1 .— There exists a one-to-one correspondence between fusion rules
on A as above and multiplication maps F ®z F — F with the following properties :
- F 18 a commutative ring, with a unit 1 € A ;
—let t: F — Z be the Z-linear form such that t(1) =1, t(A) =0 for A €A,
A#1. Then A is an orthonormal basis for the bilinear form <z |y>:= t(zy*).
The correspondence is as follows : given N | the multiplication on F is defined

by

(4) Aop=Y NO+p+vv.
VEA

Conversely, starting from the ring F , we define N by
NOAL+ ...+ 2A) =t A1+ Ap) .

It is not difficult to check that the two constructions are inverse of each other : I refer
to [B 3] for a detailed proof. =

So to each CFT is associated a commutative ring F , the fuston ring of
the theory. It carries a ring involution *, and a scalar product < | > satisfying
<zz|y>=<z|z*y>, with an orthonormal basis containing 1. The structure of
these rings is quite subtle. However, once we extend the scalars from Z to C, it

becomes essentially trivial :

Lemma 3.2 .— The ring Fo := F ®z C 18 tsomorphic to the product ring C",
with n = Card(A) .

Proof : Extend the bilinear form < | > on F to a hermitian scalar product on
Fc .Forany z € F,let m, denote the endomorphism y — zy of F¢ . The formula
<yz|z>=<y|z*z> implies that the adjoint endomorphism of m, is mg,« ; since
the endomorphisms m, commute, they are normal, hence diagonalizable, and the

C-algebra F¢ is semi-simple. =

Let ¥ be the spectrum of Fc, that is the (finite) set of characters
( = ring homomorphisms) F — C. There is a natural homomorphism of C-algebras
® : Fc — C* mapping z € F to (x(2))yes - One can rephrase the lemma in a more
intrinsic way by saying that ® is an wsomorphism of C-algebras.

For any z € F, let m, denote the endomorphism y — zy of F. Then the

endomorphism ®m, ®~! of C¥ is the multiplication by ®(z) ; in the canonical
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basis of C¥ | it is represented by the diagonal matrix with entries (x(z))yex . This
implies in particular Trm, = 3¢5 X(z). On the other hand, from the relation

Ap = ZN()\ +pu+vH)r= ZAt()\;w*)y
veEA ve

one gets Trmy = 3, t(Avv*) = t(Aw) , where w is the element 37, AA* of F.
By linearity this gives

(5) t(zw) = Trm, = Z x(z)

XEX

forall z € F¢ . Since x(w) = 5ep IX(A)? > 0, the element w is invertible in Fg ;

replacing z by zw™! gives

t(z) = Z x(z)

XEX X(w)
Let us now commute N, : from (3) we get by induction on g

N4+ )= Y NoQu+...+dn+u+uf+...+y,+7;)

V1,...,l/g€A

= Z TOYREED WEVRY: SRR TR,

Ul,‘..,UQEA
=t(Ay - Apw?);
comparing with (5) we obtain
Ny 4+ dn) = > x(Ar) - x(Cn) x(@)? ™
xex
In conclusion :

Proposition 3.3.— Let (C,p, X) be a Riemann surface of genus g with n marked
points. Then for any RCFT

dim Ve(p, X) = Z x(A1) . ox(An) x(w)o!
x€X
where T 1is the set of characters of the fusion ring, and x(w) =3 ,cp [X(A)?. =
Thus we will be able to compute the dimensions of the spaces V¢ (p, X)
once we know explicitely the characters of the fusion ring — or equivalently the

isomorphism F¢ — C¥ .

4. The Verlinde conjecture

The physicists use an equivalent, but slightly different formulation of the

Proposition. We have seen in lemma 3.2 that the endomorphisms m,; (z € Fc¢)
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form a commutative subalgebra of End(F¢), stable under adjunction. Such an
algebra is diagonalizable in an orthonormal basis; in other words, there exists a
unitary matrix S = (Sxu)auea such that the matrix A, := Sm,S™! is diagonal for
every z € F (here we still use the notation m, for the matrix of the endomorphism
m, in the basis A ). The physicists use to say that the matrix S “diagonalizes the
fusion rules”.

Fix such amatrix S.For A € A, z € F,let x,(z) be the diagonal coefficient
(Az)axr. Clearly x, is a character of F, and we get in this way all the characters.
So the choice of the matriz S provides a bijection A — ¥ . Moreover the characters
X have a simple expression in terms of S : the equality Sm, = A,S, for p €A,

1s equivalent to

D SaN(u+p+v*) = x2(1)Sa,

for every A\,p € A. Take p=1; from (4) we get N(1+ g+ v*) = 6,,, hence

Sx
Xalp) = 'S"“‘ .
Al
Let us express Proposition 3.1 in terms of S. Replacing S by DS, where D
is a diagonal unitary matrix, we can suppose that the numbers Sy; are real positive.

Since S is unitary we have

Sawl? 1
we) = Yhawr =Y Bl - L
» Al AL

A

and therefore
SUAl “ e SuAp

vl

v
this is the formulation usually found in the physics literature.

Let me know explain the original Verlinde conjecture. I have to be sketchy
here because I have not formulated precisely the rules that the isomorphisms which
appear in the axioms A 0 to A 4 should obey.

Let E be an elliptic curve, which we write as the quotient of C by a lattice
Z + 77, with 7 € H (Poincaré upper half-plane). In this way H parametrizes a
(universal) family of elliptic curves. Since for each v € SLy(Z) the curves corre-
sponding to 7 is isomorphic to E, axiom A 3 provides an action of SL3(Z) on
V(@) . This action should be linear (or at least projective), and unitary for the
natural hermitian metric of Vg(@).

On the other hand, let us degenerate E into P! with 2 points p, p*
identified. Axiom A 4 gives an isomorphism Vg(@) — Darea Ver(p, 0552, 24%),
which again must be unitary. We know that Vpi(p,p*; A, A*) is one-dimensional;

actually, because of A 4 it should have a canonical generator, so we get a unitary

135



isomorphism Vg(@) — Fc . Putting things together we obtain a unitary action of
SL2(Z) onto Fc . This action can usually be written explicitely : for instance when
the symmetry algebra is a Kac-Moody algebra (as in the WZW model that we will
study below), it corresponds to the usual action of SLy(Z) on the characters of the

representations parametrized by A . In any case, the conjecture is :

0 1) acting on Fc diagonalizes

Verlinde’s conjecture .— The matriz S = (_1 0

the fusion rules.
I must say the current status of the conjecture is not clear to me. A proof
appears in [M-S 2], but there seems to be some doubt among the experts. Moreover

it is not obvious that the axioms of a RCFT given in [M-S 1,2] coincide with ours.

5. The WZW model

Of course the above analysis is interesting only if we can exhibit examples
of theories satisfying our axioms. A basic example for the physicists is the Wess-
Zumino-Witten (WZW) model. It is usually defined through a Feynman integral; in
our framework, the rigorous construction of these models and the proof that they
satisfy axioms A O to A 4 have been carried out in the beautiful paper [T-U-Y].

The WZW model is associated to a simple complex Lie algebra g and a
positive integer £ (the level). We choose a Cartan subalgebra h C g. Recall that
the irreducible finite-dimensional representations of g are parametrized by certain
linear forms on b called the dominant weights (in the case g = s[.(C), we take for b

the subspace of diagonal matrices; the dominant weights are the linear combinations
r—1

Z n;e; where g; is the linear form H — H;; and the n;’s are integers satisfying

i=1

ny >ng > ... >ny_1 ). Wedenote by Py the set of dominant weights; for A € P |
we let V) be the corresponding representation. We define the level of V as the
integer (A,6V), where 8V is the coroot associated to the highest root of (g, ) — for
g=s(C) and X = ) n;e; as above, the level is n; .

The set Py of dominant weights of level < £ is finite; this will be our auxiliary
set A. For X € Py, the dominant weight A* associated to the dual representation
of Vj still belongs to Py ; this defines the involution on Py .

To define the spaces V¢ (7, X) for a connected Riemann surface C, we choose
an auxiliary point g € C distinct from the p;’s, and a local coordinate z at ¢ (the
construction will be independent of these choices). We denote by Ac the algebra of
regular functions on C - ¢ - that is, functions which are holomorphic in C — ¢ and
meromorphic at ¢. We endow g® Ac with the obvious Lie algebra structure given
by X®f,Y®g]=[X,Y]® fg. We will define below a natural representation H,
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of g® Ac ; on the other hand, g® Ac actsoneach Vy, by (X® f) v = f(p:;)Xv,
hence on the tensor product Vs :=Vy ®@...® Va, . We put

Vel(p, X) := Homgga(He, V3) -

To explain what is H, let me first recall the definition of the affine Lie
algebra g associated to g (I refer to [K] for the few facts I will use about Kac-
Moody algebras; the reader may take them as a black box). Let C((z)) denote the
field of meromorphic (formal) Laurent series in z ; we put g = (g ® C((2))) & Cc,
the bracket of two elements of g® C((2)) being given by

(6) X®f,Y®g=[X,Y]® fg + c- (X|Y)Reso(gdf),

where (| ) is the normalized Killing form ( (A |B) = TrAB for g=sl.(C)).

Kac-Moody theory tells us that g admits a unique irreducible representation

He , called the basic representation of level £, with the following properties :
a) The central element ¢ acts by multiplication by £ ;
b) There exists a non-zero vector v in H, annihilated by g® C[[z]].

Let U~ be the subalgebra of End(H,) spanned by the elements X ® z7?
with p>1; let X4 € g be an eigenvector for the adjoint action of h w.r.t. the
highest root 6 (for g = sl.(C), X4 is the elementary matrix E;, ). Then

¢) As a U™ -module, H, is spanned by the vector v, with the only relation
Xe® 2z 1)1 =0.

Let us go back to our situation. By associating to each function f € Ac
its Laurent expansion at ¢, we get an embedding Ac¢ —— C((z)), hence also
an embedding of Lie algebras g® Ac — g® C((z)). The Residue theorem and
formula (6) imply that g® Ac is also a Lie subalgebra of §, hence g® Ac acts

on H, as required.
Let me now state the main result of [T-U-Y] :

Proposition 5.1.— The spaces Ve(P, X) = Homyga o (He, V) satisfy the azioms
A O to A4, and therefore define a RCFT. =

We will denote by Re(g) the corresponding fusion ring. What can we say
about this ring ? The spaces V¢ (p, X) are quite difficult to compute in general, but
the situation is simpler when C = P! : the ring Ac is just the polynomial ring
Clz~1], so Vpi(p, X) is the space of maps H; — V5 which are both g-linear and
U~ -linear. By property c) above such a map is determined by the image v’ of v,
with the only relations g-v' =0 and (Xg® z71)**! . v = 0. Therefore :

Proposition 5.2.— Vpi(p, X) is the subspace of elements of Vs which are
annihilated by g and by (Xe®@2z71) . m
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To explain the significance of this result, consider the situation when ¢ — co.
The set Py becomes the (infinite) set P, parametrizing all irreducible (finite-
dimensional) representations of g. The condition of annihilation by (Xg ® z'l)“l
is always satisfied for £ large enough, since the action of Xy on any representation
is nilpotent. So the limit space V(Pof’) (P, X) is simply the g-invariant subspace of

Vs . In particular, we find
N(A+ g+ v*) = dimHomg(V,,Va® V,)

Write V) ® V,, as a sum of irreducible representations V, (possibly with multiplic-
ities). By Schur’s lemma Homg(V,,V,) is 0 for v # p, and C for v = p. Hence
N(A + g+ v*) is (in the limit) the multiplicity of V, as an irreducible component
of Va® YV, . In other words, the limit fusion ring Fu is the representation ring
R(g) of g : by definition, this is the free abelian group with basis ([Va])aep, and
with multiplication rule
[Va] - [Vu] = [Va® V,] ZN where  Va®V, =8 N%, Vs

For finite £, we only get N(A 4 p+ v*) < N§, . Hence the product [V,] - [V,]
in the fusion ring R,(g) is the class of a g-module VoV, which appears as a
quotient (or a submodule) of V ® V,, . We have thus defined a kind of “skew tensor
product” for representations of level < £, which unlike the usual tensor product is
still of level < £. Finding a more natural definition of this product, e.g. through the
theory of quantum groups, is a very interesting question which is apparently still
open; such a definition should provide a better proof of the proposition below.

We see in particular that the natural inclusion of R,(g) into R(g) is nota
ring homomorphism. It turns out that R,(g) can be viewed as a quotient of R(g) :

Proposition 5.3 .— There is a natural ring homomorphism 7 : R(g) — Re(g) such
that w([Va]) = [Va] for each X € P,.

The proof (see [F]) follows from a case by case combinatorial analysis. It is easy
for the Lie algebras sl or sp,,, more involved for the other classical Lie algebras;
to my knowledge it does not even exist for some exceptional Lie algebras. Hopefully
a more conceptual proof would follow from a better definition of the product in

Re(g) as mentioned above. =

From Proposition 5.3 it is not difficult to write down explicitely the characters
of Re(g) : they correspond to those characters of R(g) which factor through .
I refer to [B 3] for the general case, which involves some Lie theory. Let me give the

simplest possible example, namely the case g = sl,(C).
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6. An example : g = si(C)
In this section we take g = s[,(C); we denote by SP the p-th symmetric
product of the standard representation C2? of g. The SP’s for p > 0 form all

irreducible representations of g. The tensor product of two such representations is

given by the Clebsch-Gordan rule
SP@S?T=SPTIgpSPti-2qg . . . @SPY for p>gq.

The level of the representation SP is p (with the notation of § 5, the highest
weight is pe; ), so Re(g) is the free Z-module with basis {S°,...,S}. Working
out Proposition 5.2 in that case gives the following rule for the product :

SPeS?T=5SP@S? if p+g<t¥¢
= Q¥H-raggH-ri-2g g SPe if p>q,p+qg>t.
From this it is an easy exercise to check that the fuston ring R,(g) s the quotient
of R(g) by the ideal generated by [S*1].
A convenient way of describing the characters of R(g) is as follows. Let

a € C; for any representation V of g, put x,.(V)=Tr e  where ay is the
wa 0

0 -ia
character of R(g), and all characters are obtained in this way. The character x,

endomorphism of V defined by the element of g. Then x, is a

factors through R¢(g) if and only if it vanishes on [S®*!]; an easy computation

gives
sin(p+ 1)a
spy S+
sina
km
+2
characters of the fusion ring Re(g) are the characters [V] — xa(V) for a =

(1<k<C+1).

so Xa(S**1) = 0 iff a is of the form 7 for 1 <k <£¢+1.In other words, the

krw
e+2’°

£

Recall that the formula for dim V(@) involves the numbers x(w) = Z x(SP)?
p=0

km ) . .
(the involution # is trivial for sl ). Let a = 752 ; a simple computation gives

£

Zsinz((p +1)a) = g +1,

p=0
¢ ... :
hence xq(w)= (5 +1)/sin? a . Applying Proposition 3.3 we obtain :

Proposition 6.1 .— Let C be a Riemann surface of genus g. For the RCFT

assoctated to sh,(C) at level £, one has
41

¢
dimVe(2) = (5 + 1) > —
“ k=1 (Sll’l£+—2

1

) 29—2
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Part II : Algebraic Geometry

7. Classical theta functions : a reminder

This section contains a brief overview, meant for non-specialists, of the
classical theory of theta functions. There are plenty of places that the reader
wishing to learn more may consult, like [B-La] or [A-C-G-H]; a short and accessible
introduction can be found in [C].

Let me start with some generalities on line bundles and their global sections.
Let X be a compact complex manifold and L a (holomorphic) line bundle on X.
We denote by H°(X,L) the space of global holomorphic sections of L ; it is finite-
dimensional. Let s € H'(M,L). Locally over X we can write s = f7 where 7 isa
nowhere vanishing section and f is a holomorphic function; we see in this way that
s vanishes along finitely many irreducible hypersurfaces D;, possibly with some
multiplicities m; : we write div(s) =), m;D;.

So we have associated to the pair (L,s) a divisor, that is a (finite) formal
combination of irreducible hypersurfaces with integer coefficients; moreover this
divisor is effective, which means that the coefficients are non-negative. Conversely,
given an effective divisor D, there exists a unique line bundle O(D) on X and a
section s € H(X, O(D)), unique up to a scalar, such that div(s) =D . We say that
O(D) is the line bundle associated to D .

Let us denote by Div(X) the group of divisors on X, and by Pic(X) the set
of isomorphism classes of line bundles on X . The tensor product operation defines
a group structure on Pic(X), which is called the Picard group of X. The map
D — O(D) extends by linearity to a group homomorphism

Div(X) — Pic(X)

which is surjective if the manifold X is projective.

Let me now specialize to the case of a compact Riemann surface C. Then a
divisor is simply a finite sum D = . m;p; , with p; € C ; we put deg(D) := > . m;.
It is easy to see that the homomorphism deg: Div(C) — Z factors through

Pic(C), so we have an exact sequence
0—JC — Pic(C) LB Z 0.

The group JC which parametrizes line bundles of degree 0 on C has a natural
holomorphic structure; it is called the Jacobian of C, and is certainly the most
fundamental object associated to the Riemann surface C. It is a complex torus, i.e.
the quotient of a complex vector space V by a lattice T' : in our case we take for V

the dual Q* of the space of homolomorphic 1-forms on C, and for I' the homology
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H,(C,Z), embedded in Q* by associating to a loop ~ the linear form f_y on {2
(the fact that this complex torus parametrizes in a natural way the line bundles
of degree 0 on C is a translation in modern language of the classical Abel-Jacobi
theorem).

The complex torus JC = V/I' has the extra property of having a principal
polarization, that is a hermitian form H on V whose imaginary part takes integral
values on I' and defines a unimodular alternate form on I (here H will be the
dual form of the hermitian form (a,8)— [;aA B on § ; the integrality property
follows from Poincaré duality).

What makes a polarization interesting is that it allows to define beautiful
functions on V. By the maximum principle we cannot expect any interesting
holomorphic function on V periodic with respect to ', but we can look for quasi-

periodic functions, namely those which satisfy
(7) 0(z+7)=ey(2)0(z) forall zeV,yel.

for a certain system of nowhere vanishing functions (ey)yer on V. In order for (7)

to have solutions this system must necessarily satisfy

(8) ext8(2) = e(z + ) es(2) .

For a general lattice I' C V (8) will have only uninteresting solutions. However, if

we have a (principal) polarization H, we can take
(9) e (2) = () FmHOH+D

where k is a positive integer, and ¢: ' — C* is any map satisfying e(y +6) =
e(7) e(6) er™SmH(19) (the particular choice of € is essentially irrelevant, since one
passes from one choice to another by a translation z+ z+a). Then (7) has
solutions, which are called theta functions of order k ; they form (for a fixed ¢)
a vector space of dimension k7. These functions have a simple explicit description
as convergent series, at the same time they encode a large part of the geometry of
the torus.

The theta functions can be naturally interpreted as sections of a line bundle
on V/T'. To explain this, notice first that any system of functions (e,) satisfying
(8) defines a natural action of T' onto V x C by

v (Z7t) = (Z +7, e‘)’(Z)t) :

This action is free, linear in the fibres, and it makes the projection 7: Vx C — V

equivariant. Let us denote by L. the quotient variety (V x C)/I'. We have a



commutative diagram

VxC ——— L,

| |-

v — V/T

and L. is (via 7) a line bundle over ‘V/I‘. The sections of this line bundle
correspond in a one-to-one way to the sections of m which are I'-equivariant; but
the condition for a section z +— (2,60(z)) to be equivariant is exactly (7). In other
words, solutions of (7) with respect to the system (e,) correspond in a natural
one-to-one way to holomorphic sections of L.. In particular, let us consider the
system (e) given by (9) with k =1, for a fixed ¢ ; let us denote simply by L the
corresponding line bundle £, . One checks at once that the system (ef‘Y) corresponds
to the line bundle L£* ; hence theta functions of order k correspond in a natural
way to holomorphic sections of L*. '

The case k = 1 is particularly important. In that case the line bundle £ has
only one non-zero section (up to a scalar), whose divisor is therefore canonically
defined up to translation : it is called the theta divisor of the torus.

All T have said so far applies to any complex torus with a principal polariza-
tion. A special feature in the case of the Jacobian of a curve C is a simple geometric
interpretation of the theta divisor. Recall that JC parametrizes line bundles of

degree 0 on C. Fix a line bundle M of degree ¢ — 1 on C and put
Oum = {L € JC | H'(C,L® M) # 0} .

Then Owm is a theta divisor on JC (Riemann’s theorem). So in this case we can
define the theta divisor either as a geometric locus, or by an equation given by an
explicit power series. This interplay between the analysis and the geometry of theta
functions gives rise to one of the most beautiful chapters of Algebraic Geometry; I

have to refer e.g. to [A-C-G-H] or [B-La] for an introductory account.

8. Non-abelian theta functions

Theta functions play such a prominent role in the theory of Riemann surfaces
that it is natural to look for generalizations. In the influential paper [W], A. Weil
observes that topologically JC is just the space of 1-dimensional unitary represen-
tations of m(C), i.e. Hom(m(C),S') ; he proposes as a natural generalization the

space of equivalence classes of r-dimensional unitary representations of m(C). It is
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only much later than a celebrated theorem of Narasimhan and Seshadri provided this
space with a natural complex stru¢ture (depending on the complex structure of C):
this analytic space Uc(r) is a projective variety, which parametrizes holomorphic
vector bundles of rank r and degree 0 on C (the degree of a rank r vector bundle
E is defined as the degree of the line bundle A"E). Actually a new phenomenon
occurs in rank > 1 : in order to make the above assertion correct, and also to obtain
a reasonable moduli space, one must exclude some degenerate vector bundles, and
consider only those which are semzi-stable, i.e. which do not contain subbundles of
degree > 0.

The variety Uc(r) is, up to a finite étale covering, a product of JC with the
subvariety SU¢(r) parametrizing semi-stable vector bundles of rank r with trivial
determinant ; since we know pretty well the Jacobian part, it is more convenient to
study SUc(r), which is somehow, together with JC, the primitive building block.

So we now have projective varieties SUc(r) which by all means constitute
natural non-abelian generalizations of the Jacobian. What should be the general-
ization of theta functions, however, is not so clear : we do not know what should
replace the presentation of JC as V/I'. The varieties SUc(r) are simply connected,
so we cannot define quasi-periodic functions. But we can still look at line bundles
on SUc(r) and their global sections. The classification of line bundles on SU¢(r)
turns out to be very simple. Note that the geometric definition of the theta divisor
extends in a natural way to the higher rank case : for any line bundle M € J9~1(X),
define

Oy = {E € SUx(r) | HY(X,E® M) # 0} .
This turns out to be a divisor on SUx(r). The associated line bundle £ := O(By),

called the determinant bundle, does not depend on the choice of M. It is in fact

canonical, because of the following result [D-N] :

Proposition 8.1.— Any line bundle on SUc(r) is a power of L. =

By analogy with the rank one case, the global sections of the line bundles £*
are sometimes called generalized (or non-abelian) theta functions. The link between
these spaces and Conformal Field Theory is provided by the following result ([F],
[B-L]) :

Theorem 8.2 .— The space HO(SUc(r), L) of ¢** order generalized theta functions
i8 naturally 1somorphic to the space V(D) associated to the Lie algebra s.(C) and
the level 0.

Recall the definition of V(@) : we choose a point ¢ € C and let Ac be the
algebra of regular functions on C =g ; then V(@) is the subspace of the dual Hj
annihilated by the Lie algebra sl.(Ac).
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Let me give a very sketchy idea of the proof in [B-L].

1) The key point is that a vector bundle with trivial determinant is algebraically
trivial over C — ¢ (Hint : show that such a bundle has always a nowhere vanishing
section, and use induction on the rank). We consider triples (E,p,o) where E is a
vector bundle on C, p a trivialization of E over C —¢ and o a trivialization of E
in an open disk D centered at g. Over D — g these two trivializations differ by a
holomorphic map D — ¢ — GL,(C) which is meromorphic at ¢, that is given by a
Laurent series 7(2) € GL,(C((2))) . Conversely given such a matrix ¥(z) one can
use it to glue together the trivial bundles on C =g and D and recover the triple
(E,p,0). Since we want +(z) in SL,(C((z))) we impose moreover that A"p and
ATo coincide over D — ¢ . This gives a bijection of the set of triples (E,p,o) (up to
isomorphism) onto SL,(C((2))) .

2) To get rid of the the trivializations, we have to mod out by the automorphism

group of the trivial bundle over D and C — q. We get the following diagram :

{E, p,0} «— SL.(C((2)))

| |

{E.p} —  Q:=SL(C((2)))/SL(C[[<]])

| |-

{E}  «— SL:(Ac)\SL-(C((2)))/SL+(C[[=]]) -

So the set of isomorphism classes of vector bundles on C with trivial de-
terminant appears in one-to-one correspondence with the set of double classes
SL(Ac)\SL-(C((2))) /SL-(C[[2]]) . With some technical work one shows that this
bijection is actually an isomorphism between algebro-geometric objects. The appro-
priate objects here are slightly more complicated than algebraic varieties : the quo-
tient @ = SL,(C((2))) /SL,(C[[2]]) is an ind-variety, i.e. the (infinite-dimensional)
direct limit of an increasing sequence of projective varieties; the double coset space
SLr(Ac)\@ isisomorphic to the algebraic stack of rank r vector bundles with trivial
determinant. For simplicity I will ignore these technical difficulties and just pretend
that I have a quotient map of algebraic varieties 7 : Q@ — SUc(r). We want to .
describe the pull back 7*£ of our determinant line bundle to Q.

3) On a homogeneous space Q = G/H, one associates to any character Yy :
H — C* aline bundle L, : it is the quotient of the trivial bundle G x C on G by
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the action of H defined by A(g, ) = (gh, x(h)A). We apply this to the homogeneous
space Q = SL,-(C((Z))) /SL,(C[[]]) . The line bundle 7*£ does not admit an action
of SLT(C((z))) , but of a group §I\J,~(C((z))) which is a central C*-extension of
SL,(C((2))) . This extension splits over the subgroup SL,(C[[z]]), so that Q is
isomorphic to ﬁr(C((z))) /(C* x SL,(C[[z]])) . Then #n*L is the line bundle L, ,
where x : C* x SL.(C[[z]]) — C* is the first projection.

4) A theorem of Kumar and Mathieu provides an isomorphism H°(Q, Li) = H .
It follows that H°(SUc(r),L?) can be identified with the subspace of H} invariant
under SL,(Ac) . This turns out to coincide with the subspace of H} invariant under
the Lie algebra sl.(Ac), which is by definition V¢(@). =

The theorem can be extended to an arbitrary simple Lie algebra g ; the space
SUc(r) must be replaced by the moduli space of principal G-bundles on C, where
G is the simply-connected complex Lie group with Lie algebra g (see [F]). More
generally, there is an analogous interpretation for the spaces V¢ (P, X), which has
been worked out by C. Pauly (to appear); it involves the moduli spaces of parabolic

bundles on the curve C.

9. A few examples

The main application of Theorem 8.2 is to give an explicit formula for the
dimension of H?(SUc(r), £). In this final section I would like to explain how this
formula may be used in algebraic geometry. I will restrict myself to rank 2 vector
bundles, partly for simplicity and partly because we know much more in this case.

Proposition 6.1 gives us a formula for A°(L*) := dim H(SU(2), £f). The

first values are :
L) =29 , ROLH=2"129+1) , ROULH=2(G+VE) 1 +(5-v5)1) ...

The first two of these formulas have nice geometric interpretations. Observe
first that there is a natural map ¢ : JC — SUc(2) which associates to L € JC the
vector bundle L @ L~! . It is easy to check that the pull back i*£ of the determinant
bundle is O(20).

Proposition 9.1 [B 1] .— The pull back map i* : H*(SU(2), L) — HY(JC, O(20))
18 an tsomorphism.
This means that theta functions of order 2 extend (uniquely) to the moduli

space SUc(2) . From this it is easy for instance to give an explicit basis for the space

HO(SUC(2), L) .
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The Proposition is an easy consequence of the formula h°(£) = 29 - the main
part of [B 1] is actually devoted to an ad hoc proof of the formula in that particular

case.

The next number, 2971(29 + 1), is well-known from algebraic geometers; it
is the number of even theta-characteristics on C, i.e. of line bundles & such that 2
is isomorphic to the canonical bundle K¢ and dim H°(C, k) is even. As a matter of
fact, we can associate to each even theta-characteristic « the subset D, C SUc(2)
consisting of vector bundles E such that there exists a non-scalar map E—-EQ «.
It turns out that D, is the divisor of a section d, of £2?, and that the sections d.
form a basis of HO(SUc(2),L?) [B 2]. The proof uses in a decisive way the formula
for h%(L?%).

I should finally mention that in the rank 2 case there are various proofs of the
formula using more classical algebraic geometry — the most illuminating probably
appears in [T]. So far none of these proofs has been extended to the higher rank

case.
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